KpaTkoe pyKOBOACTBO K AeHCTBUIO IO TEH30PHOMY aHAJIMI3Y.

13 centsiops 2012 .

I'maBal. I'magkme MHOTOOOpa3Wsd M TEH30PHBIE IOJIS.
§1.1. Heobxoaumbie cBejieHUsT U3 TOIOJOTHUMH.

Onpenenenue 1.1. ITycrs mano Hemycroe muoxkectBo X npoussosibhoil npupogpl. Cemeiictso 7 = {Uy}aca
[TOJIMHOKECTB MHOKeCTBa X HA3BIBAETCS Monoao2uell Ha mHuodcecmee X, €CIi BBIIOJHSIOTCS CJIeIYIONIUe YCII0-
BU:

1) mst sro6oro nopmuoxkectBa {Uy } u3 7 ux obbegunenue U, U, Tak:ke IPUHAJJIEKAT T;

2) mst mobbix noamuokects Uy, Uy u3 7 ux nepecedenue Uy N Uy TakKe IPUHAIJIEIKUAT T

3) mycroe MHOXKeCTBO u Bce X IPUHAJJIEIKAT T.

MmuoxectBo X ¢ (DUKCHPOBAHHON HA HEM TOIOJIOTHEN T HA3BIBAETCH MONOAOLUNECKUM NPOCTPAHCINGOM T
oboznauaercsa (X, 7) mimm npocro X. Ilogmuoxkecrsa U, npunajjiexkainue TOIOJOIMUA T HA3BIBAIOTCH OMKDbL-
muwmu. JIroboit anement U u3 7, comepxkamuii Touky = € X Ha3blBaeTCs (0mKpuimotl) oKpecmHocmbio TOUKNA
x.

MHuoxkectBo F' C X Ha3bIBACTCH 3aMKHYMOLM, €CIH JonoHeHre B X, To ecTb MHOXKecTBO X \ F', OTKpBITO.

IIpumep 1.1. Ilycts X — mpou3BosibHOE HEIYCTOE MHOYKECTBO, T — MHOYKECTBO BCEX IOJIMHOYKECTB MHOXKECTBA
X. Jlerko BuzeThb, 9T0 3T0 TomOJOTHs Ha X . Takas TOmoIorus Ha3bBaeTcs duckpemnot monoaozuet. [

IIpumep 1.2. Ilycts X — mpou3BOMBHOE HEIYyCTOE MHOXKECTBO, T = {0, X }. 910 Takxke Tonmomornga na X . Taxkas
TOIOJIOTHST HA3BIBAETCS anmuduckpemnot. [

ITpumep 1.3. Iycrsb mano Tomoa0rnIecKoe npocTpaicrso (X, 7) U NPOU3BOJILHOE HEILYCTOe HOJAMHOXKECTBO Y B
muokecTBe X . Hazosem nmommuokecTBO V' 13 MHOXKeCTBA Y 0MKPuIMbiM, ECTTU CYIIECTBYET OTKPBITOE MHOXKECTBO
U € 7, takoe uro V = U NY. COBOKYyIIHOCTb 7 TAKUX MHOXKECTB V 00pasyeT TOIOJIOIMIO Ha MHOXKECTBE Y |
HA3BIBAETCS UHIYUUPo8annot monoaozuet MHOXKecTBa Y. [

IIpumep 1.4. Ilycte X = R™ — apudmerndeckoe BeKTOpHOe MpocTpaHcTBO. HamomuuMm, uro B R™ MOXKHO
BBECTH €BKJIMJIOBY CTPYKTYPY (TO €CTh CUMMETPUYECKYIO HOJIOKHUTEIHHO ONPEIEIeHHYI0 OuinHeiyio dpopmy)
CJIETY FOTIM 00Pa30M:

gla,y) =z'yt + .. a2y,

e x = (z1,...,2"), y = (y',...,y") € R® — npoussosbubie Touku. C MOMOIIBIO eBKINIOBOII CTPYKTYPHI g
ompejesisiercs orobpaxkenue p : R™ X R™ — R, mo dpopmyite

plz,y) = Vole —yz—y) = /(@ —y)2+... + (@ —y")>

OTrobpazkeHue p SBJISETCS METPUKOI B eBKJIUA0BOM mpocTtpancTBe R™. JIpyrumu cjoBaMu, p TO3BOJISIET BBIUHC-
JIITh PACCTOSIHUS MeXKJy TouKamMu B R™.

Ucrionp3yst MeTpuky p, MbI MOYXKeM OonpenesnTs ToroJioruio B R™ cienyroum oopazom. Hazosem omxpoimovim
WAPOM C TIEBHTPOM B TOUKe g € R™ u paguycoM r € R MHOXKecTBO TOoUeK = € R™, yIOBIETBOPSIONINX YCIOBHUIO

plx,x0) <.

MruoxkectBo U C R™ 6yjieM Ha3bIBaTh OTKPLITHIM, TO €CTh IPHHAJJIEZKAIIM TOIIOJIOTUN T, €CJIH JIJIs KayKJI0N
rouku y € U cymecrByer OTKpbIThIi map B(y,r) ¢ HeHTpoM B 9TO# TOYKE M HEKOTOPHIM DAJUYyCOM 7', IIPH-
najexkamunii U. COBOKYIHOCTh TAaKMX MHOXKECTB 0Opasyer Tomosiormio Ha R™. DTa TOIOSOrHSA HA3BIBAETCS
MEMPUHECKOT UM e8KAUI080T MONos02UET.

B mamnpHeifiniem, ecsin He OrOBOPEHO IPOTUBHOE, Oy/IeM IpeIIoaraTh, 9TO Ha €BKJINI0BOM mpocTpancTse R™
dukcupoBana MeTpudecKas TOHOJIOTHUS.

Bynem naspiBars MHOXKecTBO U 13 R™ ¢643HvIM, €CIIN €r0 HEJIb3s IIPEJICTABUTH B BUJIE OObEIUMHEHUS JIBYX
HEILYCTBIX OTKPBITBIX MHOXKECTB.

OTKpbITOE MHOXKECTBO (MHOI/A CBsi3HOE) B R™ Oy/ieM Ha3bIBATH 00.4GCMbIO.



JIi060€e eBKn10BO TPOCTPaHCTBO R™ MO2kKET ObITH OTOXKIECTBJIEHO C IIOAIPOCTPAHCTBOM B €BKJIMIOBOM IIPO-
crpancree R cremyiomuM o6pa3oM

r=(z ..., 2") eR” - & = (z',...,2",0,...,0) € R*""™,

Samernm, 4TO MeTpudeckas Torojorus R™ coBnaaer ¢ WHIyIIMPOBaHHO TonoJorueit B R™, paccmarpuBaeMom
KaK TI0JIITPOCTPAHCTBO B €BKJIMJIOBOM TIpocTpaHcTBe R (Hajie/IeHHBIM MeTpUUecKoit Tonojorueit). [

IIpumep 1.5. Ilycts X — HemycTroe MHOXKECTBO, cojiepKaliee OECKOHETHO MHOIO 3JIEMEHTOB, T — COBOKYITHOCTh
€ro MOJIMHOYXKECTB, JOTMOJHEHNS K KOTOPBIM SIBJISIFOTCST KOHEIYHBIMU MHOXKECTBAMU, IIyCTOE MHOXKECTBO 1 camo X .
Herpyamo mokasars, 9To T siBiisiercs Tomosoruneil Ha X . DTa TOMOJIOTHsT HA3BIBAETCA MOonoaozuel 3apuccrozo.

O

ITpumep 1.6. Iycrs mano Tomonorudeckoe npocrpancrBo (X, 7) u daxropMuokecTBO X/ ~ 110 HEKOTOPOMY
OTHOIIEHUIO SKBUBAJIEHTHOCTU ~. PaccMorpum npoussosibHoe noamuoxkectso Vo usz X/ ~. O6oznauum depes U
MHOKECTBO BCEX BCEX JIEMEHTOB U3 X, U3 KOTOPBIX COCTOSIT KJIacchl, Bxosrue B V. Torma Ha3oBeM MHOYKECTBO
V' omxpoimoim, eciin MEOXKeCTBO U OTKPBITO B TOHOJIOTHH T, TO ecTh U € 7. COBOKYIHOCTb MHOXKECTB V' 0bpa3yer
TOIOJIOTUIO Ha MHOXKeCTBEe X/ ~. DTa TOmoJorus HasbBaeTca gaxmopmononozuet. O

IIpumep 1.7. Iycrs (X, 7) u (Y,7) — Tonosornveckue npocrpascTsa. Torjga Ha JeKapTOBOM POU3BEEHUN
X XY MOKHO BBECTH TOIIOJIOTHIO CJIEYIOIIMM 00pa3oM. PaccMOTpuM BCEBO3ZMOYKHBIE JEKAPTOBBI IIPOU3BEIEHU ST
vmuaoKecTB U XV, tne U € 7, V' € 7. BeceBo3moxkHBbIE 00beuHeHNST MHOXKECTB Bua U X V HA30BEM OTKPBITHIMA.
Takast COBOKyIHOCTh MHOXKECTB 0Opa3yeT TOIOJIOTUIO Ha JEKapPTOBOM IpomsBeieHnu X X Y. DTO TOMOJIOTHS
HA3BIBAETCS MONoAo2uel JeKapmosa npouseederus.

Bagaua 1.1. Ilycrs okpyzkHOoCTh S paccmMaTpuBaeTcs Kak mOIMHOMKecCTBO 11ocKocTn R2 . OxapakTepusyiite or-
KPBIThIe MHOYKECTBa, MHyIIpoBanHoil Ha S Tonosoruu. Pacemorpure Top 72 = St x S1. Kakune nomvuorxkecTsa
Topa Oy/yT HPUHA/IEXKATH TOMOJOTHU JIEKAPTOBA, IIPOU3BE/IEHIs Ha TOpe?

OTBer: OTKPBITHIE JIYITU U UX O0beIUHEHNST; OTKPBITHIE KPUBOJIMHEHBIE TPSIMOYTOJbHUKY " U UX 00'beInHe-
HUS.

Onpepesienune 1.2. Tonosornueckoe IpocTpancTBO (X, 7) Ha3bIBAETCS Taycdopdosvim, €CIH JJIst THOOBIX JIBYX
TOYEK T,y € X CYIIECTBYIOT HEEPECEKAIONNecss OKPECTHOCTH TUX TOYEK.

IIpumep 1.8. uckpeTHast 1 MeTpUYecKasi TOMOJIOIHH SBJISIOTCS XayCcIOP@OBBIMHA, a aHTUINCKPETHAS TOIIOJIO-
IUS U TOIOJIOTUSI 3aPUCCKOT0 SIBJISIIOTCS HE XayCaopdoBbIMU TooIorusimMu. [

Omnpepenenne 1.3. Ilycrs (X, 7) — Tonomorndeckoe mpocrpancrso. CosokynHocts B = {V} MHOXKeCTB U3
TOIIOJIOI'NU T Ha3bIBa€TCA 60/30’17/ TOIIOJIOTUU T, €CJIN JJId Ka}K‘HOﬁ TOYKU T € Xu KaxKJ10I'0 OTKPBITOI'O MHOXKECTBa
U € 7, comepzKaliero ToUKy , CyIIeCTByeT MHOXKecTBO V € B, cozep:kaiiee x u coaepxkarieecss B U, TO ecTb
zeVuVCU.

13 onpenesienns: 6a3bl TOIOJIOTUH CIELYET, UTO JII0O0E OTKPHITOE MHOXKECTBO TOIIOJIOIMIECKOI'0 IIPOCTPAHCTBA
(X, 7) MoxKeT GbITh IIPEJCTABICHO B BUJIE O0bEIUHEHUST OTKPBITHIX MHOYKECTB 6a3bl TOIOJIOTUHY.

IIpumep 1.9. Ilycte R™ — apudmerndeckoe BEKTOPHOE MPOCTPAHCTBO, CHAOKEHHOE METPUYECKON TOIOJIOTH-
eit. Torma 6a30ii MeTPUIECKON TOMOJOrUU OYIET MHOXKECTBO BCEX IMAPOB C MEHTPAMH B TOUYKAX, SIBJISIOIIAXCS
HabopaMu PAIMOHAJIBHBIX JYHCEJ, U PAIMOHAIBHBIMA pajauycamu. [

3amadva 1.2. Ykaxwure 6a3y B JUCKPETHON M AHTUIUCKPETHOU TOIIOJIOTHH.

Tomonoruyeckoe OPOCTPAaHCTBO, Y KOTOPOI'O CyHIeCTBYET CUETHasd 633&, Ha3bIBaCTCA MONOA02UHECKUM TPO-
CMmpaHcmeom co cuemuotll 6a30T W MONON02UMECKUM npocmpaHcIimeom, yﬁosﬂemsopmomum smopoﬂ axcuome
cHemmrocmu.

3ameuanue 1.1. [lycts mano orobpaxkenue f: X — Y muoxkecTtBa X BO MHOXKecTBO Y . Iloanvim npoobpasom
mouwku y € Y Ha3bIBaeTCs MHOXKeCTBO Bcex Todek z € X, takux 4ro f(x) = y. Iosamblii npoobpas Touku
oboznauaercs f1(x). Iloanvim npoobpasom muosicecmea V C 'Y HasbiBaeTcst 00beITHHEHIE MOTHBIX TPOOOPA3OB
Beex Touek MHOkecTBa V. IlosHbiit mpoobpas MHoxkecTsa V oboszHauaerca f~1(V).

Iycrs (X1,71) u (X2, 72) — Tononorudeckue npocrpancrsa. Orobpaxkenune [ : X1 — Xy HasbiBaeTcs nenpe-
PHIGHBLM, €CTTH JIJTsT TI060ro MHOXKecTBa U € 7o ero mosmbiit mpoobpas f~1(U) mpuHa jieskKuT TOMOIOTHA Ti.
Jpyrumu cjioBamu, orobpazkeHue [ Ha3bIBAETCs HEIPEPBIBHBIM, €CJIM IIOJIHBIA Ipoobpas Jiroboro OTKPBITOrO
MHOXKeCTBa U3 Xo OTKPBIT.

Orobpaxkenne f : X7 — Xo Ha3bIBAGTCS OMKPLIMOLIM, €CJU 00pa3 JOOOr0 OTKPHITOrO B X| MHOXKECTBA
oTKpBIT B Xo. Ecim f — Gueknust, To moHsATHE OTKPBITOCTH O0TOOpaXKkeHusi [ PABHOCUJIBHO HEIPEPBIBHOCTH OTOO-
paskenus f 1.



