
2 �«¥¬¥âë â¥®à¨¨ £àã¯¯ �¨�¢¥§¤®çª®© "*" ®â¬¥ç¥ë â¥ ¤®ª § â¥«ìáâ¢ , ª®â®àë¥ ¬®�® ¯à®¯ãáâ¨âì ¯à¨ ¯¥à¢®¬ ¯à®çâ¥¨¨.2.1 �àã¯¯ë �¨.�¯à¥¤¥«¥¨¥ 2.1. �àã¯¯®© �¨  §ë¢ ¥âáï £« ¤ª®¥ ¬®£®®¡à §¨¥ G, ¬®�¥áâ¢® â®ç¥ª ª®â®à®£®  -¤¥«¥® áâàãªâãà®©  ¡áâà ªâ®© £àã¯¯ë, ¯à¨ç¥¬ ®â®¡à �¥¨¥ ' : G�G! G, '(x; y) = x � y�1 £« ¤ª®.Ǳà¥¤«®�¥¨¥ 2.1. �àã¯¯®¢ë¥ ®¯¥à æ¨¨ ¢ £àã¯¯¥ �¨ { £« ¤ª¨¥ ®â®¡à �¥¨ï.�®ª § â¥«ìáâ¢®. 1. �¯¥à æ¨ï � : G ! G, �(x) = x�1 ¢§ïâ¨ï ®¡à â®£® í«¥¬¥â  ¬®�¥â ¡ëâì¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥ � = ' Æ i2, £¤¥ i2(x) = (e; x) { ¢«®�¥¨¥, e { ¥¤¨¨æ  £àã¯¯ë, â® ¥áâì ï¢«ï¥âáïª®¬¯®§¨æ¨¥© £« ¤ª¨å ®â®¡à �¥¨©, á«¥¤®¢ â¥«ì®, £« ¤ª®.�¯¥à æ¨ï ã¬®�¥¨ï � : G � G ! G ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥ � = ' Æ (id � �) { £« ¤ª®¥®â®¡à �¥¨¥ ª ª ª®¬¯®§¨æ¨ï £« ¤ª¨å ®â®¡à �¥¨©. 2Ǳà¨¬¥à 2.1. �à¨ä¬¥â¨ç¥áª®¥ ¯à®áâà áâ¢® Rn = f(x1; : : : ; xn); xi 2 Rg ï¢«ï¥âáï £àã¯¯®© �¨ ®â-®á¨â¥«ì® ®¯¥à æ¨¨ á«®�¥¨ï. �âàãªâãàã £« ¤ª®£® ¬®£®®¡à §¨ï    à¨ä¬¥â¨ç¥áª®¬ ¯à®áâà áâ¢¥¬ë ã�¥ ¯®áâà®¨«¨.Ǳà¥¤«®�¥¨¥ 2.2.à �ã«ìâ¨¯«¨ª â¨¢ ï £àã¯¯  ¥ã«¥¢ëå æ¥«ëå ç¨á¥« C� = fz 2 C; z 6= 0gï¢«ï¥âáï £àã¯¯®© �¨. �¥©áâ¢¨â¥«ì®, ¥á«¨ z1 = x1+ iy1, z2 = x2 + iy2, z = x+ iy, â®z1 � z2 = (x1x2� y1y2) + i(x1y2 + x2y1); z�1 = x�iyx2+y2¨, § ç¨â, '(z1; z2) = x1x2 + y1y2x22+ y22 + i�x1y2 + y1x2x22 + y22â® ¥áâì ï¢«ï¥âáï £« ¤ª¨¬ ®â®¡à �¥¨¥¬.Ǳà¨¬¥à 2.2. � ¤ «ì¥©è¥¬ ¬ë ã¢¨¤¨¬, çâ® ¢áïª ï  ¡áâà ªâ ï ¯®¤£àã¯¯  £àã¯¯ë �¨, ï¢«ïîé -ïáï § ¬ªãâë¬ ¯®¤¬®�¥áâ¢®¬, á ¬  ï¢«ï¥âáï £àã¯¯®© �¨. � ç áâ®áâ¨, ®¤®¬¥àë© â®à T 1 = fz 2C� : jzj= 1g ¨¤ãæ¨àã¥â ¨§ C� áâàãªâãàã ( ¡¥«¥¢®©) £àã¯¯ë �¨, ¯à¥¤áâ ¢«ïîé¥© á®¡®©, ª ª £« ¤ª®¥¬®£®®¡à §¨¥, (®¤®¬¥àãî) ®ªàã�®áâì S1.Ǳà¨¬¥à 2.3. Ǳãáâì G1, G2 { £àã¯¯ë �¨. �®£¤  £« ¤ª®¥ ¬®£®®¡à §¨¥ G1 � G2 = f(g1; g2)jgi 2Gi; i = 1; 2g ï¢«ï¥âáï £àã¯¯®© �¨ ®â®á¨â¥«ì® ¯®ª®¬¯®¥âëå £àã¯¯®¢ëå ®¯¥à æ¨©(g1; g2) � (h1; h2) = (g1 � h1; g2 � h2); (g1; g2)�1 = (g�11 ; g�12 )�àã¯¯  �¨ G, ¯®áâà®¥ ï â ª¨¬ ®¡à §®¬,  §ë¢ ¥âáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥¨¥¬ £àã¯¯ �¨ G1 ¨ G2. �ç áâ®áâ¨, ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥ n ®¤®¬¥àëå â®à®¢ T n = T 1� � � �� T 1| {z }n à § {  ¡¥«¥¢  £àã¯¯  �¨,  §ë-¢ ¥¬ ï n-¬¥àë¬ â®à®¬.Ǳà¨¬¥à 2.4. Ǳãáâì Mn;n { ¯®« ï ¬ âà¨ç ï  «£¥¡à . �®£¤ GL(n;R) = f(gij 2 Mn;n; det(gij) 6= 0g£« ¤ª®¥ ¬®£®®¡à §¨¥ (®âªàëâ®¥ ¯®¤¬®£®®¡à §¨¥ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Mn;n � Rn2), ï¢«ïîé¥¥áï£àã¯¯®© �¨ ®â®á¨â¥«ì® ®¯¥à æ¨¨ ã¬®�¥¨ï ¬ âà¨æ ¨ ¢§ïâ¨ï ®¡à â®© ¬ âà¨æë. � ¯®¬¨¬, çâ®¥á«¨ A = (aij), B = (bij) { ¯à®¨§¢®«ìë¥ í«¥¬¥âë ¨§ GL(n;R), â® C = A �B = (ij), ij = Pnk=1 aikbkj,A�1 = (hij), hij = AjidetA, £¤¥ Aji {  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  aji ¬ âà¨æë A. �®£¤  ®â®¡à �¥-¨¥ '(A;B) = A �B�1 � (tij) § ¤ ¥âáï äãªæ¨ï¬¨ tij = 1detB Pnk=1 aikBjk, ª®â®àë¥ ï¢«ïîâáï £« ¤ª¨¬¨.�àã¯¯  �¨ GL(n;R)  §ë¢ ¥âáï ¯®«®© «¨¥©®© £àã¯¯®© ¯®àï¤ª  n.Ǳà¨¬¥à 2.5. � ãç¥â®¬ § ¬¥ç ¨ï, á¤¥« ®£® ¢ ¯à¨¬¥à¥ 2.2, ¯®«ãç ¥¬ ®¢ë¥ ¯à¨¬¥àë £àã¯¯ �¨ ) £àã¯¯  �¨ O(n;R) = fg 2 GL(n;R) : g � gT = Ing, £¤¥ gT ®¡®§ ç ¥â âà á¯®¨à®¢ ãî ¬ âà¨-æã (áâà®ª¨ ¬ âà¨æë g áâ ®¢ïâáï áâ®«¡æ ¬¨ ¬ âà¨æë gT ), In { ¥¤¨¨ç ï ¬ âà¨æ  ¯®àï¤ª  n. �â £àã¯¯  á®áâ®¨â ¨§ ¬ âà¨æ, á®åà ïîé¨å ª ®¨ç¥áª®¥ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (x; y) = Pnk=1 xkyk ¢ à¨ä¬¥â¨ç¥áª®¬ ¯à®áâà áâ¢¥ Rn. �â  £àã¯¯  �¨  §ë¢ ¥âáï ®àâ®£® «ì®© £àã¯¯®© ¯®àï¤ª  n.¡) £àã¯¯  �¨ SL(n;R) = fg 2 GL(n;R) : detg = 1g,  §ë¢ ¥¬ ï á¯¥æ¨ «ì®© «¨¥©®© ¨«¨ ã¨¬®¤ã-«ïà®© £àã¯¯®© ¯®àï¤ª  n.¢) £àã¯¯  �¨ SO(n;R) = O(n;R)\SL(n;R),  §ë¢ ¥¬ ï á¯¥æ¨ «ì®© ®àâ®£® «ì®© £àã¯¯®© ¯®àï¤ª 1



n.� ¬¥ç ¨¥. �¥£ª® ¢¨¤¥âì, çâ® ¢ á«ãç ¥ n=2 íâ  £àã¯¯  ¥áâ¥áâ¢¥® ¨§®¬®àä  £àã¯¯¥ T 1, à á-á¬®âà¥®© ¢ ¯à¨¬¥à¥ 2.2. �áâ¥áâ¢¥ë© ¨§®¬®àä¨§¬ § ¤ ¥âáï á®¯®áâ ¢«¥¨¥¬ ª®¬¯«¥ªá®¬ã ç¨á«ãz = os t + p�1 sin t ¥¤¨¨ç®£® ¬®¤ã«ï (t 2 R) ¬ âà¨æë A =  os t � sin tsin t os t !. �â®â ¨§®¬®àä¨§¬ï¢«ï¥âáï «®ª «ìë¬ ¤¨ää¥®¬®àä¨§¬®¬,   § ç¨â, ¨ ¤¨ää¥®¬®àä¨§¬®¬,   á«¥¤®¢ â¥«ì®, £àã¯¯  �¨SO(n;R) ª ®¨ç¥áª¨ ®â®�¤¥áâ¢«ï¥âáï á ®¤®¬¥àë¬ â®à®¬ T 1.Ǳà¨¬¥à 2.6. �àã¯¯  �¨GL(n;C)R = fg 2 GL(2n;R) : g Æ J = J Æ gg£¤¥ J =  0 In�In 0 ! { áâ ¤ àâ ï ª®¬¯«¥ªá ï áâàãªâãà    R2n = Cn. �â  £àã¯¯   §ë¢ ¥âáï¢¥é¥áâ¢¥®© à¥ «¨§ æ¨¥© ¯®«®© «¨¥©®© £àã¯¯ë ¯®àï¤ª  n. �ç¥¢¨¤®,g 2 GL(n;C)R , g =  A B�B A ! ; detg 6= 0£¤¥ A;B 2 Mn;n { ¢¥é¥áâ¢¥ë¥ ¬ âà¨æë ¯®àï¤ª  n. �àã¯¯  GL(n;C)R, ª ª  ¡áâà ªâ ï £àã¯¯ ,¥áâ¥áâ¢¥® ¨§®¬®àä  ¯®«®© ª®¬¯«¥ªá®© «¨¥©®© £àã¯¯¥ ¯®àï¤ª  n, â® ¥áâì £àã¯¯¥GL(n;R) = f(gij) 2 MCn;n : detg 6= 0g£¤¥MCn;n { ¯®« ï ª®¬¯«¥ªá ï ¬ âà¨ç ï  «£¥¡à . � ®ç¥áª¨© ¨§®¬®àä¨§¬ � : GL(n;C)! GL(n;C)R§ ¤ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬. Ǳãáâì Z = (zij) 2 GL(n;R), zij = aij + ibij, i; j = 1; : : : ; n. Ǳ®«®�¨¬A = (aij), B = (bij). �®£¤  �(Z) =  A B�B A !.� ¤ ç  2.1. �®ª �¨â¥, çâ® � : GL(n;C)! GL(n;C)R ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ £àã¯¯.� ¥£® ¯®¬®éìî ¬®�® ¯®áâà®¨âì ¥é¥ àï¤ ¢ �ëå ¯à¨¬¥à®¢ £àã¯¯ �¨: ) £àã¯¯  �¨ O(n;C) = fg 2 GL(n;C) : g � gT = Ing, á®áâ®ïé ï ¨§ ¬ âà¨æ, á®åà ïîé¨å ª ®¨ç¥áª®¥áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (X;Y ) = nXk=1xkyk¢ ª®¬¯«¥ªá®¬  à¨ä¬¥â¨ç¥áª®¬ ¯à®áâà áâ¢¥ Cn. �â  £àã¯¯  �¨  §ë¢ ¥âáï ª®¬¯«¥ªá®© ®àâ®£®- «ì®© £àã¯¯®© ¯®àï¤ª  n.¡) £àã¯¯  �¨ U(n) = fg 2 GL(n;C) : g � �gT = Ing, á®áâ®ïé ï ¨§ ¬ âà¨æ, á®åà ïîé¨å ª ®¨ç¥áª®¥íà¬¨â®¢® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ hX;Y i = nXk=1xk�yk¢ Cn (ç¥àâ   ¤ ¡ãª¢®© ®¡®§ ç ¥â ª®¬¯«¥ªá®¥ á®¯àï�¥¨¥). �â  £àã¯¯   §ë¢ ¥âáï ã¨â à®© £àã¯-¯®© ¯®àï¤ª  n.¢) £àã¯¯  �¨ SO(n;C) = O(n;C)\ SL(2n;R),   â ª�¥ £àã¯¯  �¨ SU(n) = U(n) \ SL(2n;R),  §ë¢ -¥¬ë¥ á®®â¢¥âáâ¢¥® á¯¥æ¨ «ì®© ª®¬¯«¥ªá®© ®àâ®£® «ì®© ¨ ã¨â à®© ã¨¬®¤ã«ïà®© £àã¯¯ ¬¨¯®àï¤ª  n.Ǳà¨¬¥à 2.7. �ë ã�¥ § ¥¬, çâ® ¬®£®®¡à §¨¥ GL(n;R)�Rn ®¡« ¤ ¥â ¥áâ¥áâ¢¥®© áâàãªâãà®©£àã¯¯ë �¨ { ¯àï¬®£® ¯à®¨§¢¥¤¥¨ï £àã¯¯ �¨ GL(n;R) ¨ Rn. �ª §ë¢ ¥âáï, çâ® ¢ ¥¬ áãé¥áâ¢ã¥â ¨¤àã£ ï áâàãªâãà  £àã¯¯ë �¨.� ¤ ç  2.2. Ǳà®¢¥àìâ¥, çâ® ®¯¥à æ¨¨(A;X) � (B; Y ) = (AB;AY +X); (A;X)�1 = (A�1;�A�1X)A;B 2 GL(n;R); X;Y 2 Rn ®¯à¥¤¥«ïîâ ¢ íâ®¬ ¬®�¥áâ¢¥ áâàãªâãàã £àã¯¯ë, ®¡®§ ç ¥¬ãî An,¯à¨ç¥¬ GL(n;R) ¨ Rn ¢ª« ¤ë¢ îâáï ¢ íâã £àã¯¯ã ¢ ª ç¥áâ¢¥ ¯®¤£àã¯¯ ¯® ä®à¬ã« ¬ A ! (A; 0),X ! (In; X), á®®â¢¥âáâ¢¥®.� ¤ ç  2.3. �®ª �¨â¥, çâ® ¯®¤£àã¯¯  Rn ï¢«ï¥âáï ®à¬ «ìë¬ ¤¥«¨â¥«¥¬,   ä ªâ®à£àã¯¯ An=Rn ¨§®¬®àä  £àã¯¯¥ GL(n;R). � ¯®¬¨¬, çâ® ¯®¤£àã¯¯  H  §ë¢ ¥âáï ®à¬ «ìë¬ ¤¥«¨â¥«¥¬2