Onpenenenue 1.4. Buekrusnoe orobpazkenue f : X1 — Xo Tonosorudeckux npocrpancts (X1, 71) u (Xa, 72)
HA3BIBACTCS 20MEOMOPPHUSMOM, €CII OHO HEIPEepHIBHO W OTKPHITO. JpyruMu cioBamu, oTobpaskenus f m f !
HEIPEPHIBHBI.

Iyers (X, 7) — Tonomornveckoe npoctpalcTBo, 0 = {Uy}acA — HEKOTOPOE CEMEHCTBO €ro TOJMHOKECTB.
T'oBopsT, 9TO 9TO MHOXKECTBO 00paA3yeT NOoKkpviMue TOMOJOrnIecKoro npoctpanctsa X, ecan U,U, = X. Ecim
3JIEMEHTBI CEMEHCTBA 0 SIBJISIOTCS OTKPBITBIMUA MHOXKECTBAMMU, TO MOKPBITHE HA3LIBAIOT OMKDLIMIbIM.

Ecnm B cemelicTBe 0 CymecTByeT MOJMHOMXKECTBO 0’ TaKKe SIBJIAIONIEECS MOKPbITHEM X, TO o Ha3bIBAIOT
N0ONOKPLIMUEM TIOKPBITAS O.

IIpumep 1.10. IIyct X = R!, cnabxkennoe merpmdeckoii Tonosorueii. Toryma ceMeiicTBO MHTEPBAIOB 0 =
{(—q,q)}, v1e ¢ — TPOU3BOIBLHOE PAIMOHAIBHOE HCIIO, ABJIAETCS OTKPHITHIM TOKphITHeM 1 RY. CemeficTBo
uaTepBaNoB 0’ = {(—n,n)}, rae N — NPOU3BOJIBHOE HATYPAJIBHOE UUCJIO, SIBJISIETCST OTKPBITHIM TIO/IIOKPBITHEM
o. U

FOBOpHT, YTO IIOKPBITHE J 6nucaHo B IIOKPbBITHE O, €CJIn Ka)K,HbeI JIEMEHT O COACPZKUTCA B HEKOTOPOM
QJIEMEHTE U3 0.

IIpumep 1.11. Ilycte mokpobiTme o Takoe ke Kak B npuMmepe 1.10, a B KadecTBe G PACCMOTPUM CEMEHCTBO
{(¢g—1,9+ 1)}, nne ¢ — upousBosbHOE palOHAJIbHOE YucJo. Torja HoKpeiTUe & GyeT BIUCAHO B IIOKPBITHE O.

O

[TokpeiTHs, cocTodIMe U3 KOHEYHOIO MJIM CYETHOIO YUCJIA JIEMEHTOB, HA3bIBAIOT COOTBETCTBEHHO KOHEWHbI-
MU ATA CHEMHBLMU.

IlokpeITHe 0 HA3BIBAIOT A0KGADHO KOHEUMIM, €CIIN Y KaXKIOW TOUuKM & € X CyIecTByeT OKPECTHOCTb,
KOTOpasl MEPECEKAETCsI JIUINh ¢ KOHEIHBIM YHCJIOM JIEMEHTOB U3 0.

IIpumep 1.12. Ilokpeitue o u3 npumepa 1.10 siByisieTcss CI€THBIM, HO HE SBJISETCH JIOKAJTHHO KOHETHBIM.

IIpuBeneM mpuMep JIOKAJIbHO KOHEYHOrO, HO HE KOHEYHOro MOKpbITHs X = R!. PaccMOTpuM IOKpBITHE
o={(n—1,n+1)}, rae n — TpousBoILHOE HATYypPaIbHOE YucT0. OUeBUIHO, ITO /T KazK10# Toukn u3 R Mbr
MOXKEM yKa3aTh OKPECTHOCTH, HEPECEKAIONTyIocs He bosee, 1eM ¢ TpeMsl MHOKecTBaMu u3 o. Takum obpazom,
9TO HPHUMEDP JIOKAJIbHO KOHEYHOI'O CUETHOI'O MOKPbITH. []

Onpenenenue 1.5. Tonosoruueckoe npocrpaucTBo (X, T) HABBIBACTCA KOMNAKMHbLM, €CJIU BO BCIKOE €ro OT-
KPBITOE [OKPBITHE MOXKHO BIIUCATH KOHEYHOE OTKDBLITOE HMOKpbITHE. Tonosiorudeckoe npocrpancrso (X, 7) Ha-
3BIBAETCS NAPAKOMNAKMHDIM, €CTTA B KaXKJ0€ €ro OTKPBITOE IOKDPBITHE MOYKHO BIHCATH JIOKAJIHHO KOHETHOE
OTKPBITOE ITOKPBITHE.

§1.2. TI'magkume orobpakeHusi obJiacTeil eBKJINIOBBIX ITPOCTPAHCTB.

IIycte R™ u R™ — eBrymyioBsl npocrpancrBa, U C R™ u V' C R™ — mekoropbie objiactu B HUX. PaccMorpum
oTODparKeHme

f:U=7V,

KOTOpoe Kazkyio Touky = = (z!,...,2") € U nepeomut B Touxy f(z) = (y*,...,y™) € V. D10 oTobpazkenue

3a/1aeTcsT HA0OPOM M3 M (PYHKINN OT N apr'yMeHTOB

(1.1)

m __ ,m(..1 n
y™ =ym(zt, ... 2")
umm B KpaTkoit zammcn ¥t = yi(xt, ... 2", i=1,...,m.

Onpegenenne 1.6. Orobpazkenue f : U — V masmBaerca dugdepernuupyemoim xaacca CF, k > 1, ecrm
Kaxas u3 Gyuknuii (1.1) uMeer HelpepbIBHbIE YaCTHbBIE IIPOU3BOJHbIE JI0 IIOPSKA k BKIIIOYUTEIILHO.

Eciu st byHKIIMN UMEIOT HENpPEPBIBHBIE YaCTHBIE MTPOU3BOIHBIE JIIOOOTO MOPsIKa, TO OTOOparkeHue f Ha-
3BIBAETCA 24G0KUM omobpasicenuem W omobpasicenuem xaacca C.

Bameuanue 1.2. HerpepsisHble 0TOOpaskeHnst HA3BIBAIOT omobpadiceruamu xaacca C°. Ecrm see dynkmun (1.1)
AHAJIUTUIECKUE, TO €CTh UX PsAbl Teiliopa cXoaaTcs B HEKOTOPOH OKPECTHOCTH KaXK A0 TOYKH, TO 0TOOpaykeHue
f masbIBaeTcsa anaaumuveckum wm omobpasicenuem xaacca C.

O‘IEBI/I,ZLHO, Y9TO UMEIOT MECTO CJICAYIONINE BKJ/IIOYCHUA
cvcec®c...cckc...cctcc® (1.2)

B manbmeiimenm, eciii He OTOBOPEHO IPOTUBHOE, BCE OTOOPAXKEHUS OyeM IIPEIIOIAraTh VI IKIMHU.



Omnpepgenenne 1.7. BuektuBHoe orobpazkenne obsacteil eBKIMIOBbIX mpocTpaHcTs f : U — V HasbiBaercs
Jupeomopduzmonm, ecau orobpazkeruss f u f 1 ABISIOTCA IVIAIKAMU OTOODPAKEHUSIMI.

Bynem rosoputs, uro nBe obsactu U C R™ u V' C R™ dugdpeomopprui, eciu cymecryer nuddeomopdusm
f:U—=V.

(¢, d) nuddeomopdubr.
— (¢, d) C R, zaymannoe dbopmysioit

ITpumep 1.13. Hokaxkem, uro sobble aBa unrepsasia (a,b
HeiicrBuresnbHo, paccmorpuM orobpazkenue f : (a,b) C

) u
Rl
d—c
b—a

y= (x—a)+ec

D10 suHelHas GYHKIWS, a 3HAYUT, OHa OeckoHewHO mauddepeHimpyemMa, TO0 ecTh oToOpakeHue f sSIBISIETCS
raagkuM. Ecim MBI BBIPA3UM X HUepe3 iy, TO NOJIyduM hOpPMyIly, 33Jalollyio oTobpaxkeHune f 1. Dro Gymer
TakKe JInHeiiHasi (DyHKIMsI, a 3HAYUT, 0OpaTHOEe 0TOOpakeHue IIaako u f siBjsercs: auddeoMopdu3IMoMm.

3ameuanue 1.3. I3 Kypca MaTeMaTHIECKOrO aHAJNA3a U3BECTHO, YTO BCsKas JIuddepeHnupyemMas QyHKIUT
SIBJISIETCST HEIIPEPBIBHOM, a 3Ha4nT, JI060i# muddeomopdusm spisercs romeomopdusamom. C Ipyroit CTOPOHBI, U3
Kypca TOHNOJIOTHU U3BECTHO, YTO 00OJIACTU €BKJIAJIOBBIX IIPOCTPAHCTB TOMEOMOPMHBI TOTJIA U TOJIBKO TOTIA, KOTa
Pa3MEepHOCTH ITUX [IPOCTPAHCTB coBragaioT. Cire1oBaTeIbHO, HEOOXOMMBIM yeaoBueM nddeoMopdHOCTH ABYX
obJ1acTeil eBKJIMJIOBBIX IIPOCTPAHCTB SIBJISIETCS COBIIAJIEHUE Pa3MEPHOCTEN ITUX ITPOCTPAHCTB.

§1.3. TI'magkume CTPYKTyphl U IIaJJKme MHOTrooOpas3usi.

B kypce amammTuueckoit reomerpun MbI PACCMOTPEIN yIOOHBIN CIIOCOO COIIOCTABIEHUS TOYKAM IPOCTPAHCTBA
HabOPOB U3 TPEX BEIECTBEHHBIX YNCEI — KOOPIMHAT 3TUX TOYEK OTHOCUTEIBHO CHUCTEMBI KoopauHaT. Torna pas-
JITIHBIE (PUTYPBI TPOCTPAHCTBA 33aBAJIICH YPABHEHUSIMHU, HEPABEHCTBAMY UJIN UX CUCTEMAMU U COBOKYITHOCTSI-
mu. B pesysnbrare K MerogaM reoMeTpHH IOAKJIIOYUJICS MOIIHBINA ammapaT ajredbpbl. B HacTositiem maparpade
MBI 3afiMeMCs aHAJIOTMIHBIME BEIAMMU, HO JIJTsi O0JIee CJ0XKHBIX IIPOCTPAHCTB, Y€M HAIlle TPEXMEPHOE TPOCTPAH-
ctBo. Addunnyio cucreMy KOOpJMHAT B HUX BBECTH, BOOOIIE IOBOPs, HEBO3MOXKHO, HO MBI OyJIeM YKA3bIBATH
c1roco0 COIIOCTABJIEHNST KAXKJOW TOYKE ITHX MPOCTPAHCTB HAOOpa YUCET U yKayKeM MeTObI PAbOTHI C STHUMU
YUCJIaMU.

3.1. Ilycte M — xaycaopdoBO TOMOJOrHYIECKOe MPOCTPAHCTBO CO CYETHOMN 6a3oil.

Jokarvnot xapmot (uim npocro kaproii) na M nassiBaerca napa (U, @), rae U — OTKPBITOE IOJMHOXKECTBO
Torosiormdeckoro npocrpauctsa M, ¢ : U — R™ — romeomopdusM HA HEKOTOPOE OTKPBITOE ITOIMHOXKECTBO B
R™. ITogmuoxkectBo U HA3BIBAETCA 004GCMBI0 KAPMOBL, & OTOOPAKEHIE (0 — KAPMUPYOULUM OMOOPAHCEHUEM.

ITycrs p € M — npoussosibHas Touka. Pacemorpum kapry (U, @), comepxaniyto Touky p. Torma KapTupyro-
1ee 0TOOPasKeHUe ( MOCTABUT eff B COOTBETCTBHE YIOpsI0ueHHbIi Habop uncen o(p) = (2, ..., 2") € R™. Dror
HAOOD YHCE HA3BIBACTCS A0KAALHbMU Koopdunamamu Touku p B Kapre (U, ¢). Tak kak romeoMopdusM aBiis-
ercs OUeKIuell, TO Pa3IuIHBIM TOYKAM CTABSITCS B COOTBETCTBHE PA3IUIHBbIE HAOOPHI unces. Takum obpasom,
HA JIOKAJLHYIO KAPTY MBI MOXKEM IIOCMOTPETDh KaK Ha 0DOOIIEHNE TTOHSITUSI CUCTEMbI KOOD/IHAT.

ITycrs nansr ase sokanbabie KapThl (U, @) u (V) 1)) Ha Tonosornveckom npocrparctse M. OHI HA3BIBAIOTCS
2na0Ko0 ceasannvimu, ecau gubo U NV = (), mubo oTobpaskenue

Yo tipUNV)—=p(UNV)

apiserca auddeomopduzMom obsacTeil eBKIMIOBBIX TpocTpancTs. OTobpaskenue 1) o ¢ 1 GyneM Ha3bIBaTh
omobpasicenuem nepexoda or Kaprhl (U, ) x kapre (V,1) (no anasorun ¢ dopMmynamu epexoia OT OJHO
CHCTEMBI KOODJIMHAT K JIPYTOi).

Onpenenenue 1.8. Cemeiicto yokaababix KapT A = {Uy, ¥a}taca HA TONOJOIHYIECKOM TpocTpancTse M
HA3BIBAETCS AMAGCOM, €CITH

1) cemeiicrBo OTKPBITBIX MHOKECTB {Uy }aca 0Opasyer nokpoirue M;

2) mrobast Tapa JIOKAJIBHBIX KAPT 3TOrO CeMeCTBa [IIaJKO CBsI3aHA.

Bynem roBoputs, 4TO JOKAJIBHAS KAPMA 2AG0K0 C6A3GHA ¢ amaacom 2, ecii OHA TVIAJKO CBs3aHa C JII00O0it
kaproit arinaca 2. ATiac HA3BIBAETCI MAKCUMAAGHbM UAU 2AG0K0T CMPYKMYPOT HA TOHOJOIHIECKOM IPO-
crpancTBe M, ecliM OH CONEPXKUT BCE JIOKAJbHBIE KAPTHI, IVIAJKO CBsi3aHHbIe ¢ HUM. OUeBHHO, 9TO JIO0OM
aTJ1Iac MOXKeT OBITH €IMHCTBEHHBIM 00PAa30M JIOIOJIHEH 10 MAKCHMAJIHLHOTO

Omnpenenenne 1.9. Iiadkum mMH02006pa3uem HA3BIBAETCS XayCIOPMOBO TOIOJOTMYECKOE IIPOCTPAHCTBO CO
cueTHOi 6a30ii, Ha KOTOPOM (DUKCUPOBAHA TJIAJIKas CTPYKTYpa.

PasmeprocTs 06pa3a Ji000i KApThI 3TOW CTPYKTYPHI HA3BIBACTCS PA3MEPHOCTIbIO MH02000pasus M u 0bo-
suagaerca dim M.



3amevanne 1.4. Ecan Ha 1/1aKOM MHOTOOOPA3WM CYIIECTBYET XOTs ObI OJIHA TVIaIKasl CTPYKTypPa, TO HA HEM
CymecTByeT GECKOHETHO MHOT'O IJIAJIKUX CTPYKTYP.

3ameuanue 1.5. YTo ke HAM HYKHO JIJisi PabOTHI U3 [IPUBEIEHHBIX OIpeIe/IeHnl !

B nasbHeiiem, paborast ¢ IIaJIKUMI MHOTOOOpa3usiMu, MbI OyjieM OpaTh U3 UX TJIaJIKOil CTpyKTypbl "y100-
ubie"arracer. ITo onpesenenuio araaca Bce MHOKECTBO €r0 KapT JIOJIZKHO MOKPhIBATL MHOrooOpasue M (1o ecThb
KaxKJiasg TOYKA MHOI00Opasus 00g3aTe/IbHO JIOJIKHA TIONACTh B KaKyI0-jub0 KapTy) U 9eM MeHbIe OygeT dTuX
Kapr, TeM Jyuite. Kaxkas kapra obecriednBaeT TOYKY MHOroo6pasus HabGopoMm u3 n gmced (Tae n — pasMep-
HOCTHh MHOI006pa3usi) — KOOpAUHATAMH 3T0ii Touku. Ecim Touka mnonajaer B e KapThbl, TO Mbl JOJIKHBI IMETH
BO3MOXKHOCTbD, 3Hasl KOOPJIMHATHI TOYKHU B OJHOI KapTe, BBIYUC/ISITH €€ KOOPAUHATHI B APYyroii kapre. st sToro
0TOOpaKEHNE TIEPEX0O/Ia JOJZKHO ObITh, BO-IIEPBBIX, OMeKIueil (4ToObl UMETh BO3MOKHOCTD IIE€PECIUTHIBATD KO-
OPJIMHATHI TOYKU KAK U3 IIE€PBOii BO BTOPYIO KapTy, TAK ¥ U3 BTOPOIl B EPBYIO) U, BO-BTOPBIX, IVIaJIKUM BMECTE
¢ 0OpaTHBIM OTOOPAIKEHUIEM.

3.2. Paccmorpum npuMepsl TVIaKHX MHOTOOODA3Uii.

IIpumep 1.14. Paccmorpum eBKInIOBO mpocTpancTBO R™. DT0 Xayc1opdoBO TOMOIOTHIECKOe TPOCTPAHCTBO
co cuerHoit 6a30it (cm. mpumep 1.9).

[Tapa (R™,id) sBisiercs kaproii na R™ (id — roxkecrBennoe orobpazkenue). OueBu(HO, 3Ta KapTa 00pasyer
ariac. JIomoHsIst 9TOT aT/Iac 710 TIAJKONW CTPYKTYPbI, MBI TIOJIY MM, YTO €BKJIMJIOBO IIPOCTPAHCTBO R™ siBjIsieTCst
[JIAJIKAM MHOT00Opa3neM pa3MepHOCTH 1. Takast riajikasi CTpyKTypa Ha R™ HasbBaeTcss cmandapmuots 2aadkot
cmpyxmypot. [

IIpumep 1.15. Paccmorpum BemecrBernyo npsmyio R. Cornacao npumepy 1.14 oHa siBISI€TCs TIAIKAM OJTHO-
MepHBIM MHOroobpasueM ¢ "ynobubim"aTiacom, cocrosdimuM u3 oxuoil kaprsl (R, id).

[TpowiocTpupyeM Ha JaHHOM npuMmepe 3amedanue 1.4. A mmeHHO, HOKaxkeM cHadasa, 4To Kapra (R, @),
rue o(x) = z3 3aJaeT IVIQAKYIO0 CTPYKTYPY Ha IPAMOI, OTJIMYHYIO OT IVIAJIKON CTPYKTYPBI, 3a/1aBaeMOl KapTOil
(R,id). HeficrBuTesbHO, JJIs 9TOrO0 HaM HY?KHO IOoKa3aTh, 4To KapThl (R,id) u (R, ) He aBisiorcs riaiko
cBaA3aHHBIMU. JIJIsi 9TOr0 JOCTATOYHO IIOKA3aTb, YTO OJHO U3 OTOGpaskeHHit mepexona id o ¢~ ! mim ¢ o id !
He ABIgeTcs GeckoHewHo muddepeHmupyeMbiM. PacemoTpun orobpaskenue ¢ o id~' : R — R. Ono 3amaerca
dopmymoit poid~t(x) = 23 . Benovunast npasmia guddepeHiupoBanns MYHKIMA OTHON IEPEMEHHON U3 Kypca
MaTeMATUIeCKOr0 aHAJN3a, Mbl BUJIUM, 9TO 9Ta (DYHKIMs He MMeeT JaKe TepBOil TPOU3BOIHON B HYJIE.

Wrak, mbl nostyanin, 1ro kaprel (R, id) u (R, ¢) He ABIISIOTCH [VIAIKO CBSI3aHHBIME, & 3HAYUT, OIIPEJIEJISIIOT
Pa3INYHbIE TJIAJIKUE CTPYKTYPHI Ha npsaMoit R.

Bosee Toro, MOXKHO J10Ka3aTh (JOKaXKUTE CAMOCTOITENBHO), uTo ariackl (R, ¢g), .. ., (R, ¢k), ..., vae i (z) =
2?1k =0,1,... 3302107 HA BEIECTBEHHON IIPSIMON Pa3/IMUHbIE TIAIKHE CTPYKTYPbL. []

IIpumep 1.16. Ins smoGoro orkpbiroro muoxkecrsa U B mpocrpancrse R™ mapa (U, id) ssisierca KapToi,
KOTOpasi COCTABJISIET ATJIAC. | OBOPAT, 9TO OIpEIessieMasi STUM ATJIACOM IJIaJIKasi CTPYKTYpPa HA3BIBACTCH UHOY-
UYUPOBAHHOT, CTAHIAPTHON TTaaKkoi cTpyKTypoit Ha R™. [

IIpumep 1.17. IIpumep 1.16 moxkeT 66ITH 00001IEH HA TPOU3BOJIbHOE TU1akoe Muorooopasue M. Ecim V' — or-
KpBITOE OAMHOXKecTBO B M, To Kapramu Ha V GynyT napst (VNUy, (9a)|v), tae (Us, 9o) — aTiaac MEHOrOOGpasus
M. Tiagkoe MHoroobpasue V Ha3bIBaeTCsS 0MEPLIMbIM NoOMH02000pasuem MHOroobpasua M. [

IIpumep 1.18. Ilycre V — n-meproe BekTOpHOE mpocTpaHcTso. PukcupyeMm B HeM Gasuc (eq,...,e,). Torma
KaxoMy Bektopy X € V comocraBiisiercs HAOOp W3 7 UHCEJ — KOOpAWHAT BekTopa X B JIaHHOM Oaswmce.
O6ozHaunM 3T0 0TOOpaKeHue Jepe3 ©, TO eCTh

p:V =>R™

OueBnIHO, 9TO OTOOPAKEHUE (p SBJIAETCS OUEKITHEIL.

Bsenem ¢ moMoIpo 0oToOparXKeHusI (p TOIOJIOTUIO B mpocTpancTsBo V. Byrem nazwiBarh muO)kectBo U C V
OTKPBITBIM TOIJA M TOJIBKO TOra, Korjaa MHOKecTBO ¢(U) orkpeiTo B R™. OueBniHO, 9TO COBOKYNHOCTH TAKUX
MHOXKeCTB 00pasyer Tornosioruio 7 Ha V', 1o ectb napa (V,7) gBJjisiercs TOMOJOIMIECKUM [IPOCTPAHCTBOM.

3amadva 1.3. [lokaxkure, 9TO MOCTPOEHHAST TOIMOJIOIUS OyIeT XaycaopdoBoil co caeTHOI 6a30ii.

Toxke camoe OTOOparKEHUE p IO3BOJIAET OIPEIEIUTh [IAIKYIO CTPYKTYPY Ha BEKTOPHOM IIPOCTpaHcTBE V.
A umenno, mapa (V) @) aBagercs Kaproit, o6pasyroleil ariac.

3anmaya 1.4. Ilposepbre, uTo oTOOpaKeHue  Oymer roMeoMopdU3MOM BO BBEJAEHHBIX Tomojorusax ua V u R™.

JlomomHsst 5TOT aTiiac 10 TVIAIKONH CTPYKTYPBI, MBI IOy IUM TVIQJIKYI0 CTPYKTYPY Ha BEKTOPHOM IIPOCTPAH-
crBe V. ByzneMm Ha3bIBaTh 3Ty IIAJAKYIO CTPYKTYPY KAHOHUUECKOU.



3amava 1.5. okakure, 9T0 pasjudable 0a3uChl U3 V ONPEIESISIOT ONHY U Ty»Ke IVIQJIKYI0 CTPYKTYpPy Ha
BEKTOPHOM IPOCTPAHCTBE V| TO €CTh KapThl, OIIpeJIesieMble STHME 6a3UCaMU, SIBIISIOTCS TJIAIKO CBI3AHHBIMMA.
Vkazanue: BozbMuTe JiBa 6a31ca U BCIIOMHUTE BUJ (pOPMYJI Iepexoia OT OIHOro basuca K japyromy. [

ITpumep 1.19. Ilycrs mano n-mepHoe BeKTOpHOE TpocTpancTBo V. Hamomuum, 910 n-mepnvim adidunmvim
NPOCMPAHCMEBOM, ACCOUUUPOBAHHBIM GEKMOPHOMY NPocmparcmey V | Ha3bIBAETCs HEIIYCTOe MHOYKECTBO 27, HA
KOTOPOM 33JIaHO OTODparKeHue

o:d xd =V,

YIOBICTBOPSAIOMIEE IBYM YCJIOBHIM
WAe o;VpeVIBe« :0(A,B)=p; 2VA,B,Ced o(A B)+0(B,C)=0c(4C0C).

DyemeHTbl adHUHHOIO IIPOCTPAHCTBA HA3BIBAIOTCS TMOYKAMU.

Amnajornuno npumepy 1.18 dukcanust adpdUHHON crucTeMbl KOOPIUHAT B & TO3BOJISIET BBECTU B &/ TOIOJIO-
IHIO U IVIQJIKYIO CTPYKTYPY (IpoBeauTe moapoOHbIe PACCYKICHUS CAMOCTOATEIbHO). Takast riajkas CTPyKTypa
Ha3bIBAETCS KAGHOHUYECKOT TIIAIKON CTPYKTYPOil addUHHOrO IpOoCTPAHCTBA.

B uwacrHOCTH, IVIajKas CTPYKTYpa CYIIECTBYeT Ha eBKJIUIOBOM (TOYEYHOM) IIPOCTPAHCTBE, TO eCTh adduHn-
HOM TIPOCTPAHCTBE, JJIsI KOTOPOTO (DUKCHPOBAHA MOJIOXKUTEJIBHO OIpe/ieJIeHHasT CUMMeTPpUYIecKas OnImHelHAs
dopma B V. [

IIpumep 1.20. IIpocreitimnm MHOrOOOpa3ueM, /1jisi KOTOPOT'O HE CYIIECTBYET aTJiaca U3 OJHOM KaPTHI, sIBJISETCS
OKpyKHOCTH ). PaccMOTpuM Ha Heil TOMOJIOTHIO MHIYIHPOBAHHYIO cTamjapTHoil Tomosorueit R?. Ouesumno,
YTO 9Ta TOMOJIOTHS XaycaopdoBa 1 uMeeT CYETHYIO Oazy.

A

Yy
R N DukcupyeM Ha OKPY>KHOCTH {2 JIBe IMaMeTPaIbHO TPOTHBO-
1 nosioxkubie Touku N u S. PaccMoTpuM J1Ba MOIMHOKECTBA
Q Touek §)
x
- Uv={peQp#N}; Us={peQp#5}h
b . 2
B Tonosornu, mHIYyIMPOBAHHON ILIOCKOCTBIO R, 3T nBa
R MHOKECTBa OYJ[yT OTKPBITHIMU (I0KAXKUTE).
—1|8 zn = ¢n(p)

OHu mpeTeHIyIOT Ha POJIb obJsiacTeil KapT, KOTOpbie 00pa3yioT ariac ajis okpyxHoctu (). OmgHO yCiaoBue yxke
BBITIOJIHEHO: 00benHenne MaoKecTB Uy u Ug saet Bcio oKkpyzkHOCTD ). Terieps HAM HY?>KHO 33J]aTh TOMEOMOP-
dusmet o : Uy — R u g : Us — R cooTBeTCTBEHHO, KOTOPBIE COIOCTABAT KarXKJOW TOYKE ITUX MHOXKECTB
HEKOTOPOE BEIIECTBEHHOE YUCJIO — KOOPJMHATY ITON TOYKH B Kapre.

TTocTponm nmoapobHO romeomopdusm ¢y . s romeomopdusma ¢ g paccyKIeHUsT aHAJIOTTIHBL. PacmooXum
Ha [JIOCKOCTH MIPSMOYTOJIBHYIO JIEKAPTOBY CACTEMY KOODIWHAT TaK, KAK MOKA3aHO HA PUCYHKE, TPUIEM BBEIEM
€IMHUYIHBIN OTPE30K TaK, 9T00b Touka N nmesta opauaaty 1. IlpoBegem depes Touky S mpsaMyIo, mapasieabHy o
ocu abCIuce, TPUMEM TOUKY S 3a Hy/b. Torjaa KaxKaoi TOUKe 9TON HIpsiMOl OyJIeT COOTBETCTBOBATH HEKOTOPOE
BEIeCTBEHHOE IHCI0. PaceMoTpuM pon3BosibHYI0 TouKy p € Uy u nposesem npsimyto (Np). Ilpu nepeceuennn
9TOH IPSIMOM ¢ IPAMOIl ¥ = —1 MBI OJIyYUM 9nCIO @ (P), KOTOPOE ¥ IIOCTABUM B COOTBETCTBHE TOYKE P. DTO
oueknus. O4eBUIHO, ITO 00pa30oM JII00ON OTKPBITONH Iyrw m3 MHOXKecTBa Upy OyZeT OTKDBITHIM HHTEPBAI HA
npsmoit y = —1 u, Hao0o0POT, TPOOOPA30M JIFOOOr0 OTKPBITOIO WHTEPBAJIA IPAMOit y = —1 OyIeT OTKPBITas JIyra
muokectBa Uy . Takum obpazom, Ouekius @y OyIeT roMeoMoppU3MOM.