£àã¯¯ë G, ¥á«¨ ®â®á¨â¥«ì® ¥¥ «¥¢ë¥ ¨ ¯à ¢ë¥ á¬¥�ë¥ ª« ááë á®¢¯ ¤ îâ, â® ¥áâì xH = Hx ¤«ï«î¡®£® x 2 G. �â® ãá«®¢¨¥ à ¢®á¨«ì® ãá«®¢¨î x�1Hx = H. �®¢®àïâ, çâ® í«¥¬¥â a á®¯àï�¥ áí«¥¬¥â®¬ b ¯®áà¥¤áâ¢®¬ í«¥¬¥â  x, ¥á«¨ a = x�1bx. �®£¤  ªà¨â¥à¨© ®à¬ «ì®© ¯®¤£àã¯¯ë ¬®�®áä®à¬ã«¨à®¢ âì ¢ ¢¨¤¥: ¯®¤£àã¯¯  H ï¢«ï¥âáï ®à¬ «ì®© ¯®¤£àã¯¯®© ¢ £àã¯¯¥ G â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¢¬¥áâ¥ á ª �¤ë¬ á¢®¨¬ í«¥¬¥â®¬ ®  á®¤¥à�¨â ¨ ¢á¥ í«¥¬¥âë, á®¯àï�¥ë¥ á ¨¬¯®áà¥¤áâ¢®¬ í«¥¬¥â®¢ ¨§ G.� íâ®¬ á«ãç ¥ ®â®¡à �¥¨¥ ' : An � An ! An ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©'((A;X); (B;Y )) = (AB�1;�AB�1Y +X)  § ç¨â, § ¤ ¥âáï £« ¤ª¨¬¨ äãªæ¨ï¬¨ij = Pnk=1 aikBjkdetB zi = �Pnj=1 ijyj + xi�àã¯¯  �¨ An  §ë¢ ¥âáï  ää¨®© £àã¯¯®© ¯®àï¤ª  n. � «®£¨ç® áâà®¨âáï ¯®«ã¯àï¬®¥ ¯à®¨§¢¥-¤¥¨¥ £àã¯¯ �¨ O(n;R) ¨ Rn,  §ë¢ ¥¬®¥ £àã¯¯®© ¤¢¨�¥¨© n-¬¥à®£® ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ . �§áª § ®£® ¢ëè¥ á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ® £àã¯¯  ¤¢¨�¥¨© ¯¥à¢®£® à®¤  ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ (â®¥áâì ¤¢ã¬¥à®£® ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ ) ¤¨ää¥®¬®àä® £« ¤ª®¬ã ¬®£®®¡à §¨î S1�R2.2.2 �«£¥¡àë �¨�¯à¥¤¥«¥¨¥ 2.2. �«£¥¡à®© �¨ ( ¤ ¯®«¥¬ F)  §ë¢ ¥âáï «¨¥©®¥ ¯à®áâà áâ¢® g  ¤ ¯®«¥¬F, ¢ ª®â®à®¬ ä¨ªá¨à®¢   ¡¨ à ï ¡¨«¨¥© ï ®¯¥à æ¨ï [�; �℄ : g � g ! g,  §ë¢ ¥¬ ï ®¯¥à æ¨¥©ª®¬¬ãâ¨à®¢ ¨ï ¨«¨ ª®¬¬ãâ â®à®¬ ¨ ®¡« ¤ îé ï á¢®©áâ¢ ¬¨1) [X;Y ℄ = �[Y;X℄ ( â¨ª®¬¬ãâ â¨¢®áâì);2) [[X;Y ℄; Z℄ + [[Y;Z℄;X℄+ [[Z;X℄; Y ℄ = 0 (â®�¤¥áâ¢® �ª®¡¨);�ë ¡ã¤¥¬ ¯®« £ âì F = R, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥.� ç¥¨¥  «£¥¡à �¨ ¢ â¥®à¨¨ £àã¯¯ �¨ ®¯à¥¤¥«ï¥âáï â¥¬, çâ® á ª �¤®© £àã¯¯®© �¨ ¢ãâà¥¨¬®¡à §®¬ á¢ï§   ¥ª®â®à ï ª®¥ç®¬¥à ï  «£¥¡à �¨, ¢ á¢®©áâ¢ å ª®â®à®© ®âà � îâáï á¢®©áâ¢  á ¬®©£àã¯¯ë �¨.Ǳà¨¬¥à 2.8. Ǳãáâì M { £« ¤ª®¥ ¬®£®®¡à §¨¥. �®£¤  ¬®¤ã«ì £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥© X (M),à áá¬ âà¨¢ ¥¬ë© ª ª (¡¥áª®¥ç®¬¥à®¥) R-«¨¥©®¥ ¯à®áâà áâ¢®, ï¢«ï¥âáï (¡¥áª®¥ç®¬¥à®©)  «-£¥¡à®© �¨.Ǳà¨¬¥à 2.9. �áïª®¥ ¢¥é¥áâ¢¥®¥ «¨¥©®¥ ¯à®áâà áâ¢® V ï¢«ï¥âáï  «£¥¡à®© �¨ ®â®á¨â¥«ì®ª®¬¬ãâ â®à  [X;Y ℄ = 0, X;Y 2 V . � ª ï  «£¥¡à  �¨  §ë¢ ¥âáï  ¡¥«¥¢®©  «£¥¡à®© �¨.� ¤ ç  2.4. �®ª �¨â¥, çâ® ¢áïª ï  áá®æ¨ â¨¢ ï  «£¥¡à  (A; �) ï¢«ï¥âáï  «£¥¡à®© �¨ ®â®á¨-â¥«ì® ª®¬¬ãâ â®à  [X;Y ℄ = X � Y � Y �X; X; Y 2 A� ç áâ®áâ¨, ¬ âà¨ç ï  «£¥¡à  Mn;n ï¢«ï¥âáï  «£¥¡à®© �¨ ®â®á¨â¥«ì® ª®¬¬ãâ â®à  [A;B℄ =AB�BA, A;B 2 Mn;n, ®¯à¥¤¥«¥®£® á ¯®¬®éìî ¬ âà¨ç®£® ã¬®�¥¨ï. �â   «£¥¡à  �¨  §ë¢ ¥âáï¯®«®© ¬ âà¨ç®©  «£¥¡à®© �¨. � «®£¨ç®,  «£¥¡à  í¤®¬®àä¨§¬®¢ EndV ¯à®¨§¢®«ì®£® «¨¥©®£®¯à®áâà áâ¢  V ï¢«ï¥âáï  «£¥¡à®© �¨ ®â®á¨â¥«ì® ª®¬¬ãâ â®à [f; g℄ = f Æ g � g Æ f ; f; g 2 EndV®¯à¥¤¥«¥®£® ®¯¥à æ¨¥© ª®¬¯®§¨æ¨¨.Ǳà¨¬¥à 2.10. �¥®¬¥âà¨ç¥áª®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® { ¯à®áâà áâ¢® V 3 { ï¢«ï¥âáï  «£¥¡à®© �¨®â®á¨â¥«ì® ®¯¥à æ¨¨ ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï. �®�¤¥áâ¢® �ª®¡¨ ¯à®¢¥àï¥âáï ¯àï¬ë¬ ¯®¤áç¥â®¬ á¨á¯®«ì§®¢ ¨¥¬ å®à®è® ¨§¢¥áâ®© ¨§ ªãàá    «¨â¨ç¥áª®© £¥®¬¥âà¨¨ ä®à¬ã«ë[~a; [~b;~℄℄ = ~b(~a~)� ~(~a~b); ~a;~b;~ 2 V 3Ǳãáâì G { £àã¯¯  �¨, g 2 G. �¯à¥¤¥«¨¬ ®â®¡à �¥¨ïLg : G! G; Lg(h) = g � h («¥¢ë© á¤¢¨£   í«¥¬¥â g);Rg : G! G; Rg(h) = h � g (¯à ¢ë© á¤¢¨£   í«¥¬¥â g);�ç¥¢¨¤®, çâ® íâ¨ ®â®¡à �¥¨ï £« ¤ª¨¥ ¨ ®¡« ¤ îâ á¢®©áâ¢ ¬¨3



1) Lg Æ Lh = Lgh; g; h 2 G�®ª § â¥«ìáâ¢®. Lg ÆLh(p) = Lg(h � p) = g � (h � p) = (g � h) � p = Lgh(p). 22) Rg ÆRh = Rhg; g; h 2 G. �®ª § â¥«ìáâ¢® ¯à®¢¥¤¨â¥ á ¬®áâ®ïâ¥«ì®.3) �â®¡à �¥¨ï Lg ¨ Rg { ¤¨ää¥®¬®àä¨§¬ë.�®ª § â¥«ìáâ¢®. �®ª �¥¬ á ç « , çâ® L�1g = Lg�1 ¨ R�1g = Rg�1. �¥©áâ¢¨â¥«ì®, Lg ÆLg�1(p) =g � g�1 � p = p, â® ¥áâì Lg Æ Lg�1 = id. � «®£¨ç® ¤®ª §ë¢ ¥âáï Lg�1 Æ Lg = id. � ª¨¬ ®¡à §®¬,®â®¡à �¥¨ï Lg ¨ Rg ¡¨¥ªâ¨¢ë ¨ ï¢«ïîâáï £« ¤ª¨¬¨ ¢¬¥áâ¥ á® á¢®¨¬¨ ®¡à âë¬¨ ®â®¡à �¥¨ï¬¨.2 �¯à¥¤¥«¥¨¥ 2.3. �¥ªâ®à®¥ ¯®«¥ X 2 X (G)  §ë¢ ¥âáï «¥¢®¨¢ à¨ âë¬, ¥á«¨ ¤«ï «î¡®£®g 2 G ¨¬¥¥¬ (Lg)�X = X.�¥®à¥¬  2.1. �®¢®ªã¯®áâì g ¢á¥å «¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥©   £àã¯¯¥ �¨ G ®¡à §ã¥â¢¥é¥áâ¢¥®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®, ¥áâ¥áâ¢¥® ¨§®¬®àä®¥ ª á â¥«ì®¬ã ¯à®áâà áâ¢ã Te(G) ª£àã¯¯¥ �¨ G ¢ ¥¤¨¨æ¥ e. � ç áâ®áâ¨, dimg = dimG.�®ª § â¥«ìáâ¢®. �®ª �¥¬, çâ® g � X (G) ï¢«ï¥âáï ¢¥ªâ®àë¬ ¯®¤¯à®áâà áâ¢®¬ ¢ X (G),  á«¥¤®¢ â¥«ì®, á ¬® ï¢«ï¥âáï ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬. � á¨«ã «¨¥©®áâ¨ ¤¨ää¥à¥æ¨ «  ®â®¡à -�¥¨ï ¨¬¥¥¬ ¤«ï «î¡ëå X;Y 2 g, �; � 2 R, «î¡®£® g 2 G(Lg)�(�X + �Y ) = �(Lg)�X + �(Lg)�Y = �X + �Y .Ǳ®áâà®¨¬ ®â®¡à �¥¨¥ � : g! Te(G), ¯®«®�¨¢ �(X) = Xe.� ¤ ç  2.5. �®ª �¨â¥, çâ® � «¨¥©®¥ ®â®¡à �¥¨¥.� ¤ ç  2.6. �®ª �¨â¥, çâ® ï¤à® ®â®¡à �¥¨ï � ã«¥¢®¥,   á«¥¤®¢ â¥«ì®, íâ® ®â®¡à �¥¨¥ ¨ê-¥ªâ¨¢®.�®ª �¥¬, çâ® ®â®¡à �¥¨¥ � áîàê¥ªâ¨¢®. Ǳãáâì � 2 Te(G). Ǳ®áâà®¨¬ á¥¬¥©áâ¢® X = fXg 2Tg(G)jXg = (Lg)��g. �®ª �¥¬, çâ® X 2 X (G). Ǳãáâì ®â®¡à �¥¨¥ � : G � G ! G ã¬®�¥¨ï ¢£àã¯¯¥ �¨ G ¢ «®ª «ìëå ª àâ å § ¤ ¥âáï ãà ¢¥¨ï¬¨zi = �i(x1; : : : ; xn; y1; : : : ; yn); i = 1; : : : ; n = dimG� áá¬®âà¨¬ «®ª «ìãî ª àâã (U;'), á®¤¥à� éãî ¥¤¨¨æã £àã¯¯ë ¨ ¯ãáâì ª®®à¤¨ âë ¥¤¨¨æë ¢íâ®© «®ª «ì®© ª àâ¥ ¡ã¤ãâ (0; : : : ; 0). �¨ªá¨àã¥¬ g 2 U . Ǳãáâì ¢ ¢ë¡à ®© «®ª «ì®© ª àâ¥ g ¨¬¥¥âª®®à¤¨ âë (x10; : : : ; xn0). �®£¤  «¥¢ë© á¤¢¨£ Lg § ¤ ¥âáï ãà ¢¥¨ï¬¨zi = �i(x10; : : : ; xn0; y1; : : : ; yn); i = 1; : : : ; n  § ç¨â, ¥£® ¤¨ää¥à¥æ¨ « ¢ â®çª¥ e 2 G { ¬ âà¨æ¥© �ª®¡¨ ���i�yj � je . �«¥¤®¢ â¥«ì®, ¥á«¨ ¢¥ªâ®à �¨¬¥¥â ª®®à¤¨ âë (�1; : : : ; �n), â® ¢¥ªâ®à Xg { ª®®à¤¨ âë (Xg)i = ���i�yj � je �j, â® ¢ ¯à®¨§¢®«ì®© â®çª¥g 2 U ¨¬¥¥¬ Xi(g) = (Xg)i(x1; : : : ; xn) = ��i�yj (x1; : : : ; xn; 0; : : : ; 0)�j; i = 1; : : : ; n£« ¤ª¨¥ äãªæ¨¨.� áá¬®âà¨¬ ¯à®¨§¢®«ìãî ª àâã (V; ), ª®â®à ï ¥ á®¤¥à�¨â ¥¤¨¨æã £àã¯¯ë. �§ ®¯à¥¤¥«¥¨ï ¢¥ªâ®à-®£® ¯®«ï X ¨¬¥¥¬ Xh = (Lh)�� = ((Lh)�)e((Lg�1)�)gXg = ((Lhg�1)�)gXg. �®£¤  ¥á«¨ ¢ ä¨ªá¨à®¢ ®©â®çª¥ g(g1; : : : ; gn) 2 V ¢¥ªâ®à Xg ¯®áâà®¥, â® ¢ ¯à®¨§¢®«ì®© â®çª¥ h 2 V   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã¯®«ãç¨¬ Xi(h) = (Xh)i(x1; : : : ; xn) = ��i�yj (x1; : : : ; xn; g1; : : : ; gn)(Xg)j { £« ¤ª¨¥ äãªæ¨¨.�â ª, ¬ë ¯®«ãç¨«¨, çâ® á¥¬¥©áâ¢® X = fXg 2 Tg(G)jXg = (Lg)��g § ¤ ¥â £« ¤ª®¥ ¢¥ªâ®à®¥ ¯®«¥  G. �®«¥¥ â®£®, ®® ï¢«ï¥âáï «¥¢®¨¢ à¨ âë¬, â ª ª ª (Lg)�(Xh) = (Lg)�((Lh)��) = (Lg ÆLh)�� =(Lgh)�� = Xgh = XLg(h), g; h 2 G, â® ¥áâì (Lg)�X = X. �à®¬¥ â®£®, �(X) = Xe = (Le)�� = id(�) = �.�â ª, ¬ë ¤®ª § «¨, çâ® � { áîàê¥ªâ¨¢®,   á«¥¤®¢ â¥«ì®, ¡¨¥ªâ¨¢®. 2Ǳà¥¤«®�¥¨¥ 2.3. �¨¥©®¥ ¯à®áâà áâ¢® g ¢á¥å «¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥© £àã¯¯ë�¨ G ï¢«ï¥âáï  «£¥¡à®© �¨ ®â®á¨â¥«ì® ®¯¥à æ¨¨ ª®¬¬ãâ¨à®¢ ¨ï ¢¥ªâ®àëå ¯®«¥©.�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®ª § âì, çâ® g ï¢«ï¥âáï ¯®¤ «£¥¡à®© (¡¥áª®¥ç®¬¥à®©)  «£¥¡àë�¨ X (G). Ǳãáâì X;Y 2 g { «¥¢®¨¢ à¨ âë¥ ¢¥ªâ®àë¥ ¯®«ï, â® ¥áâì (Lg)�X = X, (Lg)�Y = Y ,g 2 G. �®£¤  (Lg)�[X;Y ℄ = [(Lg)�X; (Lg)�Y ℄ = [X;Y ℄, â® ¥áâì [X;Y ℄ 2 g { «¥¢®¨¢ à¨ â®¥ ¢¥ªâ®à®¥¯®«¥. 2�¯à¥¤¥«¥¨¥ 2.4. �«£¥¡à  �¨ g = g(G) ¢á¥å «¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥© £àã¯¯ë �¨ G §ë¢ ¥âáï ¯à¨á®¥¤¨¥®©  «£¥¡à®© �¨ ¨«¨  «£¥¡à®© �¨ £àã¯¯ë �¨ G.4