Urak, mbr nogyunsm ase kaptel (Un, on) u (Us, ¢s) Ha okpyzxkuocTu ). HaM octanoch 10Ka3aTh, 9T0 3TH
KapThI IJIAJIKO CBSI3aHBI, TO €CTh, YTO 0TOOparKeHUe

oNowg' tps(Un NUs) = on(Un NUs)

sieaistercst uddeomopdusmonm. 3amernm, uro 95 (Uny NUs) = o (Uny NUg) = R\ {0}. O6o3HaunM JIOKAIBHY IO
KoopauHaTy Touku okpyxkHoctu 2 B kapre (Un,pn) depes zy, a B kapre (Ug,ps) — depe3 xg. Haiinem
dopMyITy, CBA3BIBAIOIIYIO TN U XS.

Pacemorpum nponssosibHyto Touky p € Uy N Ug 1 0603HAMMM ee KOOPAMHATHI (Zq,Yo) B IPAMOYTOJBHON
JIEKapTOBOI cucreMe KoopauHat. Tora Yucjo &y MOJYdYaeTcd KaK pPelleHue CUCTEMbl yPaBHEHUI, cOCTOsImed

u3 ypasHenus npsimoii (Np) u ypasuenns y = —1. Vmeem
=0 _ y—1
i (13
AnayiorngabiM 06pa30M MOy YaeM, ITO
rg = % (1.4)



VMHOKIM BBIpazkenue st *x u3 pasenctsa (1.3) ma (1.4) u yurem, urto (z0)% + (y0)? = 1, Tak Kak Touxa
P JIEXKUT Ha OKPYKHOCTU. B pesynbrare mosyunm xyzrs = 4. I3 5T0ro cOOTHOIIEHUST MBI MOYKEM BBIPA3UTDH
TN = i. Ota dyukuus Geckoneuno auddepennupyema Ha R\ {0} = ¢g(Un N Us), a 3uauur, orobpazkeHne
©N © (pgl ABJIAETCS T IKUM. AHAJOTHYHO TOJTYHMaeM, UTO OTOODasKeHHe g O ¢y IMAJIKO, CIIeJIOBATEIBHO,
oToOpaKeHue Yy o <p§1 sipsisiercst guddeomopdusmom u kaprel (Un, on) u (Usg, ps) riaagko cesizanbl. Htax,
ITOCTPOEHHAs Mapa KapT Ha OKpyKHOCTH oOpasyeT ariac. Oboznadnm ero 2A;.

[Mocrpoum apyroit atnac Ao Ha okpyzkHOCTH ). OdaTh (DUKCHPYEM JBe MPOTHBOMOJIOXKHBIE TOYKH N 1 S

OKpyxKHOCTH §).

N
Pacemorpum muoxkectso Uy = Q0 \ {N}. IocraBum kaxzaoit Touke p € Uy

B COOTBETCTBUE YHMCJIO ¢ € (—7,7), PABHOE OPUEHTUPOBAHHOMY YIJIy MEXKLY
aygamu [OS) u [Op). Torpa orobpaxkenune ¢y : Uy — (—m,7) C R 6ymer
romeomopduzmom, a napa (Un, pn) — JOKaJIbHOM KapToil Ha OKpyKHOCTH ().
) AmnasoruanbiM 06pazom crpoutcs JokaiabHasd kapra (Us, ps), tae Us = Q\{S},
vs(p) — opuenTHpoBaHHbIH yroa Mexmy gydamu [ON) u [Op).
p o Paccmorpum oToGpazkenue @y o gogl : ps(Un NUs) = on(Uny NUs), Toe
vs(UnNUs) = pn(Un NUg) = (—m,0) U (0, 7). OHo 3amaercs dpopmysoin

(onops@={ o e o e lmO:
a—m,ecmn a € (0,m)
1 mostoMy siBasiercs: qucddeomopduzmom. MTak, Mbl HOCTPOMIIN €IIle OJIMH ATJIAC JJIs OKPY?KHOCTH, MMEFOITHIT
Takme ke 00JACTH KapT KaK M IePBbIi aT/Iac, HO OTJIMYAIONIHICI OT HEr0 KAPTUPYIOMUME OTOODAsKEHHSIMH.
ITocrponm emme omus atiac Az A1 OKPYKHOCTH (), COCTOANMIT U3 YeThIpex KapT. PaccMOTpUM OKpY?KHOCTH
Q) 1 BBIGEPEM IPSAMOYTOJIBHYIO JE€KAPTOBY CHCTEMY KOODJIMHAT KaK IIOKA3aHO Ha PHCYHKE.

1 p PaCCMOTpI/Il\l 9eTbIpe MHOXKECTBa Ha OKPY2KHOCTH Q:

Uf={peQ:y>0} U, ={peQ:y<0}
1 Ur={peQ:z>0}; U ={pe:x<0}.

HBIX MHOXKECTB IIOCTPOECHUA aHaJIOTUIHBI.

Uy

ycrs p € U, — npousombras touka. Omycrum u3 9Toif Touku nepreukysap na ock (Ox). OcroBanue
9TOTO TIePIEHIMKYIAPa @, (p) TOCTABHM B COOTBETCTBHE TOUKE p. B pesymbrare MbI momydmMm OTOGparzkeHue
@ Uf = (=1,1), xoropoe odesnmio, spsercs romeomopdusmonm. Urax, mpr nomyaaem xkapry (U5, of ).

st muoxectBa Uy~ nepneHuKyJIsap OIyCKaeM Ha Ty JKe OCbh (Ox), a nus muoxkects U u U neprneniuky-
JISIp U3 NPOM3BOJILHOIN TOYKH 3THX MHOXKECTE olycKaeM Ha och (Oy). Takum 06pa3oM, Mbl IOKPBLIU OKPYKHOCTD
Q geTsIpbMs KapTamu. Ham ocTanoch JoKa3aTh, 4TO JI06as Hapa IOCTPOEHHBIX KapT IJ1aJIKO cBs3aHa. JJoKazkeM,

+ ot + ot

HATIPUMeP, UITO IIAJKO ceasanbl KapTol (U5, ¢ ) u (U7, @i ).

Paccmorpum orobpazkenne

oF o (@)t ef (U NUS) = o (U nUS), (1.5)

rae o (U NUS) = o (UF nUF) = (0,1). Bammmenm dbopmyiy, saaiomyio 510 orobpazkenue. s Kparko-
cru 0603HAYMM IIepeMeHHyI0, 0bo3HauaoNLy0 KoopauHary B kapre (U7, pl) 1epes £, a kooppuHaTy B Kapre
1

(U, ;) aepes 7. Torma moboit Toure & € (0,1) C (Oy) orobpazkenne (o) ~! mocraBuT B COOTBETCTBIE TOUKY

P AU OKPY2KHOCTH, JieXKallell B epBoM KBaJpanre, ¢ koopauuaramu (1/1 — €2, €) BO BBeIeHHON IPAMOYToJIb-

HOIi JICKAPTOBOH CHCTeMe KOODJMHAT. A OTOOpaKeHne ¢, MOCTABHT B COOTBETCTBHE TOUKE p 4HCIO /1 — &2,
npunaiexaniee naTepaiy (0,1) C (Oz). Orkyma Mbl BuauM, 9To otobpakenne (1.5) Gyner 3amaBarbes Gop-

MyJI0i#1
n=+/1-¢&.

Kak MbI 3HaEM U3 Kypca MaTeMaTHIeCKOro aHajn3a, ra GpyHkuuga riaagxas Ha uarepsajie (0,1). Kpome roro,
OueBHHO, uTO OoTOGpazkenne ¢ o (pF) ! aBnserca Guexuumeit n obparnoe emy £ = /1 —n? TaKxKe LIaJKo.

) + +)-1 + ot + ot
Urax, Met oyaaem, uto otobpazkernue ¢, o ()~ ectb auddeomopdusm n mapa kapt (U, ¢, ) u (U, ¢7)
IJIaJIKO CBSI3aHA.

D10 OyayT obsactu Kapt. [locTponM Jjist KarK10ro U3 3TUX MHOXKECTB KapTUpy-
foree orobpaxkenue. [1opobHO MBI pPACCMOTPUM MHOXKECTBO U; . HAnsa ocranb-



Takum 00pa30oM, MBI [TOJIY9UJIN €I1e OJINH ATJIAC HA OKPY2KHOCTHU, COCTOSIIII U3 YeThIPEX KapT.
MozkHO JI0Ka3aTh, YTO BCE IIOCTPOEHHBIE ATJIACHI JIOIOJIHAIOTCH 0 OJHON M TOM 2Ke TJIAJIKOIl CTPYKTYPBI, TO
€CTh BCe KapThl 9TUX aTJACOB IJIAJIKO CBS3aHbI MexK 1y coboii. []

IIpumep 1.21. Pesynbrarsr npumepa 1.20 M0KHO 0600muTh Ha ciayvaii (n — 1)-meprotd cghepol, TO €CTh MHO-
JKECTBa, TOYEK p € &/ M-MEpPHOr0 €BKJIMIOBa IMPOCTPAHCTBA, TAKUX UTO PACCTOSHUE OT KAaXKIO TOYKH P JI0
HEKOTOpOIi (pukcupoBanuoit Touku O € &/ paBHO (DUKCUPOBAHHOMY BEIIECTBEHHOMY MOJIOKUTEIHLHOMY UHCITY.
Mz 6ymenm obozmadaTs chepy S™ L.

Ecmu B &/ dukcupoBaTh NpsSIMOYTOJIBHYIO JIEKAPTOBY CHCTEMY KOODAHHAT, TO cdepa C IMEHTPOM B Hadaje
CHCTEMBI KOODJIMHAT pajuyca R 3amaeTcss ypaBHEHHEM

(') +...+ (a")? = R

n — l-mepuag cdepa spigerca (n — 1)-MEPHBIM IVIAIKUM MHOrooOpasueM. Mbl paccMOTPUM OJUH U3 BO3-
MOXKHBEIX aTiaacoB cdepnl. OH comep:kuT Beero mse KapThl. PuxcmpyeM Ha cdepe S™~! mpe mmameTpabHo
[IPOTHBOIOJIOKHBIE TOYKA N 1 S ¥ BO3bMEM MPSIMOYTOJIbHYIO JIEKAPTOBY CHCTEMY KOODJIMHAT B &/ TaK, ITOOBI
roukn N u S umesnn coorsercrBerHo koopauaarsl N(0,...,0,1), S(0,...,0,—1). Pacemorpum jBa MHOXKecTBa

Uv={pesS" ':p#N}; Us={pesS':p#Sh

D70 OyayT obsactu kKapt. [locTponm KapTupytoriee orobpazkenue st obsactu Uy . "TlocraBum cdepy Ha rumep-
IJIOCKOCTB TO €CTh PACCMOTPHM THIIEPILIOCKOCTD, 3aJaBaeMylo ypasHernem ' = —1. PaccMoTpum mponsBosb-
uyio Touky p € Uy u uposegem upsamyio (Np). Touky nepecedenus upsimoit (Np) u runepiuiockocru ' = —1
obo3naunM ¢y (p). Ha ary ToUuKy MBI MOXKEM IIOCMOTPETH KaK Ha HaGop u3 (1 — 1) BeIecTBeHHOrO YHCia — 9TO
nepsble (N — 1) KOOPIMHATHI 3TOH TOUKM B MPSIMOYTOJIBHOI JEKapTOBOii cucreMe KoopauHatT. TakuM o6pasom,
MBI ITOJIyYIaeM OTOOparkeHne

on Uy — R 1

Takzke Kak B cIydae OKPYKHOCTH JIOKA3bIBAETCsI, 9TO OTOOPAYKEHHE (Y SIBJISIETCS TOMEOMOPMU3IMOM. DTO OTOD-
pakeHre Ha3bIBAETCs cmepeozpaduieckots npoexyuet.

Anasorn4ubIM 06pa30M CTpORTCH roMeoMopdusM ¢g : Ug — R™ 1. 3nech "Ha cdepy CTaBUTCS THIIEPIIIIOCKOCTE " 7 =
1. WTax, MBI oJTygaeM aBe KapTel Ha cdepe S L.

AHAJIOTUYHO CJTy9ai0 OKPYKHOCTH MOYKHO J0KA3aTh, 9TO IIOCTPOEHHBIE KAPTHI IIAJKO CBI3aHbl. B pe3ysbrare
MBI TIOJTyunM aTiac Ha cdepe S” !, KOTOPBI IONOIHAETCA 10 TIAJKOH CTPYKTYPBL. DTy TIAJKYIO CTPYKTYPY
MBI Ha30BEM KGHOHUYECKOU 24a0K0T cmpykmypot Ha cdepe U UMEHHO ¢ Hell OyjieM paboTaTh.

IIpumep 1.22. Ilycts M u N — rimajkume MHOToOOpa3usi pa3sMepHOCTE 1 W M COOTBETCTBEHHO C TJIAIKUMK
CTPYKTypaMu, OlpelieIdeMbIMUA aTiacaMu

A = {(Uavwa)}aGA; Ay = {(Vﬁ’wﬁ)}BEB'

Torma Tomosiormdeckoe pocrpanctBo M X N cHaOXKaeTcst TJIAIKON CTPYKTYPOIl, TOPOKIEHHOH ATIacoM

{(Wa,B:XaB)}v Wap = Ua X Vg, Xap = Pa X 7/’1?-

DT0 MHOroobpasue pa3sMepHOCTH M + 1 HA3BIBAETCS JeKapmosvim npouseederuem muoz2000pasuti M u N. Oqe-
BHJHO, 9TO 3TO OIpeJeIeHIe PACIIPOCTPAHAETCS HA TPOU3BOJIbHOE KOHEYHOE dncyio comHokuTeseil. Hampumep,
JIEKapTOBO TIPOU3BEJICHIE N OKPYKHOCTEH SIBJSIETCS TJIAJKUM N-MEPHBIM MHOI000pa3neM, KOTOPOe Ha3bIBAETCS
N-MEPHBIM TMOPOM.

3amada 1.6. [TocrpoiiTe KapThl Ha JBYMEPHOM TOPE B sIBHOM BHJIE.

3.3. Bseuewm noHsiTHE OpHEHTAIMH Ha [VIAJIKOM MHOroobpasuu M pasMepHOCTH 7.
Hamomuanm, aro nuddeomopdusm obiacreit eBkianaobix mpoctpancTts f: U — V', e U,V C R" 3amaercs
crcTeMoit u3 n PYHKIWHA ¢ N TepeMEeHHBIMEI

yl =gyt . 2,

i
Marpuna (%), COCTaBJIEHHAS U3 YACTHBIX [IPOM3BOIHBIX 3TUX (PYHKINI, Ha3bIBaeTCA Mmampuyel HArxobu mud-

deomopdusma f. Kak nzBecrno u3 Kypca MaTeMaTndecKoro aHAJIM3a ONPEJEJIUTENb ITONH MAaTpUIbl (sAKkobuah)
ans gudpdeomopdusma oTmdeH ot Hyss. Tak kax sxobuan auddeomopdusma siBAsSeTCS TIAIKON DYHKIH-
eif, oHa B KaxJ0il Touke obaactu U (31ech BarKHA CBA3HOCTb 9TOTO MHOXKECTBA) 3Ta (DYHKIUsI UMeEeT OJUH U



TOT 2Ke 3HaK. TakuM ob6pa3zom, MHOKeCTBO Bcex muddeomopduszor f : U — V pacuajaercs Ha JiBa MHOXKe-
crBa: 1uddeoMOpPU3MBI € TOJOKUTETLHBIM TKOOHAHOM U TU(PHEOMOPDOU3MBI ¢ OTPHUIATETLHBIM SIKOOUAHOM.
Muoxecrso muddeomopdusmos [ : U — V ¢ nonokurenbHbIM sikobrnanoMm Gyziem obosnadats ['o(R™).
Mycrs (U, ), (V,4) — nBe kaprhl Muoroobpasus M. Byjem roBopuThb, 9T0 JaHHBIE KAPTBI COZAACOBANDL C
dugppeomoppusmamu mnoxcecnea L'o(R™), eciim orobpazkenue 1) o ¢~ npunaayeskur muoxectsy L'o(R™).
Haszosem amiiac 2 Mmuoroobpasus M cozaacosamnmvim ¢ mmodicecmseom dugpeomoppusmos T'o(R™), eciu sro-
Gas 1apa ero KapT corjiacosana ¢ puddeomopduzmamu MuoxkecTBa I'o(R™).

Onpenenenue 1.10. Opuenmuposanmnvim 2aadkum mMHO2000pasuem OyIeM HA3BIBATH XaycIopdOBO TOIOJIO-
FUYECKOe IIPOCTPAHCTBO CO CYETHOH 0a30ii, IJIsi KOTOPOro CYIIECTBYET &TJIac, COLJIACOBAHHBIA ¢ MHOXKECTBOM

nuddbeomopduszmon I'p(R™).

OpuenTupyemas ryiajkasi CTPyKTYpa MHOIo0Opasusi OJHO3ZHAYHO MOPOXKIAET TJIAKYI0 CTPYKTYPY MHOI000-
pasusi. Ho He kak1as riajikast CTpyKTypa MOJIyIaeTcsi TakuM 00pasoM. Kejtu raikas CTpyKTypa MHOIoo0pas3ust
IIOJIyYeHa U3 OPUEHTUPOBAHHO TVIaIKON CTPYKTYPBI, TO OHA Ha3bIBAETCH 0PUECHMUPYEMOT.

3ameuyanue 1.6. OpuenTupyemMoe MHOro0Opas3ue JOIMYyCKAET B TOYHOCTH JBE OPUEHTAIIUH.
Cdepa S*~ 1, R™, noboe BEKTOPHOE IIPOCTPAHCTBO, J060e adDHHHOE MPOCTPAHCTBO, PACCMATPUBAEMBIE KAK
rJIajKue MHOrooOpasus, SIBJISIOTCS OPUEHTUDYEMbBIMHU.

§1.4. TI'maagkue oTobOparkeHusi MHOrooopasuii. Anredpa riaagknx (pyHKIWN TJ1a/1-
KOro MHOT000pa3us.

IIycts mamer rnagkue mHOrooOpasus M"™ u N pa3zmepHOCTEN 1 U M COOTBETCTBEHHO.
Lhadxum omobpascernuem MaOroobpasus M B MHOroobpasue N Ha3bIBAETCS 0TOOParKeHUe

f:M — N,

TaKoe 4TO JIs J1oboit Touku p € M cymectsyer nokanbHas kapra (U, o), cymectByer jokansnas Kapra (V1))
qutst roukn f(p) € N u orobpazkeHue
Yo fopl o) = y(V) (1.6)

SIBJISIETCS TVIAQJIKUM OTODparkKeHueM 00JIacTell eBKIUJIOBBIX IPOCTPAHCTB.
Kax mb1 3raeM (cM. § 1.2.) orobpaskenne 1) o f o ! 3amaercsa cucremoit byHKImit

yt=gyl(at, ... a");
(1.7)

O DYHKIMI HA3BIBAIOTCS K00POUHAMHbILM Suipadiceruem otobpazkerust [ B nape kapt (U, ¢), (V,¢). OueBnno,
uyro dyuximu (1.7) 10/KHEbL 66T GeckonedHo nuddepeHIupyeMbIMu.

3ameuanue 1.7. Oupejesenne 1j1aKoro orobparkeHusi MHOrooOpasnii He 3aBUCUT OT BHIOOpa JIOKAJIBLHOI Kap-
ThI, COJIEPKAIIE TOUYKY P.

Teitcrurensno, myers (U, $) — apyrast KapTa, colepzKaiias TouKy p. Bes orpammdenus oGIHOCTH MbI MOXKEM
IpenooKuTh, uro U C U. O603naunm uepes (V, @Z)) COOTBETCTBYIOILYIO KapTy MHOroob6pasus N, cojepKariLyo
rouky f(p). Torma orobpazxkenue

dofog™:g(U) = (V) (1.8)
MOZKHO IIPeJCTaBUThL B BUIE

zzoqﬁ*lowofow*logao@*l.

Tak xax xaprst (U, @) u (U, @), a taxxke kaprst (V) u (f/, 1,5) IJIAJIKO CBSI3AHBI, TO OTOOpAZKEeHHs 1 o 1)L,
pop~! apnsoTca muddeomopduzMaMu 06IaCTel eBKINIOBLIX IPOCTPAHCTB, a 3HAUNT, raaxy. ClIesoBaTe bHo,
oroGpazenne ¥ o f o $~! IIasKo KaK KOMIIO3HINS TAKOBBIX.

B nurepatype Takke BCTpedaeTCs OIpee/eHne IIaJKoro OTobparkKeHuss MHOTOOOpa3uil, B KOTOPOM Tpeby-
ercsl IJIaJIKOCTh oTobparkenns 1 o f o ¢~ mysa moboit KapTel. Taxkoe onpejesenue He ylI0OHO o PabOThI C

KOHKPETHBIMU ITpUMEpaMUu I\’IHOI‘OO6paBI/IIU/I.

Ecau raagxoe orobpazkenme f MHOroobpasmit M m N apiserca 6mekmueif m obpaTHOe oToOpaxkenme f~!
Tak»>Ke IJIaJgKo, TO f HasbiBaeTcsa duggeomoppusmom, a muoroodbpasust M u N 1npu 5T0M HazbIBatOTCA dughgeo-
MOPPHBMU.

Paccemorpum nmpumep riiaikoro orobparkenusi MEHOroobpasuii. BosbMeM B KauecTBe MHOrooOpasusi N Belie-
CTBEHHYIO IpsiMyto R co craHmapTHOU ryiajiKoil cTpyKTypoit u3 npumepa 1.14 m paccMOTpuM IyiajKoe oTo0pa-
JKeHre MHOT00Opas3mii:

f:M—R.



Ono mazbiBaeTcst 2nadkoltl Pynkyuet wa mMuoroobpaszum M. Ipyrumu cioBamu, orobpaxkenume f : M — R
HA3BIBAETCS TIaKON yHKImed Ha M, ecin jyist moboit Touku p € M cymectsyer kapra (U, @), comepxkamas
9Ty TOYKY, TaKasl 9TO OTOOparKeHue

fo<p_1 cp(U) =R

SIBJISIETCS [UIaJIKOi (DYHKIMeH n mepeMeHHbIX (B CTAHJAPTHOM CMBICJIE MaTeMaTndeckoro anaimsa). Obparure
BHUMAHKE, 9TO B 9TOM CJIydae OTOOparKeHUe 1) ABJAETCS TOXKIECTBEHHBIM, TAK KaK CTAHIAPTHBIT aTiac HAa R
cocrout u3 oxuoi kaprhl (R, id).

B xapre (U, ¢) bynkmus f o ¢~ ! anamuTudecku 3a1aeTcs ypaBHEHHEM BHJIA

y=f(z',...,z").

Jlomyckast HEKOTOPYIO BOJIBHOCTD PEYH, B JIajibHeNIeM OyJieM TOBOPUTh, ITO STUM yPABHEHUEM 33/1aeTCsl PyHK-
st f.

O603HAYIM MHOXKECTBO BeeX Tvajakux dbyHKuuit Ha MHOroobpasuu M depes C°°(M). 1o MHOKECTBO 06JIa-
JIaeT CTPYKTYPOIl BEIECTBEHHOI aCCONMATUBHON, KOMMYTATHBHOM aJreOpbl ¢ eIUHUIEN, BOODIIIE TOBOPsI, DECKO-
HeunomepHoi. Jpyrumu ciosamu, Bo muoxkecrse C° (M) BBeJeHBI OIEPAIUH CJOXKEHUs JIEMEHTOB U yMHOXKE-
HUsI 9JIEMEHTa HA BEIECTBEHHOE YUCJIO:

f+g:M =R, (f+9)(p) = f(p)+9(p);
A M = R; (Af)(p) = Af(p),

e f,g € C°(M), p € M, A € R, yaosierpopsitonue 8 akCuoMaM BEKTOPHOI'O IIPpOCTpaHCTBa. Kpome Toro,
OTIpEJIEJIEHA OllEePAIisl YMHOXKEHUS JIEMEHTOR

fg: M —=R; (fg)(p) = f(p)g(p),

V/IOBJIETBOPSIIONIAsi CBOMICTBAM JIEBOH U MpaBOil JIUCTPUOYTUBHOCTH

flg+h)=fg+fh; (f+g)h=fh+gh,

rue f,g,h € C°°(M). Bouonnenue stux ycjaosuii o3aadaer, uro C™° (M) obuasaer cTpyKTypoii aiaredpbl. Ac-
COIMATUBHOCTD, KOMMYTATUBHOCTD U HAJMYUE €IUHUIBI O3HAYACT CJIELYIOIIee

(fg)h = f(gh);
fa=yf;
Je e C®°(M):VfeC®(M)ef = f.

B kagecTBe dpyHKIMU € BhICTyHaeT QYHKIN, KOTOpast KaxK0i TOUKe MHOrooopa3nus M cTaBUT B COOTBETCTBHE
quciao 1. Herpynso (HO mocTaTo49HO 10JI0) IPOBEPHUTDH, YTO BCE STH YCJIOBHUS BBIIOJIHSIOTCS JJisi MHOXKECTBA
raaKkux GyHKIuit Ha Mooroobpazun M.

OkasbiBaeTcst, 9TO BC UHGPOPMAIHS O IVIAJKONH CTPYKType XaycAopdoBa TOIOJOIHIECKOrO MPOCTPAHCTBA
CO cueTHOM 6a3oil cojepxkuTcss B ero airebpe riuankux ¢yskimit. [logpobno Mbl He OygeM W3ydaTb 3TOT BO-
IpOC W WHTEpecyIomuxcs oTnpasuM K kaure Xesracod "luddepennuaibias reOMETpUsT U CUMMETPUIECKUE
npocrpancTsa 1964 nin k monorpadun B.®. Kupuuenko "IuddepennmaibHo-reoMeTpuiecKkne CTpyKTypbl Ha
mHOroobpasusx [Ipomereit, 2003.

§]_5 Kacareabusble BEKTOPbI 1 KacaTeJIbHbI€ IIPOCTPaHCTBA.

5.1. PaccmorpuM eme ojuH mpuMep IVIaJIKoro orodpazkennsi Mooroodpasuii. B kadecTse mepBoro MHOrooo-
pasusi paccMOTpuM WHTepBaJ I BerecTBeHHON mpsiMoit R, koropsiit comepxkut umcsio 0. Tak kak mHTEpBaJ
SIBJISIETCST OTPBITHIM MHOXKECTBOM IIPSIMOif, HA HEM WHJIYIUPYETCs TJIAJKasi CTPYKTypa CTAHJIAPTHON TJIaJIKOMN
cTpyKTypoit R. A mMeHHO, B KadecTBe eIMHCTBEHHOW KapThl, MOKPBIBAIOIIEH BeCh MHTEpBaJ I BO3bMET KapTy
(I,id). BropeiM MHOr0OGpasueM Gy/ier riagkoe n-MepHoe MHOroo6pasue M.

I'nadkum nymem ury 24a0%00 Kpueot Ha riaaKoM MHOroobpasun M Haz0BeM Iyiaikoe oTobparkenue y : [ —
M.

MuozkecrBo v(I) MoxKeT He MOKPLIBATHC 0AHON KapToii Ha M. Tak Kak Bce HAIM PACCYKIEHUS HOCAT JIO-
KaJIbHBIN XapakTep, TO Mbl Ju00 OyieM cyzkarhb unrepsas I rak, arobsl 7y () HOKphIBaIOCh KapToii, jubo Gyem
HakpbIBaTh () HECKOJBKUMM KapTaMu (B 3aBUCHMOCTH OT KOHKDETHOH cuTyaruu). B rajbpHeRmmx paccykie-
HUSIX, TOBOPsI O BBIOOpE KapThbl Ha M, MbI OyJieM CUATATDH, 9TO OHA COJIEPKHUT 00pa3 HEKOTOPOH OKPECTHOCTH
HyJI mHTepBaja I.