� ¬¥ç ¨¥. �«£¥¡àã �¨ £àã¯¯ë �¨ G ¬®�® ®â®�¤¥áâ¢¨âì á «¨¥©ë¬ ¯à®áâà áâ¢®¬ Te(G), ®¯¥-à æ¨ï ª®¬¬ãâ¨à®¢ ¨ï ¢ ª®â®à®¬ ®¯à¥¤¥«¥  ä®à¬ã«®©[�; �℄ = �[��1�; ��1�℄; �; � 2 Te(G)�¨¥©®¥ ¯à®áâà áâ¢® g áâ ¤ àâë¬ ®¡à §®¬ ¯®à®�¤ ¥â â¥§®àãî  «£¥¡àã T (g), í«¥¬¥âëª®â®à®© å à ªâ¥à¨§ãîâáï ª ª «¥¢®¨¢ à¨ âë¥ â¥§®àë¥ ¯®«ï   £àã¯¯¥ �¨ G, â® ¥áâìT (g) = ft 2 T (G)j(Lg)�t = t 8g 2 Gg:� «®£¨çë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï ¢¥èïï  «£¥¡à  �(g) «¥¢®¨¢ à¨ âëå ¤¨ää¥à¥æ¨ «ìëåä®à¬  G. �¥¢®¨¢ à¨ âë¥ ¤¨ää¥à¥æ¨ «ìë¥ 1-ä®à¬ë  §ë¢ îâáï ä®à¬ ¬¨ � ãà¥à -� àâ  .�ç¥¢¨¤®, ¥á«¨ ! { ä®à¬  � ãà¥à -� àâ  , â® ¥áâì ! 2 g�, X;Y 2 g, â® !(Y ) 2 R,   § ç¨â,X(!(Y )) = 0. � ãç¥â®¬ íâ®£® ¯®«ãç¨¬d!(X;Y ) = �!([X;Y ℄); ! 2 g�;X;Y 2 gǱãáâì G { £àã¯¯  �¨, dimG = n, g { ¥¥  «£¥¡à  �¨. � ä¨ªá¨àã¥¬ ¡ §¨á (e1; : : : ; en) ¯à®áâà áâ¢ Te(G). � ¯®à®�¤ ¥â ¡ §¨á (E1; : : : ; En) «¨¥©®£® ¯à®áâà áâ¢  g, £¤¥ Ek = ��1(ek), k = 1; : : : ; n.� ª ª ª [Ei; Ej℄ 2 g, [Ei; Ej℄ = CkijEk; i; j; k = 1; : : : ; n (1)£¤¥ fCkijg {  ¡®à ª®áâ â (¢¥é¥áâ¢¥ëå), ª®â®àë¥  §ë¢ îâáï áâàãªâãàë¬¨ ª®áâ â ¬¨  «£¥-¡àë �¨ g. �ç¥¢¨¤®, íâ¨ ª®áâ âë ï¢«ïîâáï ª®¬¯®¥â ¬¨ â¥§®à  t(X; Y;u) = u([X; Y ℄), X;Y 2 g,u 2 g� â¨¯  (2,1)   g, § ¤ îé¥£®   «¨¥©®¬ ¯à®áâà áâ¢¥ g áâàãªâãàã  «£¥¡àë �¨, ¨, á«¥¤®-¢ â¥«ì®, ¯à¨ § ¬¥¥ ¡ §¨á  ¬¥ïîâáï ¯® á®®â¢¥âáâ¢ãîé¥¬ã â¥§®à®¬ã § ª®ã. �®®â®è¥¨ï (1) §ë¢ îâáï ª®âà ¢ à¨ âë¬¨ áâàãªâãàë¬¨ ãà ¢¥¨ï¬¨ £àã¯¯ë �¨.Ǳãáâì (!1; : : : ; !n) { ¤ã «ìë© ¡ §¨á ¢ g. �®£¤  ¯®«ãç¨¬ d!k(Ei; Ej) = �!k([Ei; Ej℄) = �!k(CmijEm) =�Ckij. �â ª, d!k(Ei; Ej) = �Ckij, ®âªã¤  á«¥¤ã¥â, çâ® d!k = �Ckij!i 
 !j. Ǳà¨¬¥¨¬ ª ®¡¥¨¬ ç áâï¬íâ®£® â®�¤¥áâ¢  ®¯¥à â®à  «ìâ¥à¨à®¢ ¨ï: d!k = �CkijAlt(!i
!j) = �1!1!2! Ckij!i^!j. �«¥¤®¢ â¥«ì®,d!k = �12Ckij!i ^ !j�â¨ ãà ¢¥¨ï, ¤¢®©áâ¢¥ë¥ ãà ¢¥¨ï¬ (1),  §ë¢ îâáï ª®¢ à¨ âë¬¨ áâàãªâãàë¬¨ ãà ¢¥¨-ï¬¨ ¨«¨ ãà ¢¥¨ï¬¨ � ãà¥à -� àâ  , £àã¯¯ë �¨ G.2.3 Ǳ®« ï «¨¥© ï £àã¯¯ Ǳ®« ï «¨¥© ï £àã¯¯  GL(n;R) ï¢«ï¥âáï ®¤¨¬ ¨§  ¨¡®«¥¥ ¢ �ëå ¯à¨¬¥à®¢ £àã¯¯ �¨, ¢®-¯¥à¢ëå,¢ á¨«ã á¢®¥© äã¤ ¬¥â «ì®© à®«¨ ¢ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ (®  ï¢«ï¥âáï áâàãªâãà®© £àã¯-¯®© £« ¢®£® à áá«®¥¨ï à¥¯¥à®¢  ¤ £« ¤ª¨¬ ¬®£®®¡à §¨¥¬) ¨, ¢®-¢â®àëå, ¯®â®¬ã, çâ® ¯à ªâ¨ç¥áª¨¢á¥ ¢ �ë¥ ¤«ï ¯à¨«®�¥¨© £àã¯¯ë �¨ ï¢«ïîâáï ¯®¤£àã¯¯ ¬¨ íâ®© £àã¯¯ë (â ª¨¥ £àã¯¯ë �¨  §ë-¢ îâáï  «£¥¡à ¨ç¥áª¨¬¨ £àã¯¯ ¬¨).� ª £« ¤ª®¥ ¬®£®®¡à §¨¥, ï¢«ïîé¥¥áï ®âªàëâë¬ ¯®¤¬®£®®¡à §¨¥¬ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ Mn;n �Rn2, ®  ¨¬¥¥â  â« á, á®áâ®ïé¨© ¨§ ¥¤¨áâ¢¥®© ª àâë ' :Mn;n ! Rn2, ®¯à¥¤¥«¥®© £«®¡ «ìë¬¨ª®®à¤¨ âë¬¨ äãªæ¨ï¬¨ fxijg, á®¯®áâ ¢«ïîé¨¬¨ ¬ âà¨æ¥ A = 0B� a11 : : : a1n: : : : : : : : :an1 : : : ann 1CA ¥¥ ª®¬¯®¥-âã aij , i; j = 1; : : : ; n. � è  § ¤ ç  { ¤®ª § âì, çâ®  «£¥¡à  �¨ gl(n;R) ¯®«®© «¨¥©®© £àã¯¯ë¥áâ¥áâ¢¥® ¨§®¬®àä  ¯®«®© ¬ âà¨ç®©  «£¥¡à¥ �¨ Mn;n. Ǳà¥�¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¯® ¤®ª -§ ®¬ã ¢ëè¥ ª á â¥«ì®¥ ¯à®áâà áâ¢® ¢ «î¡®© â®çª¥ «¨¥©®£® ¯à®áâà áâ¢ ,  ¤¥«¥®£® ª -®¨ç¥áª®© £« ¤ª®© áâàãªâãà®©, ¨§®¬®àä® íâ®¬ã ¯à®áâà áâ¢ã. �®£¤  ª ®¨ç¥áª¨© ¨§®¬®àä¨§¬«¨¥©ëå ¯à®áâà áâ¢ � : Te(GL(n;R)) = Te(Mn;n) ! Mn;n, á®¯®áâ ¢«ïîé¨© ¢¥ªâ®àã � 2 Te(Mn;n)¬ âà¨æã (aij), £¤¥ aij = �(xij) = dxij(�). �¤¥áì e = In { ¥¤¨¨ç ï ¬ âà¨æ  ¯®àï¤ª  n. �â®¡à -�¥¨¥  = � Æ � : gl(n;R) ! Mn;n ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ «¨¥©ëå ¯à®áâà áâ¢. �ë å®â¨¬ ¤®ª -§ âì, çâ® ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ®® ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬  «£¥¡à �¨. � ¬¥â¨¬, çâ® ¯® ®¯à¥¤¥«¥¨î,(X)ij = �(Xe)ij = Xe(xij). 5



�¥¬¬  2.1. Ǳãáâì g; h 2 GL(n;R), Y 2 gl(n;R). �®£¤  ¢ ¯à¨ïâëå ®¡®§ ç¥¨ïå1) xij Æ Lg =Pnk=1 xik(g)xkj; 2) (Y (xij))(g) = Pnk=1 xik(g)Ye(xkj)�®ª § â¥«ìáâ¢®. Ǳ® ¯à ¢¨«ã ã¬®�¥¨ï ¬ âà¨æ ¨¬¥¥¬(xij Æ Lg)(h) = xij(gh) = Pnk=1 xik(g)xkj(h). � á¨«ã ¯à®¨§¢®«  h 2 GL(n;R), ¯®«ãç ¥¬ ¯¥à¢®¥ á®®â®-è¥¨¥. � ¥£® ãç¥â®¬(Y (xij))(g) = Yg(xij) = (Lg)�Ye(xij) = Ye(xij Æ Lg) =Pnk=1 Ye(xik(g)xkj) =Pnk=1 xik(g)Ye(xkj). 2�¥®à¥¬  2.2. �â®¡à �¥¨¥  : gl(n;R)! Mn;n ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬  «£¥¡à �¨.�®ª § â¥«ìáâ¢®. Ǳãáâì X;Y 2 gl(n;R). �®£¤  á ãç¥â®¬ ®¯à¥¤¥«¥¨ï ¨ ¤®ª § ®© «¥¬¬ë ¯®-«ãç¨¬ ([X;Y ℄)ij = [X;Y ℄e(xij) = Xe(Y (xij))� Ye(X(xij)) = Pnk=1fXe(xik)Ye(xkj) � Ye(xik)Xe(xkj)g =Pnk=1f(X)ik(Y )kj�(Y )ik(X)kjg = [(X); (Y )℄ij. � ç¨â, ([X;Y ℄) = [(X); (Y )℄,X;Y 2 gl(n;R),â® ¥áâì  { ¨§®¬®àä¨§¬  «£¥¡à �¨. 2� áá¬®âà¨¬ ¨¢ à¨ âãî ¢¥àá¨î íâ®© ª®áâàãªæ¨¨. Ǳãáâì V { n-¬¥à®¥ «¨¥©®¥ ¯à®áâà áâ¢®,EndV {  «£¥¡à  ¥£® í¤®¬®àä¨§¬®¢,AutV = ff 2 EndV jdetf 6= 0g{ £àã¯¯   ¢â®¬®àä¨§¬®¢ ¯à®áâà áâ¢  V . �â  £àã¯¯  ï¢«ï¥âáï ®âªàëâë¬ ¯®¤¬®£®®¡à §¨¥¬ «¨-¥©®£® ¯à®áâà áâ¢  EndV ®â®á¨â¥«ì® ¥£® ª ®¨ç¥áª®© £« ¤ª®© áâàãªâãàë. �¨ªá æ¨ï ¡ §¨á  ¢¯à®áâà áâ¢¥ V ®¯à¥¤¥«ï¥â ª ®¨ç¥áª¨© ¨§®¬®àä¨§¬ � «¨¥©ëå ¯à®áâà áâ¢ EndV ¨ Mn;n, á®¯®-áâ ¢«ïîé¨© «¨¥©®¬ã ®¯¥à â®àã f 2 EndV ¥£® ¬ âà¨æã ¢ íâ®¬ ¡ §¨á¥. �â®â ¨§®¬®àä¨§¬, ®ç¥¢¨¤®,ï¢«ï¥âáï ª àâ¨àãîé¨¬ ®â®¡à �¥¨¥¬ ¤«ï ª ®¨ç¥áª®© £« ¤ª®© áâàãªâãàë   «¨¥©®¬ ¯à®áâà -áâ¢¥ EndV ,   § ç¨â, ¨   ¥£® ®âªàëâ®¬ ¯®¤¬®£®®¡à §¨¨ AutV , ®â®á¨â¥«ì® ª®â®à®£® ®â®¡à �¥¨¥' : AutV � AutV ! AutV , '(f; g) = f Æ g�1 § ¤ ¥âáï £« ¤ª¨¬¨ (à æ¨® «ìë¬¨) äãªæ¨ï¬¨, á«¥-¤®¢ â¥«ì®, £« ¤ª®,   § ç¨â, £àã¯¯  AutV ¯à¨®¡à¥â ¥â ¥áâ¥áâ¢¥ãî áâàãªâãàã £àã¯¯ë �¨. �  §ë¢ ¥âáï £àã¯¯®©  ¢â®¬®àä¨§¬®¢ «¨¥©®£® ¯à®áâà áâ¢  V . �à®¬¥ â®£®, ¨§  «£¥¡àë å®à®è® ¨§-¢¥áâ®, çâ® ¥á«¨ f; g 2 EndV , �(f) = A, �(g) = B, â® �(f Æ g) = AB, â® ¥áâì ®â®¡à �¥¨¥ � ï¢«ï¥âáï¨§®¬®àä¨§¬®¬ EndV ¨ Mn;n ª ª  «£¥¡à,   § ç¨â, ¨ ª ª  «£¥¡à �¨ (á¬. § ¤ çã 2.2). �®«¥¥ â®£®,¨§ íâ®£® áà §ã �¥ á«¥¤ã¥â, çâ® � jAutV ®¯à¥¤¥«ï¥â ¨§®¬®àä¨§¬ £àã¯¯ AutV ¨ GL(n;R), ï¢«ïîé¨©áï¨§ ¤¨ää¥®¬®àä¨§¬®¬ ª ª £« ¤ª¨å ¬®£®®¡à §¨© (â® ¥áâì ¨§®¬®àä¨§¬®¬ £àã¯¯ �¨ á¬. ¢ á«¥¤ãîé¥¬¯ãªâ¥). �â®�¤¥áâ¢¨¢ £àã¯¯ë �¨ AutV ¨ GL(n;R) ¯à¨ ¯®¬®é¨ íâ®£® ¨§®¬®àä¨§¬ , ¬ë ¯®«ãç ¥¬æ¥¯®çªã ®â®�¤¥áâ¢«¥¨©  «£¥¡à �¨g(Aut)V ��! gl(n;R) ! Mn;n ��1! EndV� ç áâ®áâ¨, ¨§ íâ®£® á«¥¤ã¥â�¥®à¥¬  2.3. �«£¥¡à  �¨ £àã¯¯ë �¨ AutV ¥áâ¥áâ¢¥® ¨§®¬®àä   «£¥¡à¥ �¨ EndV . 2 � § -ª«îç¥¨¥ ¢ëç¨á«¨¬ ãà ¢¥¨ï � ãà¥à -� àâ   £àã¯¯ë �¨ GL(n;R). Ǳ®áª®«ìªã ¢ íâ®¬ ª®â¥ªáâ¥í«¥¬¥âë ¤ ®© £àã¯¯ë �¨ ®¡ëç® ¨â¥à¯à¥â¨àãîâáï ª ª ¬ âà¨æë «¨¥©ëå ®¯¥à â®à®¢, ¥áâ¥-áâ¢¥® ¯à¨ïâì ®¡®§ ç¥¨ï GL(n;R) = f(aij) 2 Mn;njdet(aij) 6= 0g� ä¨ªá¨àã¥¬ ¢ ¯à®áâà áâ¢¥ Te(GL(n;R)) � Mn;n áâ ¤ àâë© ¡ §¨á (eij), i; j = 1; : : : ; n, á®áâ®ïé¨©¨§ ¬ âà¨æ, ã ª®â®àëå   ¯¥à¥á¥ç¥¨¨ j-© áâà®ª¨ ¨ i-£® áâ®«¡æ  áâ®¨â 1,   ®áâ «ìë¥ ª®¬¯®¥âë{ ã«¥¢ë¥. �ç¥¢¨¤®, â ª ï ¬ âà¨æ  ¨¬¥¥â ª®¬¯®¥âë (eij)kl = Æil Ækj . �â®â ¡ §¨á ¯®à®�¤ ¥â ¡ §¨á(Eij), Eij = �1(eij)  «£¥¡àë �¨ gl(n;R). Ǳãáâì (!ij) { ¤¢®©áâ¢¥ë© ¥¬ã ¡ §¨á, â® ¥áâì !ij(Ekl ) = ÆilÆkj .�®£« á® ®¡é¨¬ ãà ¢¥¨ï¬ � ãà¥à -� àâ   ¨¬¥¥¬d!ij = �12C(ij)(kl)(rs)!lk ^ !sr£¤¥ ª®íää¨æ¨¥âë C(ij)(kl)(rs), ¢ á¨«ã ª®âà ¢ à¨ âëå áâàãªâãàëå ãà ¢¥¨©, ®¯à¥¤¥«ïîâáï ¨§ á®®â-®è¥¨© [Ekl ; Ers℄ = C(qp)(kl)(rs)Epq . Ǳà¨¬¥¨¬ ª ®¡¥¨¬ ç áâï¬ íâ®£® à ¢¥áâ¢  ¨§®¬®àä¨§¬ .[ekl ; ers℄ = C(qp)(kl)(rs)epq6