Paccmorpum stokasbiyio Kapty (U, o) na M ¢ xoopaunatamu (z', ..., 2™). O6oznadanm v* = povyoid = po-.
U3 onpejiesienus riaakoro orobpazkeHusi MHOroobpasuii cieiyer, uro orobpaxkenue v* : I C R — ¢(U) C R
SIBJISIETCS TJIaJIKUM oToOparkeHueMm. OHO 3ajiaercst QyHKIMIMI

vl =2l (1);



OusTh JomycKas BOJIBHOCTH pevd, Oy/ieM HA3BIBATH 3TH (DYHKIMU NAPAMEMPUHECKUM 3a0GHUEM NYMU Y, a
HepeMEeHHyIo ¢, KOTopas MPUHUMAET 3HAYEHUs U3 UHTepBasa I — napamempom.

Iycrs nanel gaa nyta 1 : [ — M u 5 : I — M, takue aro 71(0) = 12(0) = p € M. Ecim na M
dukcuposars kapry (U, @), comepKanyo TOUKY p, TO 3TU IIyTH OYIyT 3aJIaBATbCs CJAETYIOIM 06pasoM

o = o (1); o = (1)
Y1t Y2 i
™ = a"(t). ™ = Z"(t).

ByzeMm Ha3biBaTh 9TH LYTU IK6USAACHMHbMU (WA CONPUKACAIOUUMUCH) B TOUYKE D 1 0603HAYATD Y1 ~ a2,
ecam B Kapre (U, ¢) MHOroo6pasust M BBIIOJHSIETCS COOTHOIIEHNE

%’t:o xi(t) = %‘t:o jl(t>7 ’L = 17 e an- (19)

JlokarkeM, 9TO NOHATUE IKBUBAJEHTHOCTHU IIyTel HE 3aBUCUT OT BBIOOpA JIOKabHON KapThl. Ilycts (V1)) —
JIpyrast JIOKaJbHasi KapTa, ColepyKalias TOUKy p. ILycThb TWIaJKue MyTH 1 | 7o 3aJaI0TC B JIOKAJIBHONW KapTe
(V,¢) dyuruuamu y* = y*(t) u y* = §*(t) coorBercrBenno. Ham HY>KHO 70Ka3aTh, 9T0

%|t:0yi(t) = %|t:0gi(t), i=1,...,n.

Nmeem

d . d . oy’ d - oy’ d : d ~~

—| Yt == yE®),....a") = 5 — 2= = — )= §0
dt|,_q dt|,_, oxd o(p) dt|,_q oxd o(p) dt|,_, dt|,_,

Hokazannbiii daxt nosposser ycaosue (1.9) 3amuceBaTh U B TAKOM BUJIE

% |t:0 71 (t> = % ‘tZO 72(t)
STO HE IIPUBOJUT K HEJOPA3yMEHUAM N paCH_II/Id)pOBI)IBaeTCH KaK (19)

IIpumep 1.23. B kauecTBe npumMepa PacCMOTPUM JiBa NyTH Ha MHOroobpasmm M, kortopeie B Kapre (U, o)
3a1a10TCa PYHKIUAMHA v, : ¢ = a't, rae a® € R — HeKOTOpble KOHCTAHTHI U Yy © &' = b't3 + a't, rme b* € R —
HEKOTOpble KOHCTaHThI, 4 = 1,...,n. Torga Touku 1 (0) u v2(0) umeror oxuu u te xe koopaunarsl (0,...,0) B
kapre (U, ¢), a 3Ha4uT, 310 TOYKM coBuaaaior. Kpome roro,

d d
a (a’t)—*

(b't3 4 a't) = d’,
t=0 dt

t=0

CJIeIOBATEIbHO, IIyTH Y] U 7Y SBJSIOTCS SKBUBAJEHTHBIMU.
3amaya 1.7. [Ipuseaure mpuMep He SKBUBAJEHTHBIX IVIQJIKAX IIyTeH.

OTHollleHNe SKBUBAJIEHTHOCTH HA MHOYXKECTBE IIyTell, IPOXOIAIINX Yepe3 (PUKCUPOBAHHYIO TOYKY P MHOI000-
pasusi M sIBJIsieTCsl OTHOIIIEHUEM SKBUBAJIEHTHOCTH. 10r/1a MHOXKECTBO BCEX IVIAJIKUX IIyTell, MPOXOISIINX Yepe3
TOYKY P, PACIaJaeTcsl Ha KJIACCHI IO 3TOMY OTHOINEHUIO SKBUBAJIEHTHOCTH. KaXKblil KJIACC CONEPKUT BCE CO-
IPUKACAIOIIUECs IIyTH, IIPOXOJsINUe depe3 TOUKy p. Takoil Kiacc [y] HA3BIBAETCA KACAMEAbHbIM BEKMOPOM K
muOroodpasuio M B Touke p. Byem o6o3Ha4vaTh KacaTeIbHbIE BEKTOPBI MaJIbIMU rpedecKumu Oyksamu &, 1, C, . . .

COBOKYIIHOCTb BCEX KacCaTeJbHBIX BEKTOPOB obosHauaercst 1p,(M) u HA3BIBAETCS KACAMEALHOIM NPOCTPAH-
c¢meom K MHOroobpasuio M B TOUKE P.

Hycrs (U, ) — kapra na muoroobpasun M, coneprkamas touky p, & = [y] € T,(M) — upousposbHblit
KacaTeJIbHbIA BEKTOp. PaccMoTpuM Ipou3BOJIbHBL Iy Th 7 : 2 = x*(t), npuHaiekamuii 5ToMy BekTopy. Toraa
ompeesien nabop wmcen (£1,...,€™) o dopmyite

£ = é—it tzoxi(t); i=1,...,n. (1.10)

Ot umesa Ha3bIBAIOTCS Koopdukamamu BekTopa & B kapre (U, ¢).
B cuuty yenoBust (1.9) KoOpAmHATHI BEKTOPA HE 3aBUCSAT OT BLIOOpaA IyTH 13 KJacca [].

Ipeanoxenue 1.1 . ITycmwv na mmozoobpasuu M danw, dse wapmu (U, @) ¢ xoopdunamamu (z*,...,2") u
(V,4) ¢ xoopdunamamu (y*,...,y"), codeporcausue mowry p. O603Ha UM KOOPOUHATBL KACATNEALHOO GEXMOPQ
& ommocumenvro xapmu (U, @) uepes (E1,...,€™), a Koopdunamo. 2020 dice 6eKMOPa OTHOCUMENLHO KaAPTLL

(V, 1) — uepes (n,...,n"). Toeda noayuum

i_ %

- ¢, (1.11)

»(p)

edei,j=1,...,n.
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Joxazameavcmeo. Pacemorpum riagxuit nyts v € €. Ilyers ornocurensuo kapr (U, ) u (V, 1) on 3amaerca
DYHKITASTMEI

COOTBETCTBEHHO.
Hamomunm, ato ecan naubl aBe Kaprhl, Takue 910 U NV # (), To onpeseneno oTrobpazkenne mepexosa

Yop tipUNV) = y(UNV),

KoTOpoe "mepecunThiBaet" KOOPANHATHI TOYKHU U3 MEPBOil KapThl BO BTopyio (cM. (1.1)), ciemoBaresbHo, 3a1aHbI
raaKue pyHKIIn

yr =y (@t 2.
Torza, ucnosb3ys ompeeienue Koopauuar Bekropa (1.10) u npasuiio nuddepeHmpoBanust CI0KHON dyHKIHH,
[TOJIY UM

_ oy
T Ol

4

_ oy

yi(xl(t),...,m"(t)) = 5.7 7,

t=0

t=0 o(p =0 ©(p)

2y"

1
HaHOMHI/IM, 9TO MaTpHulia (ij

)) Ha3bIBaeTcsd mampuyel Sxobu orobpaxkenus 1 o ¢~ B Touke @(p). [
P

ITpumep 1.24. Paccmorpum okpyzkHOCTb €2 m3 npumepa 1.20 ¢ atmacom 203. Paccmorpum nBe KapThl Ha Heil
(U, 0f) u (Uf, o). O6osmaunm koopauuary B xkapre (U5, ¢/) 1epes y, a B xapre (U, o) — uepes z. Kak
MbI BUZIeH (TOJBLKO B JPYIUX 0003HAYEHUSAX ) OTOOPazKeHUe [Iepexo/ia <p,j‘ o(pF) ™! Byner zamasarbest dbynximeit

y=+1-—a2

Paccmorpum B TOUKE p OKPY2KHOCTH € KOODIUHATON % B kapre (U, o) kacarenbHbIil BeKTOD £ ¢ KOOPIMHATOI

1 (B a10it ke Kapre). Boraucgum KoopauHATBHI BEKTOpa & B Kapre (U;‘ , <p7j‘) Tak Kak OKPY?KHOCTH SIBJISIETCS
OJTHOMEPHBIM MHOr000pa3ueM, TO B mpejjiokernu 1.1 WHIEKCHI ¢, j IPUHUMAIOT TOJbKO 3HavYeHne 1 u Marpura
Akobu mpeBpamaercs: B 9ucyo. Beraucanm ero

dy —x 1
dLL' 1 - 1 1— ,1'2 1 o '
V2 V2
Dopmyna u3 npepaokenus 1.1 uMeer B HaleM cirydae Beero ofHo ciaaraemoe: (—1)1 = —1. Urak, B JIOKaJIbHOI

kapre (U,", ;) Kacarebuprii BexTop & mveer Koopumary —1.
Kakyro koopnurary B Kapre (qu , go;r) “MeeT TOYKa, B KOTOPOU 3a71aeTcst BEKTOP &7
3aMeTuM, 9TO B 3TOM IIPUMEPE MbI B3SLIA KACaTeIbHBII BEKTOP ¢ KOOPAUHATOHN 1. A BJIPYT TAKOr0 BEKTOPA He
cymecrByer? Ciieftyrommas jjeMma FOBOPUT O TOM, 9TO JJIst JI060ro Habopa BEIeCTBEHHBIX YHCcell (B KOJIUIECTBe,
PABHOM DPa3MEPHOCTH MHOroo0pasusi) BCerjia CyIeCTBYeT KACATEIbHBI BEKTOD C STUMU UHCJIAMH B KadeCTBe

KOOD/IMHAT.

ITycre M — n-mepHoe riiajgkoe MHOrootpasme. OUKCHpyeM Ha HEM TOYKY P M PACCMOTPHM KacaTesJbHOe
npocrpamctso T, (M).

JIemma 1.1. Qurcayusa aokasvnot kapmu (U, ) na muozoobpasuu M, codepocaweti mouky p, noposcdaem
buexyuwro Ty, : Tp,(M) — R”. Imy buexyuro mo. 6ydem Ha3vieamo peneprvim 0mobpatcenuem.

Aoxasamenvcmeo. TlocTponm orobpazkeHne ry,, MOCTABHB KazKJOMy KacareabHOMY BekTopy & € T),(M) mabop
ero xoopaunar B kapre (U, ¢). IHbeKTUBHOCTL OTOOPayKEHHsI 'y, JIETKO CIELYET U3 ONpPEeNeJICHHs KOOPIHHAT
BEKTOPA U OIPEJIEJIEHUs] CAMOT0 BEKTOPA.

JokazkeM ciopbekTusHOCTE. O603HaMMM KoopuHaTsl Toukn p B Kapre (U, @) 1epes (zf,...,z8). Pacemor-
PUM IIPOM3BOJIBbHBIN Habop u3 n BemecTBeHHbIX wnces (¢1,...,¢") u nyTs v : I — M, umeromuii cieyroniee
apaMeTpHIecKoe 3a/[aHue B JAHHON KapTe

at =ad + 1t

" =ag + ("t

IIpaBble yacTy paBEHCTB SBJISIFOTCS TJIQJKUMK (DYHKIMSME, a8 3HAYWUT, 38Ja0T TVIAJAKUil IyTh. UTOOBI HaiiTh
KOODJMHATHI KACATEJbHOIO BEKTOPA, KOTOPOMY MPWHAIJIEXKUT ITOT IIyTh, HY?KHO HAWTHU MPOU3BOIHBIE IO ¢ B
myste ot 3tux dynkmuit. O49eBuaHO, YTO B pe3yibTaTe MBI momydnM Habop wmcen (¢l ... ("), To ecTh 3TO
KOOPIWHATHI KacaTeIbHOro BekTopa [y]. UTak, orobpaskeHue 1, CIOPbEKTHBHO, & 3HAYUT, I OMEKTHBHO. O
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[Tocrpoennast GueKIysi MO3BOJISIET TEPEHECTH CTPYKTYPY BEKTOPHOTO IPOCTPAHCTBA M3 apudMeTHIeCKOrO
BEKTOPHOrO Ipocrpancrsa R” B KacaresnbHoe npocrpanctso 1, (M). A umenno, duxcupyem xapry (U, ¢), co-
JIEPKAIIYI0 TOYKY P U ITOJIOKUM

E+n=r"(roé +rom); A =711 (Ary6),
roe &,n € T,(M), A € R.
Takoe ompesenenune omneparuii He 3aBUCAT OT BBIOOpa KApThl. UTOOBI B 9TOM yOEINTHCS, HY?KHO BBIOPATH
npyryio Kapry (V, 1), comepKaliyio TOUKy p, U, UCIOJIb3Yst dhopMmyy u3 npejgioxkenus 1.1 | 1o0kazarh, 910
- -1 - -1
1ot (e ren) =1y (rpé rym); ot (Argl) = 1t (Ary).
3amaya 1.8. TlposgenaiiTe 3T BBIKIAJIKH CAMOCTOATETHHO.

Pewenue. okaxkem mepBoe paBeHCTBO. Bropoe jokasbiBaeTcst aHajornduo. O603HaImM
-1 . -1 —
ro (re€tren) =Gy (ry€ 4 ryn) = C

Ham nHyXKHO 10Ka3aTbh, 9TO BEKTOPHI ( U f coBmagaoT. B cumy siemmbr 1.1 Jj1s1 9TOrO JIOCTATOYHO MTOKA3aTh,
9TO B KaKON-HUOY/b KapTe OHU UMEIOT PaBHbIE COOTBETCTBYIONIHE KOOPAUHATHI. OO03HAYNM KOOPIUHATHI BCEX,
YYIACTBYIOIIUX B JOKA3aTEJIbCTBE BEKTOPOB, TOI 2Ke OYKBOI, YTO M BEKTODP; BEPXHUI MHIEKC OYIET yKa3bIBATh
HOMED KOODJMHATHI, & HIKHUII — KapTy, OTHOCUTEJBbHO KOTOPOW 3Ta KOODAWHATA 3aJaHa. 1Orja, UCIOJIb3Ysl
pejioykenue 1.1 , mosrydnm

oy oy S o
Co= 5 Co= 5 (€ +np) =& +my =
9z ©(p) v Oad ©(p) ’ ?
Urax, ¢, = ffp, i=1,...,n, crenosarensno, ( = (. O

Jlajiee mpoBepsIIOTCsT BCe 8 AaKCHOM BEKTOPHOTO IIpocTpancTsa. OYeBUIHO, 9TO HYJIEBBIM KacaTeIbHBIM BEKTO-
poM OyzeT mpoobpa3 Habopa u3 n Hysel. [IpoTHBOIOMOKHBIM JJIsT KACATEILHOTO BeKTOpa & OyIeT KacaTeIbHbIH
BEKTOP € IIPOTHBOIIOJIOKHBIMEI KOODHHATAMH.