� á¯¨è¥¬ íâ® à ¢¥áâ¢® ¯®ª®¬¯®¥â®. � ®¤®© áâ®à®ë, [ekl ; ers℄ij = (ekl )it(ers)tj�(ers)it(ekl )tj = Ækt Æil ÆrjÆts�Ært ÆisÆkj Ætl = Æks Æil Ærj � Ærl ÆisÆkj . � ¤àã£®© áâ®à®ë, �C(qp)(kl)(rs)epq�ij = C(qp)(kl)(rs)Æpj Æiq = C(ij)(kl)(rs). �à ¢¨¢ ï, ¯®«ãç -¥¬, çâ® C(ij)(kl)(rs) = Æks Æil Ærj � Ærl ÆisÆkj . Ǳ®¤áâ ¢¨¬ íâ¨ á®®â®è¥¨ï ¢ ãà ¢¥¨ï � ãà¥à -� àâ  :d!ij = �12(Æks Æil Ærj � Ærl ÆisÆkj )!lk ^ !rs = �!ir ^ !rj . � ª¨¬ ®¡à §®¬, ¤®ª §  �¥®à¥¬  2.4. �à ¢¥¨ï � ãà¥à -� àâ   £àã¯¯ë �¨ GL(n;R) ¢ áâ ¤ àâ®¬ ¡ §¨á¥ fEijg ¨¬¥îâ¢¨¤ d!ij = �!ir ^ !rj 22.4 �®¬®¬®àä¨§¬ë £àã¯¯ �¨ ¨  «£¥¡à �¨�¯à¥¤¥«¥¨¥ 2.5. �â®¡à �¥¨¥ ' : G! H £àã¯¯ �¨  §ë¢ ¥âáï £®¬®¬®àä¨§¬®¬ £àã¯¯ �¨, ¥á«¨(1) ' { £« ¤ª®¥ ®â®¡à �¥¨¥;(2) '(xy) = '(x)'(y); x; y 2 G�á«¨ H = AutV ¤«ï ¥ª®â®à®£® «¨¥©®£® ¯à®áâà áâ¢  V , ®â®¡à �¥¨¥ '  §ë¢ ¥âáï «¨¥©ë¬¯à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë �¨ G. �®¬®¬®àä¨§¬ £àã¯¯ �¨, ï¢«ïîé¨©áï ¤¨ää¥®¬®àä¨§¬®¬,  §ë¢ ¥âáï¨§®¬®àä¨§¬®¬ £àã¯¯ �¨.�¯à¥¤¥«¥¨¥ 2.6. �â®¡à �¥¨¥ � : g! h  «£¥¡à �¨  §ë¢ ¥âáï £®¬®¬®àä¨§¬®¬  «£¥¡à �¨, ¥á«¨(1) � { «¨¥©®¥ ®â®¡à �¥¨¥;(2) �[X;Y ℄ = [�X;�Y ℄ X;Y 2 g. �á«¨ h = EndV ¤«ï ¥ª®â®à®£® «¨¥©®£® ¯à®áâà áâ¢  V , ®â®¡à -�¥¨¥ �  §ë¢ ¥âáï «¨¥©ë¬ ¯à¥¤áâ ¢«¥¨¥¬  «£¥¡àë �¨ g.Ǳãáâì ' : G ! H { £®¬®¬®àä¨§¬ £àã¯¯ �¨. �®£¤  '(e) = e ¨, § ç¨â, '� § ¤ ¥â «¨¥©®¥®â®¡à �¥¨¥ ¨§ Te(G) ¢ Te(H). �â® ®â®¡à �¥¨¥ ¨¤ãæ¨àã¥â «¨¥©®¥ ®â®¡à �¥¨¥ ¯à¨á®¥¤¨¥ëå «£¥¡à �¨ � : g! h ¯® ä®à¬ã«¥ � = ��1 Æ('�)eÆ�. �ç¥¢¨¤®, ®â®¡à �¥¨¥ � ®¤®§ ç® ®¯à¥¤¥«ï¥âáïá®®â®è¥¨¥¬ �(X)e = '�(Xe); X 2 g�¥®à¥¬  2.5. Ǳãáâì G ¨ H { £àã¯¯ë �¨ á  «£¥¡à ¬¨ �¨ g, h, á®®â¢¥âáâ¢¥®, ¨ ¯ãáâì ' : G! H{ £®¬®¬®àä¨§¬ £àã¯¯ �¨. �®£¤ (1) ¤«ï «î¡®£® X 2 g ¢¥ªâ®àë¥ ¯®«ï X ¨ �(X) '-á¢ï§ ë;(2) � : g! h { £®¬®¬®àä¨§¬  «£¥¡à �¨.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¥á«¨ g; h 2 G, â® '(gh) = '(g)'(h) ¨, § ç¨â,' ÆLg = L'(g) Æ '; g 2 GǱ®íâ®¬ã ¥á«¨ ~X = �(X), X 2 g, â® ~X'(g) = (L'(g))� ~Xe = (L'(g))� Æ '�(Xe) = (L'(g) Æ ')�(Xe) =(' Æ Lg)�(Xe) = '� Æ (Lg)�(Xe) = '�(Xg), â® ¥áâì ¢¥ªâ®àë¥ ¯®«ï X ¨ ~X '-á¢ï§ ë. � «¥¥, ¥á«¨~X = �(X), ~Y = �(Y ), â® ¢¥ªâ®àë¥ ¯®«ï [X;Y ℄ ¨ [ ~X; ~Y ℄ '-á¢ï§ ë. � ç áâ®áâ¨,[ ~X; ~Y ℄e = '�([X;Y ℄e) = �([X;Y ℄)eâ® ¥áâì [�(X); �(Y )℄e = �([X;Y ℄)e, ¨, § ç¨â,[�(X); �(Y )℄ = �([X;Y ℄); X; Y 2 g� ª¨¬ ®¡à §®¬, ®â®¡à �¥¨¥ � : g! h ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬  «£¥¡à �¨. 22.5 Ǳ®¤£àã¯¯ë �¨Ǳà¥¤«®�¥¨¥ 2.4. Ǳãáâì G { á¢ï§ ï £àã¯¯  �¨, U { ¥ª®â®à ï ¥¥ ®ªà¥áâ®áâì ¥¤¨¨æë. �®£¤ G = [1n=1Un, £¤¥ Un = fg1 � : : : � gnjgi 2 U ; i = 1; : : : ; ng.�®ª § â¥«ìáâ¢®.* �ë¡¥à¥¬ ®ªà¥áâ®áâì ¥¤¨¨æë V � U â ª, çâ®¡ë V �1 = V . � ¯à¨¬¥à, ¬®�¥¬¯®«®�¨âì V = U \ U�1. � áá¬®âà¨¬ ¯®¤¬®�¥áâ¢® H = S1n=1 V n � S1n=1 Un. Ǳãáâì a; b 2 H. �®£¤ áãé¥áâ¢ãîâ  âãà «ìë¥ ç¨á«  m; n â ª¨¥, çâ® a 2 V m, b 2 V n, â® ¥áâì a = g1 � : : : � gm, b = ~g1 � : : : � ~gn.�® â®£¤  a � b = g1 � : : : � gm � ~g1 � : : : � ~gn 2 V m+n � H, a�1 = g�1m � : : : � g�11 2 V m � H, â® ¥áâìH � G {  ¡áâà ªâ ï ¯®¤£àã¯¯ . Ǳãáâì â¥¯¥àì g 2 H { ¯à®¨§¢®«ìë© í«¥¬¥â. �®£¤  áãé¥áâ¢ã¥â7



 âãà «ì®¥ ç¨á«® n â ª®¥, çâ® g 2 V n. Ǳ®áª®«ìªã Lg : G ! G { ¤¨ää¥®¬®àä¨§¬, Lg(V ) � G {®âªàëâ®¥ ¯®¤¬®�¥áâ¢®, á®¤¥à� é¥¥ g. �® Lg(V ) = g � V � V n+1 � H ¨, § ç¨â, ª �¤ë© í«¥¬¥â¨§ H ¢å®¤¨â ¢ H ¢¬¥áâ¥ á® á¢®¥© ®ªà¥áâ®áâìî, â® ¥áâì H � G { ®âªàëâ®¥ ¯®¤¬®�¥áâ¢®. �® â®£¤ ¨ ¢á¥ «¥¢ë¥ á¬¥�ë¥ ª« ááë fgHjg 2 Gg ®âªàëâë ¢ G. �«¥¤®¢ â¥«ì®, H = G n fSg 62H gHg � G {§ ¬ªãâ®¥ ¯®¤¬®�¥áâ¢®. �â ª, H � G { ®âªàëâ®- § ¬ªãâ®¥ ¯®¤¬®�¥áâ¢®, ¨ ¯®áª®«ìªã G á¢ï§®,â® H = G. �¥¬ ¡®«¥¥ S1n=1 Un = G. 2�¯à¥¤¥«¥¨¥ 2.7. Ǳãáâì ' : H ! G { £®¬®¬®àä¨§¬ £àã¯¯ �¨. Ǳ à  (H;')  §ë¢ ¥âáï ¯®¤£àã¯¯®©�¨ £àã¯¯ë �¨ G, ¥á«¨ ®  ï¢«ï¥âáï ¯®¤¬®£®®¡à §¨¥¬ ¢ G (â® ¥áâì ¥á«¨ ®â®¡à �¥¨¥ ' à¥£ã«ïà® ¨¨ê¥ªâ¨¢®).�¯à¥¤¥«¥¨¥ 2.8. Ǳãáâì g {  «£¥¡à  �¨. Ǳ®¤¯à®áâà áâ¢® h � g  §ë¢ ¥âáï ¯®¤ «£¥¡à®© �¨ «£¥¡àë �¨ g, ¥á«¨ 8X; Y 2 h ) [X; Y ℄ 2 h�ç¥¢¨¤®, ¥á«¨ (H;') { ¯®¤£àã¯¯  �¨ £àã¯¯ë �¨ G, â® ®â®¡à �¥¨¥ � : h! g ¨å  «£¥¡à �¨, ®¯à¥¤¥«ï-¥¬®¥ á®®â®è¥¨¥¬ �(X)e = '�(Xe), X 2 g, § ¤ ¥â ¨§®¬®àä¨§¬  «£¥¡àë �¨ h   ¥¥ ®¡à § { ¯®¤ «£¥¡àã�¨ �(h) � g. �¡à â®, á¯à ¢¥¤«¨¢ �¥®à¥¬  2.6. Ǳãáâì G { £àã¯¯  �¨, g { ¥¥  «£¥¡à  �¨, ~h � g { ¯®¤ «£¥¡à  �¨ ¢ g. �®£¤ áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ ï á â®ç®áâìî ¤® ¨§®¬®àä¨§¬ , á¢ï§ ï ¯®¤£àã¯¯  �¨ (H;') £àã¯¯ë�¨ G, â ª ï, çâ® �(h) = ~h.�®ª § â¥«ìáâ¢®.* Ǳ®¤ «£¥¡à  ~h � g ¯®à®�¤ ¥â à á¯à¥¤¥«¥¨¥ H   G,  âïãâ®¥   «î¡®© ¡ -§¨á íâ®© ¯®¤ «£¥¡àë. �¬¥®, ¥á«¨ (X1; : : : ; Xn) { «î¡®© ¡ §¨á íâ®© ¯®¤ «£¥¡àë, â® H = ff iXijf i 2C1(G)g. �¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® íâ® à á¯à¥¤¥«¥¨¥ ¥ § ¢¨á¨â ®â ¢ë¡®à  ¡ §¨á . � ¬¥-â¨¬, çâ® à á¯à¥¤¥«¥¨¥ H ¨¢®«îâ¨¢®. � á ¬®¬ ¤¥«¥, ¯ãáâì X; Y 2 H, X = f iXi, Y = gjYj. �®£¤ [X;Y ℄ = [f iXi; gjYj℄ = f iXi(gj)Xj � gjXj(f i)Xi + f igj[Xi; Xj℄ = (f iXi(gk)� giXi(fk) +Ckijf igj)Xk 2 H.�¤¥áì fCkijg { áâàãªâãàë¥ ª®áâ âë  «£¥¡àë �¨ h ¢ ¤ ®¬ ¡ §¨á¥. Ǳ® â¥®à¥¬¥ �à®¡¥¨ãá , áãé¥-áâ¢ã¥â ¬ ªá¨¬ «ì®¥ á¢ï§®¥ ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ à á¯à¥¤¥«¥¨ï H, ¯à®å®¤ïé¥¥ ç¥à¥§ ¥¤¨¨æãe £àã¯¯ë �¨ G. �¡®§ ç¨¬ ¥£® (H;'). Ǳãáâì g 2 '(H). Ǳ®áª®«ìªã à á¯à¥¤¥«¥¨¥ H ¨¢ à¨ â®®â®á¨â¥«ì® «¥¢ëå á¤¢¨£®¢ ¢ á¨«ã á¢®¥£® ®¯à¥¤¥«¥¨ï, ¯®¤¬®£®®¡à §¨¥ (H;Lg�1 Æ') â ª�¥ ï¢«ï¥âáï¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬ íâ®£® à á¯à¥¤¥«¥¨ï, ¯à®å®¤ïé¨¬ ç¥à¥§ ¥¤¨¨æã e. Ǳ®áª®«ìªã (H;') {¬ ªá¨¬ «ì®¥ ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥, â® (Lg�1 Æ')(H)� '(H). � ç áâ®áâ¨, ¥á«¨ a; b 2 '(H), â®a�1b 2 '(H), â® ¥áâì '(H) � G {  ¡áâà ªâ ï ¯®¤£àã¯¯ . Ǳ®áª®«ìªã ®â®¡à �¥¨¥ ' ¨ê¥ªâ¨¢®,  H ¨¤ãæ¨àã¥âáï £àã¯¯®¢ ï áâàãªâãà  á ®¯¥à æ¨¥© ã¬®�¥¨ïh1 � h2 = '�1('(h1) �'(h2)); h1; h2 2 H®â®á¨â¥«ì® ª®â®à®© ®â®¡à �¥¨¥ ' : H ! G ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬. Ǳà®¢¥à¨¬, çâ® H ï¢«ï¥âáï£àã¯¯®© �¨. �®áâ â®ç® ¤®ª § âì, çâ® ®â®¡à �¥¨¥ � : H � H ! H, § ¤ ¢ ¥¬®¥ ä®à¬ã«®© �(h1; h2) =h1 � h�12 , h1; h2 2 H £« ¤ª®. �® ®â®¡à �¥¨¥ � : H � H ! G �(h1; h2) = '(h1) � '(h2)�1 £« ¤ª® ª ªª®¬¯®§¨æ¨ï £« ¤ª¨å ®â®¡à �¥¨©. � ç¨â, ®â®¡à �¥¨¥ � = '�1 Æ � £« ¤ª® ª ª ª®¬¯®§¨æ¨ï £« ¤ª¨å®â®¡à �¥¨© (¢ á¨«ã à¥£ã«ïà®áâ¨ ®â®¡à �¥¨ï ').Ǳãáâì,  ª®¥æ, (K; ) { ¤àã£ ï ¯®¤£àã¯¯  �¨ £àã¯¯ë �¨ G, â ª ï, çâ® 	(k) = ~h, £¤¥ 	 : k ! g{ £®¬®¬®àä¨§¬  «£¥¡à �¨, ¯®à®�¤¥ë© £®¬®¬®àä¨§¬®¬  : K ! G £àã¯¯ �¨. �®£¤  (K; ) { â®�¥¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ à á¯à¥¤¥«¥¨ï H, ¯à®å®¤ïé¥¥ ç¥à¥§ ¥¤¨¨æã, ¨ ¢ á¨«ã ¬ ªá¨¬ «ì®áâ¨¨â¥£à «ì®£® ¬®£®®¡à §¨ï (H;') ¨¬¥¥¬  (K) � '(H), ¯à¨ç¥¬, ¯à¨ç¥¬ ¢ á¨«ã ¨ê¥ªâ¨¢®áâ¨ ®â®-¡à �¥¨ï ', ®¤®§ ç® ®¯à¥¤¥«¥® ¨ê¥ªâ¨¢®¥ ®â®¡à �¥¨¥ � : K ! H, â ª®¥, çâ® 'Æ� =  , â® ¥áâì¨¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢ ï ¤¨ £à ¬¬  K ��! H # # 'G = G�ç¥¢¨¤®, � { £®¬®¬®àä¨§¬  ¡áâà ªâëå £àã¯¯. �à®¬¥ â®£®, ¢ á¨«ã â¥®à¥¬ë, ¤®ª § ®© ¢ ¯ãªâ¥"� á¯à¥¤¥«¥¨ï ¨ ¨â¥£à¨àã¥¬®áâì" (  «¨§   ¬®£®®¡à §¨ïå, ç áâì 2), íâ® ®â®¡à �¥¨¥ £« ¤ª®, ¨§ ç¨â, ï¢«ï¥âáï ¨ê¥ªâ¨¢ë¬ £®¬®¬®àä¨§¬®¬ £àã¯¯ �¨. �à®¬¥ â®£®, ¢ á¨«ã à¥£ã«ïà®áâ¨ ®â®¡à -�¥¨© ' ¨  , ¨å ¤¨ää¥à¥æ¨ «ë ¢ ¥¤¨¨æ å á®®â¢¥âáâ¢ãîé¨å £àã¯¯ �¨, ('�)e ¨ ( �)e, ï¢«ïîâáï¨§®¬®àä¨§¬ ¬¨   ®¡à §, á«¥¤®¢ â¥«ì®, ��)e = ('�)�1e Æ ( �)e â®�¥ ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬,   § ç¨â,8