3ama4va 1.9. IIposepbTe Bece 8 aKCHOM CaAMOCTOATEILHO.

Brarogaps takomy omnpenenenuio omnepauuit B T,(M) Mbl, BO-IEPBBIX, HOJIy9YaeM CTPYKTYPY BEKTOPHOIO
npocrpanctsa B T),(M), BO-BTOPBIX, 0TOOpaskeHHe T, CTAHOBUTC: H30MOP(MU3MOM BEKTOPHBIX IIPOCTPAHCTB
u U, B-TPETHUX, MbI HOJy9aeM BO3MOYKHOCTH CBECTH OII WU ¢ BEKTOPAMHU K OIT UM C UX
T,(M R"™ u, e , 0JIy9IaeM BO3MOXKHOCTH CBECTH OIEpPa. C BEKTOpa omepa; c
KOOP/IMHATAMU TOYHO TaK K€ Kak 3TO ObLIO B AHAJIMTHIECKON TeOMETPUH.
Tak Kak 7, sBJIseTCS N30MOPGU3MOM, TO pasMepHOCTH npocrpancTsa 1,(M) pasra pasmeprocTn R™, To
ectb n = dim M. Urak, dimT,(M) = dim M = n.

5.2. IlocmoTpum Ha KacaTeJabHbIE BEKTOPHI C Jpyroii croponbl. Ilycts M — n-mepunoe muOroodtpasme. Ouk-
cupyeM Ha HeM TOUKy p € M u pacemorpuMm KacaresnbHblit Bektop & € T,(M). Torna KacareabHBIH BeKTOD §
olIpe/ieisieT oTobpakeHne

E:C°(M) =R,
3a/1aBaemMoe (HOpPMyJIOit

¢, (1.12)
©(p)
rae (U, ) — nokambHas KapTa ¢ Koopauaatamu (x!,... ™), comep:kamas Touky p, a (£%,...,€") — Koopau-
HaThl BEKTOPa £ B 9TO# KapTe. ITO 0TOOparkeHre Ha3bIBaeTCs dudPepeHuuposaruem GYHKUUL 6 HaANPLEAEHUU
sexmopa .

Jlemma 1.2. Bsedennoe onpedenerue He 3a8uUCUmM 0M 6v00D6 KAPMbL.

Joxasamenvcmeo. Pacemorpum eme ommy xapty (V1)) ¢ xoopmunatamu (yb, ..., y"), comepKantyio TOUKY p.
I[TycTs oTobpaskenne Tiepexosa 1o o~ ! zamaerca bynaxnmamu y¢ = yi(xt, ... 2"), i =1,...,n. [lycTsb KacaTeb-
HBIH BEKTOp & OmpesesseT oTobpazkenue & : C* (M) — R ornocuresnsuo kaptsl (V)1)). Ham Hy>KHO N0OKa3aTh,
yro auist Kaxkioil dyskuun f € C°(M) umeem &(f) = 13 (f). O6osnasmm 1epes (n',...,n") KOOPIUHATHI BeK-
topa £ B kapre (V). Torma ucnosnbsys (1.12), (1.11) u npasmwio quddepeHnuposanust CI0KHON DyHKIMY,
MOJTy IUM

FreN oyp~! i _ O((fop Ho(poy™ M) oy’ i

£ = 2| = B
o ( 3) o) .y O ool 027 {4 ()

op~ oz” v j — 9foe ) J =

08 pop=top(p) ' lyp) 2% sa(p)§ ot sa(p)5 5

k i
3/1eCh MBI BOCHOJIB30BAJIUCH TE€M, 9TO MATPHUILI SIKOOM (?32‘ ) u (%) SIBJITIOTCS B3AMMHO OOPATHBIMUA MATPU-
[[aMU U UX [IPOMW3BejieHrne PaBHO Jeabre KpoHekkepa 6;?. Ecin morsitne KpOHEKKEPOBCKOM JEIHTHI HE 3HAKOMO

u paboraTh ¢ Heil He yMeeTe, TO IOCMOTPHUTE IepBble naparpadb! daiina tenz alg.pdf. O
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3ameuanue 1.8. Orobpaxkenue £, kKak u Bce nuddepeHImpoBanusi, yaosiaersopsier "mpasuiy Jleiibauma":

§(fg) =&(f)g(p) + f(p)E(g),

rue f,g € C°(M).
JleficTBUTEIbHO, TAK KAK B3ATHE YACTHDBIX MPOM3BOAHBIX Y/OBJIETBOPSAET NpaBuiy Jleibauma, mosyanm

op~t 7 op 1) (gop~?t 7
&(fg) = a(f%zf ) g = O(fop (’))x(ig @ ))‘ g =
»(p) e(p)

= (‘9(’;’ oy 90T + (Fo ™)) "“%’;”\M) & =€(Nglp) + F)E ().

Kpowme Toro, orobpaxkenue & 06/1a/1aeT CTAHIAPTHBIM CBOMCTBOM R JHHEHHOCTH, TO €CTh

E(f+9)=E(f)+&(g9); ENf) = A(S),

rae f,g € C°(M), X e R.
Orobpazkenne ¢ : C°(M) — R, ynosierBopsitolee CBOICTBY JIMHEHHOCTH U IIpaBuiy JIelGHuma, 1o ecTh

6(fg) =4d(f)glp) + f(p)i(g)

HA3BIBAETCS UHPUHUMASUMAAbHYM Jugidepenyuposaruem (M, KOPOUe, i-dudpepenyuposaruem) aaredphl rIa-
kux GpyHKIWM MHOro0Opasus M B TOUKe p.

Takum 06pazomM, orobpaykeHune, MOPOKIAEMOe KaCATEIbHBIM BEKTOPOM & SIBJISETCS WH(MUHUTAZUMAILHBIM
muddepennupoBanreM. B nagpHeiieM Mbl Oy/1eM OTOXKIECTBISTh KACATEIbHBI BEKTOP M MH(MDUHATA3IMAIIb-
Hoe nuddepeHImpoBanne, KOTOpoe OH MOPOKIAET, U TOBOPUTD, 9TO KACATEIbHBII BEKTOD sIBJISIETCS WH(MDUHUTA~
3UMAJIbHBIM T hEPEHITTPOBAHUIEM.

Bameuyanne 1.9. Moo nokazars (M. daiin diffsl.ps), uro MHOXKecTBO Beex MHMDUHUTAZNMAIBHBIX nubde-
peHIupoBanuii B Touke p € M m30MOpdHO KacaTeJIbHOMY MIPOCTPAHCTBY K MHOTO0Opas3uto M B 9T0il TOUKe.

Urak, kacaresbHbIE BEKTOPBI, C OTHON CTOPOHBI, CYTh KJIACCHI 9KBUBAJECHTHOCTH COIIPUKACAIONINXCS TVIATKIX
myTei, ¢ Ipyroif CTOPOHBI, — MPOOOPa3bl 3jdeMeHToB n3 R™ mpnm msomopdusme r, U, ¢ TpeTbelt CTOPOHEBI, —
nHUHATA3UMATBHDBIE TuMdOEPEHITTPOBAHUSI.

IIpumep 1.25. Ilycts V™ — n-mepHoe BekTOpHOE TipocTpancTBo. CoryacHo npumepy 1.18 BeKTOpHOE TpoCTpaH-
cTBO V™ MMeeT IIaJKyI0 CTPYKTYPY, & UMEHHO, eciiu B V" dukcuposaun 6asuc (eq, ..., e, ), To mapa (V™ ), rae
¢ CTaBUT B COOTBETCTBHE JoboMy BekTopy X € V™ Habop ero koopqunar (X1,..., X™) B 6asuce (eq,...,e,),
SIBJISIETCsT TJI0DAJIBHON KapToit Ha V™ u J0noJHseTcs 0 TIaIKOH cTpyKTyphl HAa V™. DTy TIIaJIKyI0 CTPYKTY-
py MBI HazBasm Kanonumdeckoit. Oua He 3aBucuT OoT Bbibopa Gasuca B V™. Takum obpaszom, Jioboe BEKTOPHOE
npocTpaHcTBo V" IpeBpalnaercs: B IJIaJIKoe MHOroobpa3ue, a 3HAYUT, JJjIsl JIF0OO ero Touku X OIpejesieHO Ka-
caresibHOe npocTpancTBo Tx (V™) B aroit Touke. [Tokazkem, 94To KacaTeabHoe pocTpancTso Tx (V™) uzomopduo
BEKTOPHOMY IPOCTPAHCTBY V™.

®ukcupyem B V" 6azuc (eq, . . ., e, ). Toraa 115 Hero oIHO3HAYHO ONpeiesIsteTcs IyalbHblii 6asmc (el ... e™).
On cocronT m3 aMHEHHBIX oToOpaskenuii ¢! : V™ — R, KoTopble KaxaoMy BeKTopy X € V" craBaT B COOT-
BETCTBHUE €ro i-10 KoopauHary X' B 6asuce (e1,...,en). IlokaxkeMm, 9ro OTOGparKEHUSI e’ SIBJISIIOTCS TJIaIKAMIE
dyHKIEAMT Ha TaagKoM MHOrooOpasun V", o ecth npunaexar ajaredpe C° (V™). s 3T0ro 3ammiieM Koop-
JIMHATHOE BhIpazkKeHne Jisa byHKImn e’ B riobambhoit Kapte (V™) ) (cM. ompesiesieHne IiIaIKoro 0ToOparke s
B § 1.4.). meem

efop l:R" 5 R,

KoTOpoe 3a1aercs dopmyoit elop ™ (X1 ... X™) = X* To ecTh cHauasa pousBosibHOMY Habopy (X1,. .. X™)
I3 7 BEIeCTBEHHLIX THCe]I CTABITCH B COOTBeTCTBHe BeKTop X = X'e; € V™, a 3areM oToOpaXkeHne €' CTABUT B
COOTBETCTBHE ITOMY BEKTODPY €ro i-10 KOOPJNHATY B TOM ke 6a3uce. B pe3ysibrare Mbl mosydaeM oTobOparkeHnue,
KOTOPOE HAbOPY U3 7 BEIECTBEHHBIX YUCE]I CTABUT B COOTBETCTBHE i-€ Yucyi0. QOUeBUIHO, 9TO TAKOEe OTOOpasKeHre
SABJISIETCS TVIAJIKAM, & 3HAYUUT, SBJIAIOTCS TJIAJKUMEI U OTOOPaKEHUsT e, i=1,...,n.

Tenepb MBI MOYKEM IIOCTPOUTH U30MOPGbU3M BeKTOPHBIX npocTpancTs Tx (V™) n V™. 3azanum oTrobpakeHne

w:Tx(V") = V"

o dopmyiie #(€) = £(e?)e;. 3nech KacaTebHBII BeKTOp € paccMaTpuBaeTcs Kak nHMDUHETa3UMAIbHOE Mudde-
PeHIMpoBanue anre6pbl T KUK DYHKIHME (MMEHHO JJTst 3TOTO MBI JIOKA3BIBAIN TJIAIKOCTh OTOOPaYKeHHit €°).
Od4eBuHO, 9TO OTOOpaKeHNE 33]AHO KOPPEKTHO, TO €CTh MBI momajaaeMm B mpocrpanctBo V™. Ilokaxkem, aTo
0TODpAaKEHNE 3 SABJISIETCS M30MOP(MU3MOM BEKTOPHBIX MMPOCTPAHCTB. BO-TIepBBIX, 3TO TOMOMOPGU3M, TaK KaK

(A& A+ pm) = (A& + pm)(e')es = A&(e")eq + pm(e)e; = Ase(€) + pse(n)
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st o6bix €, 1 € Tx (V™) u nro0bIX BEIIECTBEHHBIX YUCEI A U [

Bo-BTOpbIX, IOKaXKEM, 9TO OTOOPaXKEHUE > ABJISETCS WHbEKTUBHBIM, TO ecTb kers = {0}. Ilycrs ()
Torya £(e')e; = 0. B cumy mmmHeiiHoil He3aBUCHMOCTH Ga3UCHBIX BEKTOPOB e; mostydanm &(ef) = 0,1 = 1,.
®ukcupyem HOMep i 1 pacemorpum auciio £(ef). Cormacuo dopuyite (1.12) momyanm

0.

S

; (et o™t . o )
gy = SSE2 =g =6
X7 ox)
Takum ob6pazom, noaydaem & = 0 s moboro i = 1,...,n, ciegosarensno, & = 0.

CrOpbeKTUBHOCTH OTOOpaXKeHUsl 3 CJIelyeT U3 TOTO, YTO Pa3MEPHOCTH BEKTOPHBIX mpoctpancts Tx (V™) n
V™ paBHBI.

Nrak, orobparkenne s siBjisieTcst ”30MOP(MU3IMOM BEKTOPHBIX ITPOCTPAHCTB.

JlokaxkuTe cCaMOCTOATENBHO, YTO H30MOP(MU3M ¢ He 3aBUCUT OT BBIOOpA Ha3mca, TO eCTh It APYTroro ba3mca
(¢1,...,&n) u ayambHoro Gazuca (g!,...,e") nomyunm £(et)e; = £(et)e;.

5.3. Kaxk mbI jokazanu B myHKTE 5.1. MHOXKECTBO KacaTeIbHBIX BEKTOPOB B (DUKCUPOBAHHON Touke p € M
SIBJISIETCST N-MEPHBIM BEKTOPHBIM ITPOCTPAHCTBOM, U30MOPMHBIM apudMeTHIeCKOMY BEKTOPHOMY ITPOCTPAHCTBY
R™. Tlocrpoum B T,(M) Gasuc.