®â®¡à �¥¨¥ � § ¤ ¥â ¤¨ää¥®¬®àä¨§¬ ¥ª®â®à®© ®ªà¥áâ®áâ¨ Ue ¥¤¨¨æë £àã¯¯ë �¨ K   ¥ª®â®-àãî ®ªà¥áâ®áâì Ve ¥¤¨¨æë £àã¯¯ë �¨ H. �ã¤ãç¨ £®¬®¬®àä¨§¬®¬, ®â®¡à �¥¨¥ � ¯¥à¥áâ ®¢®ç®á «¥¢ë¬¨ á¤¢¨£ ¬¨ ¨, § ç¨â, ï¢«ï¥âáï «®ª «ìë¬ ¤¨ää¥®¬®àä¨§¬®¬: ¥á«¨ g 2 K, â® Ug = Lg(Ue) ¨V�(g) = L�(g)(Ve) { ®ªà¥áâ®áâ¨ â®ç¥ª g ¨ �(g) á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬ � ��Ug = L�(g)Æ�ÆL�1g : Ug ! V�(g) {¤¨ää¥®¬®àä¨§¬ ª ª ª®¬¯®§¨æ¨ï ¤¨ää¥®¬®àä¨§¬®¢. �¥¯¥àì ¬®�® ¤®ª § âì, çâ® ®â®¡à �¥¨¥ � áîàê-¥ªâ¨¢®. Ǳãáâì h 2 H. �®£¤  h = h1 � : : : � hn ¤«ï ¥ª®â®à®£®  âãà «ì®£® n, hi 2 Ve, i = 1; : : : ; n. �®¯®áª®«ìªã � jUe { ¤¨ää¥®¬®àä¨§¬, hi = �(gi), £¤¥ gi 2 Ue, i = 1; : : : ; n. �¡®§ ç¨¬ g = g1 � : : : � gn. �®£¤ �(g) = �(g1 � : : : � gn) = �(g1) � : : : ��(gn) = h. � ª¨¬ ®¡à §®¬, � { ¨§®¬®àä¨§¬ £àã¯¯ K ¨ H, ï¢«ïîé¨©áï¤¨ää¥®¬®àä¨§¬®¬, â® ¥áâì ¨§®¬®àä¨§¬ £àã¯¯ �¨. 2Ǳãáâì (H;') { ¯®¤£àã¯¯  �¨ £àã¯¯ë �¨ G. Ǳ®áª®«ìªã ®â®¡à �¥¨¥ ' ¨ê¥ªâ¨¢®, ¬®�® ®â®�¤¥-áâ¢¨âì H á ¯®¤¬®�¥áâ¢®¬ '(H) � G, â® ¥áâì £®¢®à¨âì ® ¯®¤£àã¯¯¥ �¨ H � G, ¯®¨¬ ï ¯®¤ íâ¨¬¯®¤£àã¯¯ã �¨ (H; i), £¤¥ i : H � G { ®â®¡à �¥¨¥ ¢ª«îç¥¨ï. � �® ®â¬¥â¨âì, çâ® íâ® ®â®¡à �¥¨¥,¢®®¡é¥ £®¢®àï, ¥ ï¢«ï¥âáï £®¬¥®¬®àä¨§¬®¬, (¨ â¥¬ ¡®«¥¥ ¤¨ää¥®¬®àä¨§¬®¬)   ®¡à §: â®¯®«®£¨ï,ª®â®à®©  ¤¥«¥® H ¢ à¥§ã«ìâ â¥ íâ®£® ®â®�¤¥áâ¢«¥¨ï, ¢®®¡é¥ £®¢®àï, ®â«¨ç  ®â â®¯®«®£¨¨ ¢«®�¥-¨ï H � G. �®§¨ª ¥â ¥áâ¥áâ¢¥ë© ¢®¯à®á. Ǳãáâì H � G { ¯®¤£àã¯¯  �¨. � ªãî áâ¥¯¥ì ¯à®¨§¢®«   ¢ë¡®à â®¯®«®£¨¨, ¤¨ää¥à¥æ¨àã¥¬®© ¨  «£¥¡à ¨ç¥áª®© áâàãªâãàë H ª ª £àã¯¯ë �¨  ª« ¤ë¢ ¥âíâ® âà¥¡®¢ ¨¥?�¥®à¥¬  2.7. �á«¨  ¡áâà ªâ ï ¯®¤£àã¯¯  A £àã¯¯ë �¨ G ®¡« ¤ ¥â áâàãªâãà®© £« ¤ª®£® ¬®-£®®¡à §¨ï, â ª®©, çâ® ¯ à  (A; i) { ¯®¤¬®£®®¡à §¨¥ ¢ G, £¤¥ i : A � G { ®â®¡à �¥¨¥ ¢ª«îç¥¨ï, â®â ª ï áâàãªâãà  ¥¤¨áâ¢¥ . �â®á¨â¥«ì® íâ®© áâàãªâãàë A { £àã¯¯  �¨,   (A; i) { ¯®¤£àã¯¯  �¨£àã¯¯ë �¨ G.�®ª § â¥«ìáâ¢®.* �®ª �¥¬, çâ® ®â®á¨â¥«ì® íâ®© áâàãªâãàë A ï¢«ï¥âáï £àã¯¯®© �¨. � áá¬®-âà¨¬ ª á â¥«ì®¥ ¯à®áâà áâ¢® Te(A) � Te(G) ¨ à á¯à¥¤¥«¥¨¥ D = Sg2G(Lg)�Te(A)   G. �â¢¥à�¤ -¥âáï, çâ® A { ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ íâ®£® à á¯à¥¤¥«¥¨ï, ¯à®å®¤ïé¥¥ ç¥à¥§ e 2 G. � ¬¥â¨¬, çâ®íâ® ¥ ®ç¥¢¨¤®. �«®�®áâì á®áâ®¨â ¢ â®¬, çâ® «¥¢ë© á¤¢¨£ La, a 2 A £« ¤ª®© ªà¨¢®© (t), «¥� é¥©¢ A ¨ ¯à¥¤áâ ¢«ïîé¥© ¢¥ªâ®à � 2 Te(A), ¥áâì ªà¨¢ ï, «¥� é ï ¢ A ¨ £« ¤ª ï ¢ G, ®, ¢®®¡é¥ £®¢®àï,¥ £« ¤ª ï ¢ A.Ǳ®íâ®¬ã  ¯à¨®à¨ ¢®§¬®�®, çâ® ¢ Da áãé¥áâ¢ãîâ ¢¥ªâ®àë, ¥ ï¢«ïîé¨¥áï ª á â¥«ìë¬¨ ¢¥ªâ®-à ¬¨ ª A. �§ â®£®, çâ® La { ¤¨ää¥®¬®àä¨§¬, ¢ëâ¥ª ¥â, çâ® dimDa = dimTa(A),   § ç¨â, ¨ ¢ Ta(A)¥áâì ¢¥ªâ®àë, ¥ «¥� é¨¥ ¢ Da. � ¤® ¤®ª § âì, çâ® ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ íâ®£® ¥ ¯à®¨áå®¤¨â. ǱãáâìdimA = k, ¨ ¯ãáâì áãé¥áâ¢ã¥â í«¥¬¥â a 2 A, â ª®©, çâ® Da 6= Ta(A). Ǳ®áª®«ìªã ª ª ¢¥ªâ®àë ¨§Ta(A), â ª ¨ ¢¥ªâ®àë ¨§ Da ¯à¥¤áâ ¢«¥ë £« ¤ª¨¬¨ ¢ G ªà¨¢ë¬¨, «¥� é¨¬¨ ¢ A ¨ ¨¬¥îé¨¬¨  ç «®¢ â®çª¥ a, ¨§  è¥£® ¯à¥¤¯®«®�¥¨ï á«¥¤ã¥â, çâ® áãé¥áâ¢ãîâ (k+1) £« ¤ª¨å ¢ G ªà¨¢ëå, «¥� é¨å ¢ A¨ ¨¬¥îé¨å ¢ â®çª¥ a «¨¥©® ¥§ ¢¨á¨¬ë¥ ª á â¥«ìë¥ ¢¥ªâ®àë. �¥¢ë© á¤¢¨£ L�a : G! G ¯¥à¥¢®¤¨â¨å ¢ ªà¨¢ë¥ 1(t); : : : ; k+1(t), ¯à®å®¤ïé¨¥ ç¥à¥§ e, æ¥«¨ª®¬ «¥� é¨¥ ¢ A ¨ ¨¬¥îé¨¥ ¢ â®çª¥ e «¨¥©®¥§ ¢¨á¨¬ë¥ ª á â¥«ìë¥ ¢¥ªâ®àë. � ª ¬ë ã�¥ ®â¬¥â¨«¨, ¢ íâ®¬ ¥é¥ ¥â ¯à®â¨¢®à¥ç¨ï, ¯®áª®«ìªã¢®§¬®�®, çâ® å®âï â ª ï ªà¨¢ ï ¨ «¥�¨â æ¥«¨ª®¬ ¢ A, ¥¥ ª á â¥«ìë© ¢¥ªâ®à ¢ â®çª¥ e ¥ ®¡ï§ «¥� âì ¢ Te(A). Ǳ®áâà®¨¬ ®â®¡à �¥¨¥ � :Rk+1 ! G, ¯®«®�¨¢ �(t1; : : : ; tk+1) = 1(t1) � : : : �k+1(tk+1).�â® ®â®¡à �¥¨¥ à¥£ã«ïà® ¢ â®çª¥ O = (0; : : : ; 0), ¯®áª®«ìªã ª á â¥«ìë¥ ¢¥ªâ®àë ª ªà¨¢ë¬ i(t),i = 1; : : : ; k+ 1 «¨¥©® ¥§ ¢¨á¨¬ë ¯® ¯à¥¤¯®«®�¥¨î,   ¬ âà¨æ  �ª®¡¨ ®â®¡à �¥¨ï � ¢ íâ®© â®çª¥®¡à §®¢   áâ®«¡æ ¬¨ ª®®à¤¨ â íâ¨å ¢¥ªâ®à®¢ ¢  âãà «ì®¬ ¡ §¨á¥. �«¥¤®¢ â¥«ì®, � { ¤¨ää¥®-¬®àä¨§¬ ¥ª®â®à®© ®ªà¥áâ®áâ¨ U0(Rk+1)   ¥¥ ®¡à § ¢ G, ¯à¨ç¥¬ íâ®â ®¡à § «¥�¨â ¢ A, ¯®áª®«ìªãA � G { ¯®¤£àã¯¯ . �â®¡à �¥¨¥ � ���U0(Rk+1) ¯à®¤®«� ¥âáï ¤® ¤¨ää¥®¬®àä¨§¬  � : U0(Rn)! Ue(G),®¯à¥¤¥«¥®£® ä®à¬ã«®© �(t1; : : : ; tn) = 1(t1) � : : : � n(tn)£¤¥ k+2(t); : : : ; n(t) { ªà¨¢ë¥, ¯à¥¤áâ ¢«ïîé¨¥ ª á â¥«ìë¥ ¢¥ªâ®àë ¢ â®çª¥ e, ¤®¯®«ïîé¨¥ ª á -â¥«ìë¥ ¢¥ªâ®àë ª ªà¨¢ë¬ 1(t); : : : ; k+1(t) ¢ íâ®© â®çª¥ ¤® «¨¥©® ¥§ ¢¨á¨¬®© á¨áâ¥¬ë ¢¥ªâ®à®¢.�ç¥¢¨¤®, ¨¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢ ï ¤¨ £à ¬¬ U0(Rk+1) ��! A \ Ue(G)i # # iU0(Rn) ��! Ue(G)� á¨«ã íâ®£®, ��1 Æ i(A \ Ue(G)) = i Æ ��1(A \ Ue(G)) = i(U0(Rk+1)), â® ¥áâìU0(Rk+1) � ��1 Æ i(A \ Ue(G))9



çâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® dim(A \ Ue(G)) = dimA = k. � ç¨â, ¯à¥¤¯®«®�¥¨¥ ¥ ¢¥à®, â® ¥áâì¤«ï «î¡®£® a 2 A á«¥¤ã¥â, çâ® Ta(A) = Da. �«¥¤®¢ â¥«ì®, (A; i) { ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥¬ ªá¨¬ «ì®© à §¬¥à®áâ¨ à á¯à¥¤¥«¥¨ï D, ¯à®å®¤ïé¥¥ ç¥à¥§ â®çªã a. �®«¥¥ â®£®, ¨¬¥¥¬, çâ® ¤«ï«î¡®£® g 2 G Lg(A) { ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ ¬ ªá¨¬ «ì®© à §¬¥à®áâ¨, ¯à®å®¤ïé¥¥ ç¥à¥§ â®çªãg, â® ¥áâì à á¯à¥¤¥«¥¨¥ D ¢¯®«¥ ¨â¥£à¨àã¥¬® ¨ ¯® â¥®à¥¬¥ �à®¡¥¨ãá  ®® ¨¢®«îâ¨¢®. � «¥¥,®â®¡à �¥¨¥  : A � A ! A  (a; b) = i(a) � i(b)�1 £« ¤ª® ª ª ª®¬¯®§¨æ¨ï £« ¤ª¨å ®â®¡à �¥¨©.�â®¡à �¥¨¥ ' = i�1 Æ  : A� A ! A £« ¤ª® ¯® â®© �¥ ¯à¨ç¨¥,   íâ® ®§ ç ¥â, çâ® A { £àã¯¯  �¨,¯à¨ç¥¬ ®â®¡à �¥¨¥ ¢«®�¥¨ï i : A � G { £®¬®¬®àä¨§¬ £àã¯¯ �¨, â® ¥áâì (A; i) { ¯®¤£àã¯¯  �¨ ¢ G.�®¯ãáâ¨¬, çâ®   A ¬®�® ¢¢¥áâ¨ ¤¢¥ áâàãªâãàë £« ¤ª®£® ¬®£®®¡à §¨ï, A1 ¨ A2, â ª¨å, çâ®(A1; i), (A2; i) { ¯®¤¬®£®®¡à §¨ï ¢ G. �®£¤  ¨¬¥îâ ¬¥áâ® ª®¬¬ãâ â¨¢ë¥ ¤¨ £à ¬¬ëAj id�! Aki # # iG = Gj; k = 1;2, j 6= k. �®£¤  ®â®¡à �¥¨¥ id : A1 ! A2 ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬,   § ç¨â, £« ¤ª¨¥áâàãªâãàë ¬®£®®¡à §¨© A1, A2 á®¢¯ ¤ îâ. 2�«¥¤áâ¢¨¥. �á«¨ ¥ª®â®à®¥ ¯®¤¬®�¥áâ¢® £àã¯¯ë �¨ ¬®�® á¤¥« âì ¯®¤£àã¯¯®© �¨ ®â®á¨â¥«ì®¢ª«îç¥¨ï, â® íâ® ¬®�® á¤¥« âì ®¤®§ ç® { £àã¯¯®¢ ï áâàãªâãà , â®¯®«®£¨ï ¨ £« ¤ª ï áâàãªâãà íâ®£® ¯®¤¬®�¥áâ¢  ®¯à¥¤¥«¥  ®¤®§ ç®. 2� ¬¥ç ¨¥. �áâ¥áâ¢¥® ¢®§¨ª ¥â ¢®¯à®á: ª®£¤  íâ® ¯®¤¬®�¥áâ¢® ¡ã¤¥â ¢«®�¥ë¬ ¯®¤¬®£®-®¡à §¨¥¬? � ç¥ £®¢®àï, ª®£¤  â®¯®«®£¨ï ¯®¤£àã¯¯ë �¨   ¥¬ ¡ã¤¥â á®¢¯ ¤ âì á ¨¤ãæ¨à®¢ ®©â®¯®«®£¨¥©? �â¢¥â   íâ®â ¢®¯à®á § ª«îç¥ ¢ á«¥¤ãîé¥¬ ãâ¢¥à�¤¥¨¨�¥®à¥¬  2.8. Ǳãáâì (H;') { ¯®¤£àã¯¯  �¨ £àã¯¯ë �¨ G. �â®¡à �¥¨¥ ' ï¢«ï¥âáï ¢«®�¥¨¥¬ (â®¥áâì £®¬¥®¬®àä¨§¬®¬ H ¨ '(H) ¢ ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¨) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (H;')� G{ § ¬ªãâ ï ¯®¤£àã¯¯ , â® ¥áâì ¯®¤¬®�¥áâ¢® '(H) § ¬ªãâ® ¢ G. 22.6 �¤®¯ à ¬¥âà¨ç¥áª¨¥ ¯®¤£àã¯¯ë £àã¯¯ �¨ ¨ íªá¯®¥æ¨ «ì®¥ ®â®¡à �¥¨¥�¯à¥¤¥«¥¨¥ 2.9. �¤®¯ à ¬¥âà¨ç¥áª®© ¯®¤£àã¯¯®© £àã¯¯ë �¨ G  §ë¢ ¥âáï £®¬®¬®àä¨§¬ £àã¯¯�¨ g :R! G.� ç¥ £®¢®àï, £« ¤ª®¥ ®â®¡à �¥¨¥ g : R! G  §ë¢ ¥âáï ®¤®¯ à ¬¥âà¨ç¥áª®© ¯®¤£àã¯¯®© £àã¯-¯ë �¨ G, ¥á«¨ 8t1; t2 2R =) g(t1 + t2) = g(t1)g(t2)�âáî¤  á«¥¤ã¥â, çâ® g(0) = e, £¤¥ e 2 G { ¥¤¨¨æ  £àã¯¯ë �¨ G. �¤®¯ à ¬¥âà¨ç¥áªãî ¯®¤£àã¯¯ãg :R! G £àã¯¯ë �¨ G ¬ë ®¡®§ ç¨¬ g(t).�¥¬¬  2.2. Ǳãáâì X 2 g { ¥ã«¥¢®© í«¥¬¥â  «£¥¡àë �¨ g £àã¯¯ë �¨ G, â® ¥áâì ¥ã«¥¢®¥«¥¢®¨¢ à¨ â®¥ ¢¥ªâ®à®¥ ¯®«¥   £àã¯¯¥ G. �®£¤  ¯®à®�¤¥ë© ¨¬ «®ª «ìë© ¯®â®ª �X   G®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:(1) �X(�X(a; t1); t2) = �X(a; t1+ t2);(2) ��X(a; t) = �X(a; �t);(3) �X(b � a; t) = b � �X(a; t)a; b 2 G, �; t1; t2; t 2 R.�®ª § â¥«ìáâ¢®. Ǳ¥à¢ë¥ ¤¢  á¢®©áâ¢  ¥áâì ®¡é¨¥ á¢®©áâ¢  «®ª «ìëå ¯®â®ª®¢, ª®â®àë¥ ¬ë¤®ª § «¨ ¢ â¥¬¥ "� «¨§   ¬®£®®¡à §¨ïå". �®ª �¥¬ âà¥âì¥ á¢®©áâ¢®. � áá¬®âà¨¬ âà ¥ªâ®à¨îx(t) = �X(a; t) ¢¥ªâ®à®£® ¯®«ï X ¨ ªà¨¢ãî Lbx(t). �¬¥¥¬ ddtLbx(t) = (Lb)�dx(t)dt = (Lb)�(Xx(t)) =XLbx(t). � ª¨¬ ®¡à §®¬, Lbx(t) { íâ® âà ¥ªâ®à¨ï â®£® �¥ ¢¥ªâ®à®£® ¯®«ï X. �«ï ¥¥ Lbx(0) =b � x(0) = b � a. � ¤àã£®© áâ®à®ë, à áá¬®âà¨¬ âà ¥ªâ®à¨î â®£® �¥ ¯®«ï y(t) = �X(b � a; t). �ç¥¢¨¤®,y(0) = b � a, ¨, § ç¨â, x(t)� y(t), â® ¥áâì �X(b � a; t) = b ��X(a; t). 2�¥®à¥¬  2.9. �áïª®¥ «¥¢®¨¢ à¨ â®¥ ¢¥ªâ®à®¥ ¯®«¥   £àã¯¯¥ �¨ ¯®«®, ¨ ¥£® âà ¥ªâ®à¨ï á ç «®¬ ¢ ¥¤¨¨æ¥ íâ®© £àã¯¯ë �¨ ï¢«ï¥âáï ®¤®¯ à ¬¥âà¨ç¥áª®© ¯®¤£àã¯¯®©.�®ª § â¥«ìáâ¢®. Ǳãáâì X 2 g { «¥¢®¨¢ à¨ â®¥ ¢¥ªâ®à®¥ ¯®«¥. Ǳ® «¥¬¬¥ ¨¬¥¥¬ �X(e; t1) ��X(e; t2) = �X(�X(e; t1); t2) = �X(e; t1 + t2). Ǳãáâì âà ¥ªâ®à¨ï �X(e; t) ®¯à¥¤¥«¥  ¢ ¥ª®â®à®© "-®ªà¥áâ®áâ¨ (�"; ") ã«ï, ¨ ¯ãáâì t 2 R { ¯à®¨§¢®«ì®¥ ¢¥é¥áâ¢¥®¥ ç¨á«®. �®£¤  áãé¥áâ¢ã¥â âãà «ì®¥ ç¨á«® n â ª®¥, çâ® �� tn �� < " ¨, § ç¨â, ®¯à¥¤¥«¥® § ç¥¨¥ �X(e; tn). Ǳ® ¤®ª § ®¬ã10



®¯à¥¤¥«¥® ¨ § ç¥¨¥ �X(e; t) = n�X (e; tn). � ç¨â, âà ¥ªâ®à¨ï �X(e; t) ®¯à¥¤¥«¥  ¤«ï ¢á¥å ¢¥é¥-áâ¢¥ëå t. � ¤àã£®© áâ®à®ë, ¥á«¨ �X(a; t) { ¯à®¨§¢®«ì ï âà ¥ªâ®à¨ï íâ®£® ¢¥ªâ®à®£® ¯®«ï, â® ¯®«¥¬¬¥ �X(a; t) = La�X(e; t),   § ç¨â, ¨ íâ  âà ¥ªâ®à¨ï ®¯à¥¤¥«¥  ¤«ï ¢á¥å t 2 R, â® ¥áâì ¯®«¥ X¯®«®. �¡®§ ç¨¬ �X(e; t) = g(t). �®£¤  g(t1+ t2) = �X(e; t1+ t2) = �X(e; t1) ��X(e; t2) = g(t1) � g(t2),â® ¥áâì g(t) { ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë �¨ G. 2�¥®à¥¬  2.10. �áïª ï ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë �¨ ï¢«ï¥âáï âà ¥ªâ®à¨¥© ¥ª®â®-à®£® «¥¢®¨¢ à¨ â®£® ¢¥ªâ®à®£® ¯®«ï   íâ®© £àã¯¯¥ �¨ á  ç «®¬ ¢ ¥¤¨¨æ¥ £àã¯¯ë.�®ª § â¥«ìáâ¢®. Ǳãáâì g(t) { ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë �¨ G, � = ddt jt=0 g(t),X = ��1(�), â® ¥áâì Xg = (Lg)��, g 2 G. �®ª �¥¬, çâ® g(t) { âà ¥ªâ®à¨ï ¯®«ï X. � á ¬®¬ ¤¥«¥,ddt jt=t1 g(t) = ddt jt�t1=0 g((t�t1)+t1) = dd(t�t1) jt�t1=0 g((t�t1)+t1) = dd� j�=0 g(�+t1) = dd� j�=0 g(�)�g(t1) =(Lg(t1))� dd� j�=0 g(�) = (Lg(t1))�� = Xg(t1), t1 2 R. 2� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ¥áâ¥áâ¢¥®¥ ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥�¤ã ¬®�¥áâ¢®¬ g«¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥© ¨ ¬®�¥áâ¢®¬ ®¤®¯ à ¬¥âà¨ç¥áª¨å ¯®¤£àã¯¯ £àã¯¯ë �¨ G, á®¯®-áâ ¢«ïîé¥¥ ª �¤®¬ã í«¥¬¥âã X 2 g ®¤®¯ à ¬¥âà¨ç¥áªãî ¯®¤£àã¯¯ã g(t) £àã¯¯ë �¨ G, ï¢«ïîé¥¥áïâà ¥ªâ®à¨¥© ¯®â®ª  �X á  ç «®¬ ¢ ¥¤¨¨æ¥ £àã¯¯ë �¨G. �â  ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  ¢ á¨«ãâ¥®à¥¬ë ® áãé¥áâ¢®¢ ¨¨ ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ �®è¨, ®¤®§ ç® ®¯à¥¤¥«¥  ãá«®¢¨ï¬¨1) ddt jt=0 g(t) = Xe; 2) g(0) = e�¯à¥¤¥«¥¨¥ 2.10. �«¥¬¥â  «£¥¡àë �¨ g £àã¯¯ë �¨ G, ¯®à®�¤ îé¨© ®¤®¯ à ¬¥âà¨ç¥áªãî¯®¤£àã¯¯ã íâ®© £àã¯¯ë �¨ ãª § ë¬ ®¡à §®¬,  §ë¢ ¥âáï £¥¥à â®à®¬ íâ®© ®¤®¯ à ¬¥âà¨ç¥áª®©¯®¤£àã¯¯ë.�¯à¥¤¥«¥¨¥ 2.11. Ǳãáâì G { £àã¯¯  �¨, g { ¥¥  «£¥¡à  �¨ «¥¢®¨¢ à¨ âëå ¢¥ªâ®àëå ¯®«¥©.�ªá¯®¥æ¨ «ìë¬ ®â®¡à �¥¨¥¬  §ë¢ ¥âáï ®â®¡à �¥¨¥ exp : g! G, ®¯à¥¤¥«ï¥¬®¥ á®®â®è¥¨¥¬expX = �X(e; 1).Ǳà¥¤«®�¥¨¥ 2.5. �áïª ï ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  g(t) £àã¯¯ë �¨ G á £¥¥à â®à®¬ X 2 g¢ â¥à¬¨ å íªá¯®¥æ¨ «ì®£® ®â®¡à �¥¨ï ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥ ¢¨¤  g(t) = exptX.�®ª § â¥«ìáâ¢®. � ãç¥â®¬ ®¯à¥¤¥«¥¨ï ¨ «¥¬¬ë ¨¬¥¥¬ g(t) = �X(e; t) = �tX(e; 1) = exptX. 2�¥®à¥¬  2.11. �â®¡à �¥¨¥ exp : g ! G ï¢«ï¥âáï £« ¤ª¨¬ ®â®¡à �¥¨¥¬ ®â®á¨â¥«ì® ª ®¨-ç¥áª®© £« ¤ª®© áâàãªâãàë   g ¨, ¡®«¥¥ â®£®, ¤¨ää¥®¬®àä¨§¬®¬ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ã«ï U0(g) «£¥¡àë �¨ g   ¥ª®â®àãî ®ªà¥áâ®áâì ¥¤¨¨æë Ue(G) £àã¯¯ë �¨ G.�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬   ¤¥ª àâ®¢®¬ ¯à®¨§¢¥¤¥¨¨ G � g ¢¥ªâ®à®¥ ¯®«¥ � ¯® ä®à¬ã«¥�(g;X) = (Xg; 0) 2 Tg(G)� TX(g) � Tg(G)� g�£® £« ¤ª®áâì á«¥¤ã¥â ¨§ £« ¤ª®áâ¨ ¯®«ï X. �£® âà ¥ªâ®à¨ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã (g;X), ¥áâì ¥çâ® ¨®¥, ª ª ªà¨¢ ï (t) = (g �exptX;X). � á ¬®¬ ¤¥«¥, ddt(t) = ( ddt(g �exptX);0) = ((Lg)� ddtexptX;0) =((Lg)�XexptX; 0) = (Xg�exptX ; 0) = �(g�exptX;X) = �(t). � ç¨â, � { ¯®«®¥ ¢¥ªâ®à®¥ ¯®«¥. �«¥¤®-¢ â¥«ì®, ¥á«¨ 	� { ¯®à®�¤¥ë© ¨¬ ¯®â®ª, â® ®â®¡à �¥¨¥ 	 : G � g ! G � g, ®¯à¥¤¥«¥®¥ä®à¬ã«®© 	(g;X) = 	�((g;X); 1) = (1) = (g � expX;X) ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬. � áá¬®âà¨¬¥áâ¥áâ¢¥ãî ¯à®¥ªæ¨î � : G � g ! G   ¯¥à¢ë© á®¬®�¨â¥«ì. �®£¤  exp = � Æ 	 ���feg�g { £« ¤-ª®¥ ®â®¡à �¥¨¥ ª ª ª®¬¯®§¨æ¨ï £« ¤ª¨å ®â®¡à �¥¨©. � «¥¥, ¯ãáâì � 2 T0(g) � g � Te(G). �®£¤ (t) = t� { ªà¨¢ ï ¢ g, ¯à¥¤áâ ¢«ïîé ï íâ®â ¢¥ªâ®à ª ª ª« áá íª¢¨¢ «¥â®áâ¨. �«¥¤®¢ â¥«ì®,(exp)�� = (exp)� ddt jt=0 t� = ddt jt=0 expt� = ddt jt=0 �t�(e; 1) = ddt jt=0 ��(e; t) = �e � �. � á¨«ã ¯à®¨§¢®« � 2 g, § ª«îç ¥¬, çâ® (exp�)0 = id, ¢ ç áâ®áâ¨, ®â®¡à �¥¨¥ (exp�)0 ¥¢ëà®�¤¥®,   § ç¨â, áã�¥-¨¥ ®â®¡à �¥¨ï exp   ¥ª®â®àãî ®ªà¥áâ®áâì ¥¤¨¨æë £àã¯¯ë �¨ G ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬. 2�¯à¥¤¥«¥¨¥ 2.12. �ªà¥áâ®áâ¨ U0 � g, Ue � G  §ë¢ îâáï ®à¬ «ìë¬¨ ®ªà¥áâ®áâï¬¨.�¥®à¥¬  2.12. Ǳãáâì ' : H ! G { £®¬®¬®àä¨§¬ £àã¯¯ �¨. �®£¤  á«¥¤ãîé ï ¤¨ £à ¬¬  ª®¬¬ã-â â¨¢  h �='�jh�! gexp # # expH '�! G�®ª § â¥«ìáâ¢®. Ǳãáâì X 2 h. �®£¤  (t) = '(exp tX) { £« ¤ª ï ªà¨¢ ï ¢ G á ª á â¥«ìë¬¢¥ªâ®à®¬ ¢ ¥¤¨¨æ¥: �e = ddt jt=0 '(exp tX) = '� ddt jt=0 exp tX = '�(Xe) = (�X)e. Ǳ®áª®«ìªã ' {11



£®¬®¬®àä¨§¬, (t) { ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  £àã¯¯ë �¨ G. �® exp t�X { â®�¥ ®¤®¯ à ¬¥-âà¨ç¥áª ï ¯®¤£àã¯¯ , ¯à¨ç¥¬ ddt jt=0 exp t�X = (�X)e. � ª¨¬ ®¡à §®¬, íâ¨ ¯®¤£àã¯¯ë ¨¬¥îâ ®¤¨ ¨â®â �¥ £¥¥à â®à ¨, á«¥¤®¢ â¥«ì®, á®¢¯ ¤ îâ, â® ¥áâì '(exp tX) = exp t�X. � ç áâ®áâ¨, ¯à¨ t = 1¯®«ãç¨¬ ' Æ exp= exp Æ �. 2�¥®à¥¬  2.13. Ǳãáâì (H;') { ¯®¤£àã¯¯  �¨ £àã¯¯ë �¨ G, ¯ãáâì X 2 g. �á«¨ X 2 �(h), â®exp tX 2 '(H). �¡à â®, ¥á«¨ ¤«ï «î¡®£® t 2 (a; b)� R exp(tX) 2 '(H), â® X 2 �(h).�®ª § â¥«ìáâ¢®. �á«¨ X 2 �(h), â® X = �(Y ) ¤«ï ¥ª®â®à®£® Y 2 h. �«¥¤®¢ â¥«ì®, exp(tX) =exp(t�Y ) = ' Æ exp tY � '(H). �¡à â®, ¯ãáâì exp(tX) 2 '(H), t 2 (a; b). Ǳ®áª®«ìªã (H;') { ¨â¥-£à «ì®¥ ¬®£®®¡à §¨¥ ¬ ªá¨¬ «ì®© à §¬¥à®áâ¨ ¢¯®«¥ ¨â¥£à¨àã¥¬®£® à á¯à¥¤¥«¥¨ï, áãé¥áâ¢ã-¥â £« ¤ª®¥ ®â®¡à �¥¨¥ � : I ! H, â ª®¥, çâ® ®â®¡à �¥¨¥ g : (a; b)! G, ¤¥©áâ¢ãîé¥¥ ¯® ä®à¬ã«¥g(t) = exp(tX), ¬®�® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ g = ' Æ �. Ǳãáâì � = ddt jt=0 �(t) 2 Te(H),Y = ��1� 2 h. �®£¤  (�Y )e = '�(Ye) = '� ddt jt=0 �(t) = ddt jt=0 ' Æ �(t) = ddt jt=0 exp(tX) = Xe,   § ç¨â,�Y = X, â® ¥áâì X 2 �(h). 2�¥®à¥¬  2.14. Ǳãáâì A � G {  ¡áâà ªâ ï ¯®¤£àã¯¯  £àã¯¯ë �¨, a � g { ¯®¤¯à®áâà áâ¢®á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë �¨. Ǳãáâì U { ®ªà¥áâ®áâì ã«ï ¢ g, ¤¨ää¥®¬®àä® ®â®¡à � îé ïáï  ¥ª®â®àãî ®ªà¥áâ®áâì ¥¤¨¨æë V £àã¯¯ë �¨ G ¯à¨ íªá¯®¥æ¨ «ì®¬ ®â®¡à �¥¨¨. �®¯ãáâ¨¬, çâ®exp(U\a) = V \A. �®£¤  ¯®¤£àã¯¯  A,  ¤¥«¥ ï ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¥©, ï¢«ï¥âáï ¯®¤£àã¯¯®©�¨ £àã¯¯ë �¨ G ®â®á¨â¥«ì® ®â®¡à �¥¨ï ¢ª«îç¥¨ï,   ¯®¤¯à®áâà áâ¢® a { ¯®¤ «£¥¡à®© �¨ ¢ «£¥¡à¥ �¨ g, ¯à¨ç¥¬ a {  «£¥¡à  �¨ £àã¯¯ë �¨ A.�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¤®ª § âì, çâ® ¢ ¨¤ãæ¨à®¢ ®© â®¯®«®£¨¨ A ¨¬¥¥â £« ¤ªãî áâàãª-âãàã, â ªãî, çâ® (A; i) { ¯®¤¬®£®®¡à §¨¥ ¢ G, £¤¥ i : A � G { ®â®¡à �¥¨¥ ¢ª«îç¥¨ï. �®£¤  ¢ á¨«ã¢ëè¥ ¤®ª § ®£® (A; i) { ¯®¤£àã¯¯  �¨ £àã¯¯ë �¨ G,   ¢ á¨«ã ¯à¥¤ë¤ãé¥© â¥®à¥¬ë, a { ¥¥  «£¥¡à �¨. � ¬¥â¨¬, çâ® ®â®¡à �¥¨¥  = exp jU\a : U \ a ! V \ A ï¢«ï¥âáï £®¬¥®¬®àä¨§¬®¬ ®âªàëâ®£®¯®¤¬®�¥áâ¢  ¢ a   ®âªàëâ®¥ ¯®¤¬®�¥áâ¢® ¢ A,   á«¥¤®¢ â¥«ì®, ¯ à  (A \ V;'), £¤¥ ' =  �1,ï¢«ï¥âáï «®ª «ì®© ª àâ®© ¢ ®ªà¥áâ®áâ¨ â®çª¨ e ¯®¤£àã¯¯ë A, á ¡�¥®© ¨¤ãæ¨à®¢ ®© â®¯®-«®£¨¥©. �®£¤  âà¥¡ã¥¬ ï £« ¤ª ï áâàãªâãà    A § ¤ ¥âáï á¥¬¥©áâ¢®¬ £« ¤ª® ¯¥à¥ªàë¢ îé¨åáïª àâ f(A \ La(V ); ' Æ La�1)ja 2 Ag. � á ¬®¬ ¤¥«¥, ¯¥à¥å®¤ ®â ®¤®© ª àâë (A \ La(V ); ' Æ La�1)íâ®£® á¥¬¥©áâ¢  ª ¤àã£®© ª àâ¥ (A \ Lb(V ); ' Æ Lb�1) íâ®£® �¥ á¥¬¥©áâ¢  § ¤ ¥âáï ®â®¡à �¥¨¥¬' Æ Lb�1 Æ (' Æ La�1)�1 = ' Æ Lb�1 Æ La Æ '�1, ª®â®à®¥ £« ¤ª® ª ª ª®¬¯®§¨æ¨ï £« ¤ª¨å ®â®¡à �¥¨©.22.7 �ªá¯®¥æ¨ «ì®¥ ®â®¡à �¥¨¥ ¤«ï ¯®«®© «¨¥©®© £àã¯¯ë� íâ®¬ ¯ãªâ¥ ¬ë ¯®ª �¥¬, çâ® ¢ á«ãç ¥ ¯®«®© «¨¥©®© £àã¯¯ë íªá¯®¥æ¨ «ì®¥ ®â®¡à �¥¨¥exp : gl(n;F)! GL(n; F ), F = R «¨¡® F = C, ¤®¯ãáª ¥â ª®áâàãªâ¨¢®¥ ®¯¨á ¨¥, ¨ ãª �¥¬ ¢ �ë¥¯à¨«®�¥¨ï íâ®£® ä ªâ . � ç «¥ à áá¬®âà¨¬ ¥ª®â®àë¥  ¢®¤ïé¨¥ á®®¡à �¥¨ï. Ǳãáâì n = 1,F = R. �®£¤  ª ª ¬ë § ¥¬, gl(1;R) � M1;1 = R, GL(1;R) = R� { £àã¯¯  ¥ã«¥¢ëå ¢¥é¥áâ¢¥ëåç¨á¥«. � ä¨ªá¨àã¥¬ � 2 R. Ǳãáâì X = ��1(�) 2 gl(1;R), g(t) = exp(tX). �®£¤ dg(t)dt = Xg(t) = (Lg(t))�Xe = g(t) � �¨, § ç¨â, g(t)  å®¤¨âáï ª ª à¥è¥¨¥ § ¤ ç¨ �®è¨( dg(t)dt = g(t) � �g(0) = 1�á¯®«ì§ãï ¬¥â®¤ à §¤¥«¥¨ï ¯¥à¥¬¥ëå ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬R dg(t)dt = R �dt; ln g(t) = t� + lnC; g(t) = Cet�� ãç¥â®¬  ç «ìëå ãá«®¢¨©  å®¤¨¬, çâ® C = 1, á«¥¤®¢ â¥«ì®, exp(tX) = et�. � ç áâ®áâ¨, ¨¬¥ï ¢¢¨¤ã ª ®¨ç¥áª®¥ ®â®�¤¥áâ¢«¥¨¥ X � �(X) = Xe = �, ¬ë ¯®«ãç ¥¬, çâ®exp� = e� = 1Xk=0 1k!�k12



Ǳãáâì â¥¯¥àì n { ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«®. �¨ªá¨àã¥¬ A 2 gl(n;F) � Mn;n. � áá¬®âà¨¬¬ âà¨çë© àï¤ eA = In + A+ 12!A2 + : : :+ 1k!Ak + : : := 1Xk=0 1k!AkǱ®ª �¥¬, çâ® ¬ âà¨çë© àï¤,   â®ç¥¥, ª �¤ë© ¨§ äãªæ¨® «ìëå àï¤®¢ P1k=0 1k!xij(Ak), ®¯à¥¤¥«¥-ëå £«®¡ «ìë¬¨ ª®®à¤¨ âë¬¨ äãªæ¨ï¬¨ fxij; i; j = 1; : : : ; ng, áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à®¢ «î¡®© ®£à ¨ç¥®© ®¡« áâ¨ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  gl(n;F) � Mn;n. Ǳãáâì 
 { â ª ï ®¡« áâì.�®£¤  áãé¥áâ¢ã¥â ¢¥é¥áâ¢¥®¥ ç¨á«® � â ª®¥, çâ® ¤«ï «î¡ëå i; j = 1; : : : ; n ¨ «î¡®© â®çª¨ A 2 
¨¬¥¥¬ jxijAj < �,   á«¥¤®¢ â¥«ì®,jxij(A2)j = nXk=1 jxik(A)xkj(A)j � nXk=1 jxik(A)jjxkj(A)j � nXk=1 �2 = n�2� «®£¨ç®, jxij(A2)j � n2�3, : : :, jxij(Ak)j � nk�1�k, : : :. �«¥¤®¢ â¥«ì®, ª �¤ë© ¨§ äãªæ¨® «ìëåàï¤®¢ 1Xk=0 1k!xij(Ak); i; j = 1; : : : ; n¬ �®à¨àã¥âáï ç¨á«®¢ë¬ àï¤®¬ P1k=0 nk�1�kk! . �® íâ®â ç¨á«®¢®© àï¤ áå®¤¨âáï ¯® ¯à¨§ ªã � « ¬¡¥à ,¯®áª®«ìªã ¥£® ®¡é¨© ç«¥ ak = nk�1�kk! ã¤®¢«¥â¢®àï¥â ãá«®¢¨îlimk!1 ak+1ak = limk!1 nk�k+1(k + 1)! � k!nk�1�k = limk!1 n � �k + 1 = 0Ǳ® ¯à¨§ ªã �¥©¥àèâà áá , ª �¤ë© ¨§ àï¤®¢ P1k=0 1k!xij(Ak) áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¢®¡« áâ¨ 
, i; j = 1; : : : ; n, ¨, ¯® ®¯à¥¤¥«¥¨î, ¬ âà¨çë© àï¤ P1k=0 1k!(Ak) â ª�¥ áå®¤¨âáï  ¡á®«îâ®¨ à ¢®¬¥à® ¢ íâ®© ®¡« áâ¨.�¯à¥¤¥«¥¨¥ 2.13. �ã¬¬  àï¤  P1k=0 1k!(Ak)  §ë¢ ¥âáï íªá¯®¥â®© ¬ âà¨æë A ¨ ®¡®§ ç ¥âáïeA.�¥®à¥¬  2.15. �¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  g : R ! GL(n;F) á £¥¥à â®à®¬ A 2 gl(n;F) �Mn;n ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© g(t) = etA � 1Xk=0 1k!(tA)k (2)�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®â®¡à �¥¨¥ g : R ! GL(n;F), § ¤ ¢ ¥¬®¥ ä®à¬ã«®© (2). �®-áâ â®ç® ¤®ª § âì, çâ® ®® ®¯à¥¤¥«ï¥â âà ¥ªâ®à¨î «¥¢®¨¢ à¨ â®£® ¢¥ªâ®à®£® ¯®«ï X = ��1A á ç «®¬ ¢ â®çª¥ e = In, ¨ ç¥ £®¢®àï, çâ® g(t) { à¥è¥¨¥ § ¤ ç¨ �®è¨( dg(t)dt = g(t) � Ag(0) = In�® ¯®áª®«ìªã etA { à ¢®¬¥à® áå®¤ïé¨©áï áâ¥¯¥®© àï¤, ¥£® ¬®�® ¯®ç«¥® ¤¨ää¥à¥æ¨à®¢ âì ¢¨â¥à¢ «¥ áå®¤¨¬®áâ¨ (â® ¥áâì ¢áî¤ã), ¨ § ç¨â, ddtg(t) = ddt(In + tA+ t22!A2 + t33!A3 + : : :) = A+ t1!A2 +t22!A3 + : : := (In + tA+ t22!A2 + : : :) = etA �A = g(t) � A, ªà®¬¥ â®£®, ®ç¥¢¨¤®, çâ® g(0) = In. 2� ¬¥ç ¨¥. �®§¢à é ïáì ª ¨¢ à¨ â®© ¢¥àá¨¨ â¥®à¨¨ ¯®«®© «¨¥©®© £àã¯¯ë ª ª £àã¯¯ë AutV ¢â®¬®àä¨§¬®¢ «¨¥©®£® ¯à®áâà áâ¢  V ¢ ä¨ªá¨à®¢ ®¬ ¡ §¨á¥ íâ®£® ¯à®áâà áâ¢ , á ãç¥â®¬ â®«ì-ª® çâ® ¤®ª § ®£® ã¡¥�¤ ¥¬áï, çâ® ®â®¡à �¥¨¥ exp : EndV ! AutV § ¤ ¥âáï ä®à¬ã«®© expL =id + L + 12!L2 + : : :+ 1k!Lk + : : : = P1k=0 1k!Lk � eL; L 2 EndV , £¤¥ Lk = L Æ : : : Æ L k à §. �á«¨ ' {«¨¥©®¥ ¯à¥¤áâ ¢«¥¨¥ £àã¯¯ë �¨ G, ¨ ç¥ £®¢®àï, ¥á«¨ ' : G! AutV { £®¬®¬®àä¨§¬ £àã¯¯ �¨, â®'(expX) = exp(�X) = id + �X + 12!(�X)2+ : : :+ 1k!(�X)k + : : := 1Xk=0 1k! (�X)k (3)Ǳà¨ íâ®¬ �X = ddt jt=0 '(exptX) = limt!0 '(exptX)� 1t13



Ǳà¥¤«®�¥¨¥ 2.6. Ǳãáâì A 2 Mn;n. �®£¤  deteA = etrA, £¤¥ trA { á«¥¤ ¬ âà¨æë A.�®ª § â¥«ìáâ¢®. Ǳãáâì B 2 GL(n;R). Ǳ®áª®«ìªã «¥¢ë¥ ¨ ¯à ¢ë¥ á¤¢¨£¨ ¢ £àã¯¯¥ �¨ ï¢«ïîâáï¥¯à¥àë¢ë¬¨ ®â®¡à �¥¨ï¬¨, B � (limk!1 Sk(A)) �B�1 = limk!1(B �Sk(A) �B�1) = limk!1 Sk(B �A �B�1), £¤¥ Sk(A) = Pkj=0 1j!Aj { k-ï ç áâ¨ç ï áã¬¬  àï¤  eA. � ç¨â,B � eA �B�1 = eB�A�B�1� «¥¥, ¨§ «¨¥©®©  «£¥¡àë å®à®è® ¨§¢¥áâ®, çâ®9B 2 GL(n;C) B � A �B�1 = 0B� �1 �. ..0 �n 1CA(â® ¥áâì ¬ âà¨æ  B � A �B�1 ¨¬¥¥â ¢¥àå¥âà¥ã£®«ìë© ¢¨¤). �®£¤ B � A2 �B�1 = B �A �B�1 �B �A �B�1 = 0B� �21 �.. .0 �2n 1CA,¨ ¯® ¨¤ãªæ¨¨ ¯®«ãç ¥¬, çâ® B � Ak �B�1 = 0B� �k1 �. ..0 �kn 1CA, ®âªã¤  eB�Ak�B�1 = 0B� e�1 �.. .0 e�n 1CA.� ç áâ®áâ¨, deteA = det(B � eA �B�1)det(eB�Ak�B�1) = e�1 � : : : � e�n = e�1+:::+�n = etrA. 2Ǳà¥¤«®�¥¨¥ 2.7. Ǳãáâì A;B 2 Mn;n { ¤¢¥ ª®¬¬ãâ¨àãîé¨¥ ¬ âà¨æë, â® ¥áâì A � B = B � A.�®£¤  eA+B = eA � eB.�®ª § â¥«ìáâ¢®. Ǳ® ®¯à¥¤¥«¥¨î, eA+B = limk!1 Sk(A + B). �à®¬¥ â®£®, ¯® ®¯à¥¤¥«¥¨îã¬®�¥¨ï àï¤®¢, eA � eB = limk!1Sk(A) � Sk(B)�«¥¤®¢ â¥«ì®, ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ®limk!1 jSk(A) �Sk(B)� Sk(A+B)j = 0 (4)Ǳ® ¨¤ãªæ¨¨ «¥£ª® ¯®ª § âì, çâ®Sk(A) �Sk(B)� Sk(A+B) = X0 � m; l � kk + 1 �m+ l � 2k 1m!l!AmBl�¡®§ ç¨¬ � = maxi;j=1;:::;nfjaijj; jbijjg. �®£¤ , ª ª ¨ ¢ëè¥,jxij(AmBl)jm!l! � nm+l�1�m+lm!l!� ç¨â, jxij(Sk(A) � Sk(B) � Sk(A + B))j � P 0 � m; l � kk + 1 � m+ l � 2k nm+l�1�m+lm!l! � (n�)2kk2[k=2℄2! . �® àï¤P1k=0 (n�)2kk2[k=2℄2! áå®¤¨âáï ¯® ¯à¨§ ªã � « ¬¡¥à ,   § ç¨â, ¢ á¨«ã ¥®¡å®¤¨¬®£® ãá«®¢¨ï áå®¤¨¬®áâ¨àï¤ , ¥£® ®¡é¨© ç«¥ áâà¥¬¨âáï ª ã«î: limk!1 (n�)2kk2[k=2℄2! = 0, ®âªã¤  ¨ ¯®«ãç ¥¬ (4). 2� ¬¥ç ¨¥. �ªá¯®¥æ¨ «ì®¥ ®â®¡à �¥¨¥ exp : g ! G, ¡ã¤ãç¨ £« ¤ª¨¬ ¨ à¥£ã«ïàë¬ ¢ ã«¥®â®¡à �¥¨¥¬, ¢®®¡é¥ £®¢®àï, ¥ ¨ê¥ªâ¨¢® ¨ ¥ áîàê¥ªâ¨¢® ¤ �¥ ¢ á«ãç ¥ á¢ï§®© £àã¯¯ë �¨.2.8 �¥ª®â®àë¥ ¯®¤£àã¯¯ë �¨ ¢ GL(n;C) ¨ ¨å  «£¥¡àë �¨Ǳãáâì GL(n;C) { ¯®« ï ª®¬¯«¥ªá ï «¨¥© ï £àã¯¯  ¯®àï¤ª  ¯®àï¤ª  n. � ¥¥  «£¥¡à¥ �¨ gl(n;C) �MCn;n ¢ãâà¥¨¬ ®¡à §®¬ ®¯à¥¤¥«¥ë ¤¢  «¨¥©ëå ®¯¥à â®à : ®¯¥à â®à A! AT âà á¯®¨à®¢ ¨ï,®¯à¥¤¥«¥ë© á®®â®è¥¨¥¬ xij(AT ) = xji(A); i; j = 1; : : : ; n ¨ ®¯¥à â®à ª®¬¯«¥ªá®£® á®¯àï�¥¨ïA! �A. � áá¬®âà¨¬ á«¥¤ãîé¨¥  ¡áâà ªâë¥ ¯®¤£àã¯¯ë ¢ £àã¯¯¥ GL(n;C):(1) ã¨â à ï £àã¯¯  U(n) = fA 2 GL(n;C)jA�1 = �AT g;14



(2) ª®¬¯«¥ªá ï ®àâ®£® «ì ï £àã¯¯ O(n;C) = fA 2 GL(n;C)jA�1 = AT g;(3) á¯¥æ¨ «ì ï «¨¥© ï £àã¯¯ SL(n;C) = fA 2 GL(n;C)jdetA = 1g:�¥®à¥¬  2.16. � �¤ ï ¨§ ¯¥à¥ç¨á«¥ëå ¯®¤£àã¯¯ ï¢«ï¥âáï ¯®¤£àã¯¯®© �¨ £àã¯¯ë �¨ GL(n;C)á  «£¥¡à®© �¨ á®®â¢¥âáâ¢¥®:(1) u(n) = fA 2 MCn;nj �A+ AT = 0g ( «£¥¡à  �¨ ª®á®íà¬¨â®¢ëå ¬ âà¨æ);(2) o(n;C) = fA 2MCn;njA+ AT = 0g ( «£¥¡à  �¨ ª®¬¯«¥ªáëå ª®á®á¨¬¬¥âà¨ç¥áª¨å ¬ âà¨æ);(3) sl(n;C) = fA 2 MCn;njtr A = 0g ( «£¥¡à  �¨ ¡¥áá«¥¤ëå ¬ âà¨æ).�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï â¥®à¥¬®© 2.6. �ç¥¢¨¤®, çâ® u(n), o(n;C), sl(n;C) { ¢¥é¥áâ¢¥-ë¥ ¯®¤¯à®áâà áâ¢  ®¢¥é¥áâ¢«¥¨ï «¨¥©®£® ¯à®áâà áâ¢  MCn;n. Ǳãáâì W � gl(n;C) � MCn;n {®ªà¥áâ®áâì ã«ï, ¤¨ää¥®¬®àä ï ¥ª®â®à®© ®ªà¥áâ®áâ¨ V ¥¤¨¨æë £àã¯¯ë �¨ GL(n;C) ¯à¨ ®â®-¡à �¥¨¨ exp, ¨ ¯ãáâì U =W \ �W \ (�W )\W T \ fA 2 GL(n;C)j jtr Aj < 2�g:Ǳãáâì A 2 U \ u(n). �®£¤  (eA)T = e �AT = e�A, ®âªã¤  á«¥¤ã¥â, çâ® (eA)T � eA = e�A � eA = e0 = In,  § ç¨â, eA 2 V \ U(n). � ª¨¬ ®¡à §®¬,exp(U \ u(n)) � V \ U(n)�¡à â®, ¯ãáâì eA 2 V \ U(n). Ǳ®áª®«ìªã expjU = V , â® A 2 U . �à®¬¥ â®£®, e�A = (eA)�1 = (eA)T =e �AT . Ǳ®áª®«ìªã A ¨ �AT «¥� â ¢ U ,   expjU ¨ê¥ªâ¨¢®, â® �AT = �A, â® ¥áâì A 2 u(n). �«¥¤®¢ â¥«ì®,exp(U \ u(n)) = V \ U(n)Ǳ® â¥®à¥¬¥ 2.6 U(n) � GL(n;C) { ¯®¤£àã¯¯  �¨,   u(n) { ¥¥  «£¥¡à  �¨.� «®£¨ç® ¤®ª §ë¢ ¥âáï ¢â®à®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë.Ǳãáâì â¥¯¥àì A 2 U\sl(n;C). �®£¤  tr A = 0 ¨, á®£« á® ä®à¬ã«¥ deteA = etrA, ¯®«ãç¨¬ deteA = 1,â® ¥áâì eA 2 V \ SL(n;C). �¡à â®, ¥á«¨ eA 2 V \ SL(n;C), â® A 2 U , ¯à¨ç¥¬ deteA = 1. �®£¤ etrA = 1 = e2�kp�1, ®âªã¤  á«¥¤ã¥â, çâ® tr A = 2�kp�1; k { æ¥«®¥ ç¨á«®. � á¨«ã ®¯à¥¤¥«¥¨ï U ,tr A = 0 ¨, â ª¨¬ ®¡à §®¬, A 2 sl(n;C). �«¥¤®¢ â¥«ì®, exp(U \ sl(n;C)) = V \ SL(n;C). �®£« á®â¥®à¥¬¥ 2.6, SL(n;C)� GL(n;C) { ¯®¤£àã¯¯  �¨, sl(n;C) { ¥¥  «£¥¡à  �¨. 2�«¥¤áâ¢¨¥. �¡áâà ªâë¥ ¯®¤£àã¯¯ë(1) SU(n) = SL(n;C)\ U(n);(2) SO(n;C) = SL(n;C)\O(n;C);(3) SL(n;R) = SL(n;C)\GL(n;R);(4) O(n;R) = O(n;C)\GL(n;R);(5) SO(n;R) = O(n;R)\ SL(n;R);ï¢«ïîâáï ¯®¤£àã¯¯ ¬¨ �¨ £àã¯¯ �¨ GL(n;C) ¨ GL(n;R) á®®â¢¥âáâ¢¥®,  «£¥¡àë �¨ ª®â®àëå ï¢«ï-îâáï ¯¥à¥á¥ç¥¨¥¬  «£¥¡à �¨ £àã¯¯ �¨ { á®¬®�¨â¥«¥©. � ï à §¬¥à®áâ¨  «£¥¡à �¨, «¥£ª® ¢ëç¨-á«¨âì ¨ à ¢ë¥ ¨¬ à §¬¥à®áâ¨ á®®â¢¥âáâ¢ãîé¨å ¨¬ £àã¯¯ �¨:dimSL(n;C) = 2n2 � 2;dimU(n) = 2n(n�1)2 + n = n2;dimSU(n) = n2 � 1;dimO(n;C) = 2n(n�1)2 = n(n� 1);dimSO(n;C) = n(n� 1)� 2;dimSL(n;R) = n2 � 1;dimO(n;R) = dimSO(n;R) = n(n�1)2 :215



2.9 Ǳà¨á®¥¤¨¥®¥ ¯à¥¤áâ ¢«¥¨¥�¯à¥¤¥«¥¨¥ 2.14. Ǳãáâì M { £« ¤ª®¥ ¬®£®®¡à §¨¥, G { £àã¯¯  �¨. �« ¤ª®¥ ®â®¡à �¥¨¥ � :G �M ! M , â ª®¥, çâ®1) �(gh;m) = �(g; �(h;m)); 2) �(e;m) = m, g; h 2 G, m 2M , §ë¢ ¥âáï «¥¢ë¬ ¤¥©áâ¢¨¥¬ £àã¯¯ë G   ¬®£®®¡à §¨¨ M .�á«¨ � { «¥¢®¥ ¤¥©áâ¢¨¥, â® ª �¤ë© í«¥¬¥â g0 2 G ¯®à®�¤ ¥â ®â®¡à �¥¨¥ �g0 : M ! M , § ¤ -®¥ ä®à¬ã«®© �g0(m) = �(g0; m). �â® ®â®¡à �¥¨¥ ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬, ¯®áª®«ìªã ®¡à â®¥®â®¡à �¥¨¥ ��1g0 :M ! M , ®ç¥¢¨¤®, ®¯à¥¤¥«¥®¥ ä®à¬ã«®© ��1g0 (m) = �(g�10 ; m), £« ¤ª®.� «®£¨ç®, £« ¤ª®¥ ®â®¡à �¥¨¥ � :M � G!M , â ª®¥, çâ®1) �(m; gh) = �(�(m; g); h); 2) �(e;m) = m, m 2 M , g; h 2 G,  §ë¢ ¥âáï ¯à ¢ë¬ ¤¥©áâ¢¨¥¬ £àã¯¯ë �¨G   ¬®£®®¡à §¨¨ M .�¯à¥¤¥«¥¨¥ 2.15. �¨¥©ë¬ ¯à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë �¨ G  §ë¢ ¥âáï £®¬®¬®àä¨§¬ £àã¯¯ �¨' : G! AutV , £¤¥ Aut V { £àã¯¯   ¢â®¬®àä¨§¬®¢ «¨¥©®£® ¯à®áâà áâ¢  V .�¥®à¥¬  2.17. Ǳãáâì � : G �M ! M { «¥¢®¥ ¤¥©áâ¢¨¥ £àã¯¯ë �¨ G   ¬®£®®¡à §¨¨ M . Ǳãáâìm { ¥¯®¤¢¨� ï â®çª  ¤¥©áâ¢¨ï, â® ¥áâì8g 2 G =) �(g;m) = m:�®£¤  ®â®¡à �¥¨¥ ' : G ! Aut(Tm(M)), ®¯à¥¤¥«¥®¥ ä®à¬ã«®© '(g) = ((�g)�)m, g 2 G, ï¢«ï¥âáï«¨¥©ë¬ ¯à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë �¨ G.�®ª § â¥«ìáâ¢®. Ǳà¥�¤¥ ¢á¥£®, ®â®¡à �¥¨¥ ' { £®¬®¬®àä¨§¬ £àã¯¯, â ª ª ª '(gh) = ((�gh)�)m =((�g)�)mÆ((�h)�)m = '(g)'(h). �« ¤ª®áâì íâ®£® ®â®¡à �¥¨ï á«¥¤ã¥â ¨§ â®£®, çâ® ¢ á®®â¢¥âáâ¢ãîé¨å«®ª «ìëå ª àâ å ®® § ¤ ¥âáï £« ¤ª¨¬¨ äãªæ¨ï¬¨ { áã�¥¨ï¬¨ ç áâëå ¯à®¨§¢®¤ëå äãªæ¨©,§ ¤ îé¨å ®â®¡à �¥¨¥ �   ¯®¤¬®£®®¡à §¨¥ G � fmg � G�M . 2Ǳãáâì G { ¯à®¨§¢®«ì ï £àã¯¯  �¨. �®£¤  ¢ãâà¥¨¬ ®¡à §®¬ ®¯à¥¤¥«¥® ®â®¡à �¥¨¥ A : G �G! G, ¤¥©áâ¢ãîé¥¥ ¯® ä®à¬ã«¥ A(g; h) = ghg�1.� ¤ ç  2.7. �®ª �¨â¥, çâ® ®â®¡à �¥¨¥ A ï¢«ï¥âáï «¥¢ë¬ ¤¥©áâ¢¨¥¬ £àã¯¯ë �¨ G   á¥¡¥.� ¤ ç  2.8. �®ª �¨â¥, çâ® ¤¨ää¥®¬®àä¨§¬ë Ag : G ! G Ag(h) = ghg�1, g; h 2 G ï¢«ïîâáï£®¬®¬®àä¨§¬ ¬¨ £àã¯¯ë �¨ G,   á«¥¤®¢ â¥«ì®,  ¢â®¬®àä¨§¬ ¬¨ íâ®© £àã¯¯ë. �¨  §ë¢ îâáï¢ãâà¥¨¬¨  ¢â®¬®àä¨§¬ ¬¨ £àã¯¯ë �¨ G.� ç áâ®áâ¨, ¤«ï «î¡®© â®çª¨ g 2 G ¨¬¥¥¬ Ag(e) = e, â® ¥áâì e 2 G { ¥¯®¤¢¨� ï â®çª  íâ®£®¤¥©áâ¢¨ï. Ǳ® ¤®ª § ®© â¥®à¥¬¥ ®â®¡à �¥¨¥ ' : G ! Aut Te(G) � Autg, ¤¥©áâ¢ãîé¥¥ ¯® ä®à¬ã«¥'(g) = ((Ag)�)e, g 2 G, ï¢«ï¥âáï «¨¥©ë¬ ¯à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë �¨ G. �®  §ë¢ ¥âáï ¯à¨á®¥¤¨-¥ë¬ ¯à¥¤áâ ¢«¥¨¥¬ £àã¯¯ë �¨ G ¨ ®¡®§ ç ¥âáïAd. � ª¨¬ ®¡à §®¬, ®â®¡à �¥¨¥ Ad : G! Autg§ ¤ ¥âáï á®®â®è¥¨¥¬ Ad(g) = ��1 Æ ((Ag)�)e, £¤¥ � : g! Te(G) { ª ®¨ç¥áª¨© ¨§®¬®àä¨§¬ ®â®�¤¥-áâ¢«¥¨ï «¥¢®¨¢ à¨ â®£® ¢¥ªâ®à®£® ¯®«ï ¨ ¢¥ªâ®à  ª á â¥«ì®£® ¯à®áâà áâ¢ . �®£« á® â¥®à¥¬¥2.6 ¨¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢ ï ¤¨ £à ¬¬ g Ad(g)�! gexp # # expG Ag�! G� ç¥ £®¢®àï, exp(tAd(g)X) = gexp(tX)g�1. � «¥¥, ¤¨ää¥à¥æ¨ « £®¬®¬®àä¨§¬  Ad : G ! Autg¯®à®�¤ ¥â £®¬®¬®àä¨§¬ ad : g ! g(Autg) � Endg á®®â¢¥âáâ¢ãîé¨å  «£¥¡à �¨. � ª¨¬ ®¡à §®¬,ad = (Ad)� jg . �®£« á® â¥®à¥¬¥ 2.6 ¨¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢ ï ¤¨ £à ¬¬ g ad�! Endgexp # # expG Ad�! Autg� ç áâ®¬ á«ãç ¥, ¥á«¨ G = AutV , £¤¥ V { «¨¥©®¥ ¯à®áâà áâ¢®, íâ¨ ª®¬¬ãâ â¨¢ë¥ ¤¨ £à ¬¬ë¯à¨¨¬ îâ ¢¨¤ EndV Ad(B)�! EndVexp # # expAutV AB�! AutV EndV ad�! End(EndV )exp # # expAutV Ad�! Aut(EndV )16



£¤¥ B 2 AutV .Ǳà¥¤«®�¥¨¥ 2.8. Ǳãáâì B 2 AutV , C 2 EndV . �®£¤  Ad(B)C = B ÆC ÆB�1.�®ª § â¥«ìáâ¢®. �¬¥¥¬ Ad(B)C = ddt jt=0 AB(exptC) = ddt jt=0 B Æ etC ÆB�1 = ddt jt=0 et(BÆCÆB�1) =B Æ C ÆB�1. 2�¥®à¥¬  2.18. Ǳãáâì G { £àã¯¯  �¨ á  «£¥¡à®© �¨ g, X;Y 2 g. �®£¤  adXY = [X; Y ℄.�®ª § â¥«ìáâ¢®. � á¨«ã ®¯à¥¤¥«¥¨© ¯à¨á®¥¤¨¥ëå ¯à¥¤áâ ¢«¥¨© ¨¬¥¥¬ adXY == � ddt jt=0 Ad(exptX)�Y = ddt jt=0 Ad(exptX)Y = ddt jt=0 (AexptX)�Y = ddt jt=0 (R(exptX)�1 Æ LexptX)�Y =ddt jt=0 (Rexp(�tX))� Æ (LexptX)�Y . � ç¨â, (adXY )e = ddt jt=0 (Rexp(�tX))� Æ (LexptX)�Ye == ddt jt=0 (Rexp(�tX))�YexptX ddt jt=0 (F�t)�YFt(e) = limt!0 (F�t)�YFt(e)�Yet = (LXY )e = [X;Y ℄e, £¤¥ Ft(g) =�X(g; t) { ¯®â®ª, ¯®à®�¤¥ë© ¢¥ªâ®àë¬ ¯®«¥¬ X. � ª ª ª ¢¥ªâ®àë¥ ¯®«ï X, Y { «¥¢®¨¢ à¨ âë,adXY = [X;Y ℄. 2
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