Paccmorpum nsomopdusm 7y, 1 T, (M) — R™ 1 BoseMeM B mpoctpancTse R™ crangapTablii 6a3uc (€1, ... ,&p).
BexkTop ¢; Takoro 6a3uca npezcraBisier u3 ceds HaAOOp U3 N IUCEN, B KOTOPOM HAa i-M MECTE CTOUT 1, & OCTaJIbHbBIE
myau. Torza mpoobpas sToro 6asuca npu nsomopdusMe 7, Oymer 6asucoM KacaTelbHOro npocrpauctsa 1, (M),

TO €CThb
(6?’ R 69;)7 rne 6? = (Ttp)il(si)
Gymer 6asucoMm B T),(M). Dror 6a3uc HA3BIBACTCS HAMYPAALHbIM 6G3UCOM KACATeILHOro mpocTpanctsa 1,(M),
& COBOKYIHOCTB (p, €Y, ..., eY) Ha3pIBaeTCs HATYPATbHBIM PEIepOM KacaTeabHOro mpocrpanctsa 1y, (M).
BoisgcunM, 9TO mpeacTaBagioT n3 cebs BEKTOPHI HATYPAJLHOrO 0Oa3nca, paccMaTpUBaeMble KaK WHMOUHUTA-
sumMasbible auddepenimposanust. [lycrs f € C° (M) — npoussonbaas dbyukius. Torma, ucnonb3ys GopmMyiy

(1.12), nomyunm

-1 -1 ] -1
Oz »(p) Oz »(p) Oz »(p)
Nrak, MbI osrygaeM
0 — 0o
e?(f):W (fop™),VfeC™(M).
T o(p)
JoroBopumMcs 11 KpaTKOCTH 0003HAYATH
) _ of
A (foe ™) =25 (1.13)
Oz »(p) Oz P
Torma mocieHEe pABEHCTBO TMTPUMET BH
Q) = 2| (. vrec=on
1 - 8.’Ei ) ) .

Wrak, KacarejbHbIE BEKTOPa HATYPAJbHOIO 0a3nca, paccMaTpuBaeMble KaK MH(pUHATA3UMAJbHBIE Tudde-
PEHIUPOBAHUSI, SIBJISIFOTCSI OIIEPATOPAMU B3sITHS YACTHBIX ITPOM3BOIHBIX 10 KOOPAWHATAM TO KapThl, KOTOPAast
OTIpeieJIsieT STOT DA3MUC.

Bameyanne 1.10. Bamumem dbopmyay (1.12) ¢ yaerom BBeeHHOrO 0603HaueHus (1.13) npumer Bu

_ of
T Qat

0
oz’

(f), Vf € C=(M),

p

p

£(f)

_¢i 8
TO ecTh § = &' 77

. DT0 03HAYAET, 9TO KOOPAMHATHI £ BeKTOpa £ CyTh KOODJUHATHI 9TOTO BEKTOPA OTHOCH-

TeJIbHO HATypasbHoro 6asuca xkaprol (U, ).

Hakower, HaiizeM riakue myTH, aBJIsIONNECT OPEICTABATENSIMU BEKTOPOB HATYPAJIbLHOrO Oasuca (Terepb
MbI PACCMATPUBAEM TH BEKTOPA KAK KJIACCHI 9KBUBAJIEHTHBIX Tyiajakux mwyTeit). [lycrs (U, @) — noKaabHas Kapra
¢ xoopmuHatamu (1, ..., 2"), comepxkamas TouKy p. [lo ompeesennio HaTypaabHOro Gasuca n nzoMopduszmMa
T'p TOJIyIHMM, 9TO KacaTeJIbHBI BEKTOD e? umeer koopguuHarsl (0,...,0,1,0,...,0). DT KOOPAUHATHI KOPOTKO
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MOZKHO 3aIIICATh C OMOIIBIO KPOHEKKEPOBCKOH febThI (87 ), T/1e i — HoMep BeKTopa e¥, To ecTh pUKCHpOBAHHBI{
WHJIEKC, a j mpoberaer 3Hadenust orT 1 10 n. Pacemorpum riankunii myTh 7y, 3aIaHHBIH (DYHKIIASIMA

W =al 6t j=1,...,n, (1.14)

rje (x(1)7 ..., T{) — KoopauHaTEl TOUYKK p B Kapre (U, ©). IlepBble ponsBoaHble 3TuX GYHKIHUH B HyJle Kak pas
PaBHBI KDOHEKKEPOBCKOH Jie/IbTe §7 , TO €CTh KOOP/AMHATHI KACATEILHOIO BEKTOPA, KOTOPOMY IIPHHAJJIEXKHUT ITOT
IIyTh COBIQJAIOT C KOOpAUHATAMHU BEKTOPA e?. Uraxk, e? =[]

BriBo: KacarTebHBIE BEKTOPHI HATYPAJIHHOIO 0a3MCa — TO KJIACCHI SKBUBAJIEHTHOCTH ITyTEH, COMPUKACAIO-
IUXCS ¢ KOODJAWMHATHBIMU JIUHUSMU JIOKAJIBHOM KapThl B TOYKE p. MBI BHIMM MOTHYIO aHAJIOTUIO CO CJIYIaeM
JIBYMEPHOH MOBEPXHOCTU B KJIACCHIECKON T PEepEeHITHATHLHON TeOMEeTPUN.

§1.6. BekTopHble pacciioeHunsi. KacareiabHoe pacciioeHue.

Ecan obbennHuTh BCe KacaTeabHbIE TPOCTPAHCTBA K TJIAJKOMY MHOIOOOPA3UIO, TO MBI HOJIYUHM €Ile OJINH
[IpUMep TJIAJIKOTO MHOT000pa3usi. ITO MHOrooOpa3ue HaJIeJIEHO JOMOJTHUTEIBHON CTPYKTYPOil, TAK HA3BIBAEMOIT
CTPYKTYPOil BEKTOPHOrO paccjoenusi. HatuuneMm ¢ o0Iero ompeesieHnsi BEKTOPHOTO PACCIOCHUS.

Onpenenenue 1.11. Ilycrs pana tpoiika (&, m, %), cocrosiiasa u3 IAAKAX MHOroobpasuit &, % u TiaajKoro
CIOPBEKTUBHOIO OTOOpaxkenus 7 : & — 8. OHa HA3BIBACTCH (BEULLCNEEHHBIM) BEKTNOPHBIM DACCAOEHUEM PAH2G
n, eciau

a) 1yist Jiio6oit Touku b € A ee mosiHbLil Ipoobpa3
Fp=m -1 (b)
sIBJIsIeTCsl (BEIECTBEHHBIM) BEKTOPHBIM IIPOCTPAHCTBOM;

6) (ycmoBue JsokaspHOl TpuBHaasHocTH) cymecrByer atnac A = {(Uy, o)} MHOrOOOpasust % u nuddeo-
MOPQU3MBI
Xa : Ua x R® = 771U,

9T0, BO-IEPBBIX, Jyist 11060it Toukn (b, x) € U, X R™ nMeer MeCTO BKIIOYEHHE
Xa(b;2) € Fy,

BO-BTOPBIX, VI KaXKI0i TOUYKHU b € 98 oTobparkeHune
Xa,b - R™ — yba

ormpeiesieHHOE (POPMYJIOi
— n
Xa,b(l‘) - on(b7 .’17), zeR 3
SIBJISIETCST T30MOP(MDU3MOM BEKTOPHBIX IIPOCTPAHCTB.

Mmuoroobpasue % HasblBaeTCs 0301 BEKTOPHOIO PAaCCJIOEHUsI, MHOrooOpasue & Ha3bIBAETCS MOMAAbHbIM
NPOCMPAHCMEoOM, a OToDpazKeHue m — npoexyuel. BEKTOPHOE IIPOCTPAHCTBO %}, HA3BIBAETCA CAOEM PACCIIOCHUS
HaJt Toukoit b € AB. Nnbdeomopdusm y, HasbBaeTcss mpusuaiusayuel paccioerus (&, m, %) HaJ, OTKPBITHIM
MHOKeCTBOM U, a OTKPBITOE MHOXKECTBO U, HA3BIBAETCS MPUSUAAUSUPYIOULET OKPECTIHOCTBIO.

IIycts M — n-mepHoe riaakoe MHOroobpasme. PaccMOTpUM MHOXKECTBO, SIBJISIONIEECS] OObEIMHEHIEM BCEX
KacaTeJbHBIX BEKTOPOB BO BCEX TOYKaxX MHOroobpasms M

™= Jnmm=|J ®o.

peEM pEM (€T, (M)

Onpenenum orobpazkenue 7w : T M — M 1o ¢popmyite

(p,€) = p. (1.15)

OueBUIHO, 9TO OHO ClOpbeKTUBHO. Torma Tpoiika (T'M,w, M) aBasgercsa IpeTeHIeHTOM Ha 3BaHUE BEKTOPHOI'O
) ) )

pacciioeHnsi. JTO PACCIOEHHE HAa3bIBAETCS Kacameavhvim paccaoeruem Han M. IIposepum BBIIOJIHEHHE BCEX

TpebOBaHMI OTPEJIeIeHNsT BEKTOPHOTO PACCTIOCHUSI.

Teopema 1.1. Tpotixa (TM, 7, M) asasemcs 6eKmMOPHbIM DACCAOEHUEM DAH2A TL.
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Joxasamesvcmeo. ObpaTnTe BHUMAHUE, 9TO TJIAJKAM MHOr0OOpas3ueM IOKa siBJjsieTcst TobKo M. Bo muoXkKe-
crBe TM mer noka jaxke Tonosoruu. Haurem Mbl ¢ nyHKTa a). 13 onpenenennst (1.15) otobpaskenust m ciieyer,
aTo 151 J1060it Touku p € M mosHbii 1poobpas 7! (p) sBisteTcs KacaTe bHBIM TIpocTpancTBoM T, »(M). Kax
Mol 3HaeM (cM. § 1.5.) T),(M) siBIsieTCs BEKTOPHBIM IIPOCTPAHCTBOM.

[MocTpoum riankwmit atnac va maOX)KectBe 1M . Tak kak M — riagkoe MHOrooOpasme, TO Ha HEM €CTh aTJiac
A = {(Us, pa)}. PaccmoTpum mosmHBIE TPOOGPA3E KAPT 9TOTO aTaaca mpu oTobpaxkenmn m: Vo, = 1 H(Uy,).
Quiemenramu MHOXKecTBa V,, OyayT napsl (p,€) — rouka p € U, 1 KacareJbHbIl BEKTOP U3 KaCATEIbHOIO IIPO-
crparcrsa Tp,(M). ITocrpounm orobpazkeHue g = Qo X Ty, , TO €CTh OTOOPAZKEHNE

Vo : Va = 0a(Us) x R® C R?"

KoTopoe nape (p,§) CTABUT B COOTBETCTBUE CHAYAJA KOOPAUHATHI TOUKU P B Kapre (U, @), a 3aTeM KOOPIMHATHI
BekTOpa & B 9TOi ke Kapre. TakuMm 00pa3oM, KaxKJIOMy SJIEMEHTY U3 V, CTABUTCH B COOTBETCTBUE 27 BeIIe-
crBenHbIX dnces. Teneps y Hac ectb napsl (Vy, 1, ) — IPETEHIEHTH HA JIOKAJbHbIE KapThl. HaM Hy»KHO, 4T0GBI
oTobpaxkeHus 1, ObLIH roMeoMopdu3IMaMu, a JJjisd 3Toro HyxkHa Tomnosorus B 1T M. I[losTomy Mbl Ha30BEM OT-
KpbITbIMU B T'M 1moJiable Ipoo6Gpa3bl BCEBO3MOXKHBIX OTKPBITBIX MHOXKECTB B ¢4 (Uy) X R™ npu orobpakenun
1o. Ilpu TakOM OmIpesesIeHNN TOIMOJIOTUU OTOOPAXKEHUsI 1), aBTOMaTUYECKU CTAHOBSITCS HEIPEPBIBHBIMU U OT-
KDBITBIMH, & 3HAYUT, ToMeoMopdusMamu. B 4acTHOCTH, HOJHBIH IPO0Gpa3 OTKPHITOIO MHOXKECTBA @, (Uy) X R™
€CTb MHOXECTBO V, TO €CTh OHO TaKKe siBJISIeTCs OTKPBITBIM BO BBEJIEHHOIl Tomojiornu. Tak Kak, ¢ JIpyroi
CTOPOHBI, V,, — HOJIHBII TPO0Opa3 MpU OTOOPAXKEHUU T OTKPBITHIX MHOXKeCTB Uy, TO u oTobpakenue m OymeT
HEIPEPBIBHBIM BO BBEJIEHHOW TOIMOJIOTHH.

Urak, y Hac yxke ecth TomoJsiorns Ha T M, npudyeM oHa, OYEBUJIHO, XaycaopdoBa U UMeeT CUEeTHYIO 0a3y
(3TO0 JEfiCTBUTENHLHO TAK, IIOTOMY YTO 10 CyTH TOmoorus T M ecTb TOmoJIorus JeKapToBa IPOU3BEICHUS JIBYX
TOIOJIOrUIECKUX IPOCTPAHCTB Uy, u R™, KOTOpBIE 06/1aa10T 3TUME CBORCTBAMHE) 1 IIOCTPOEHBI JIOKAJIBHBIE KAPTHI
ma T'M.

Crenmytomas Haima 3ajada; JOKa3aTh, YTO MIOCTPOCHHBIE JIOKAJbHBIE KapThI TJIAJIKO CBA3aHBI. PaccMoTpum
nse Kaprel Ha TM: (V,4) u (V,i[)) ycrs (U, p) u (ﬁ, ) — COOTBETCTBYIOIME UM KapThl MHOroobpasust M.
Torna ~

Yol =(pop ) x (rgo(ry) ).

Orobpazkenue @ o ™+ aBiserca guddeomopdusmom, Tak kak kKaprel (U, @) u (U, p) riiagko cBsi3aHbI, a8 0TOO-
9 ) ) )
pazkemne o (r,) "' ecTh mepecueT KOOPJMHAT BEKTOpa U3 HAaTypaabHOro Gasuca kaprel (U, ) B HATYpaIbHbIIL

1

6asuc kaptol (U, @). D10 nuHeitHble QYHKIMU, & 3HAINT, [JIAKHIE.

Urak, mbl gokazamu, uro TM sBiagercs riaJkuM MHOrooOpasueM W HOCTpousnd Ha HeM armiac { Vi, ¥a},
KOTOPBIN HA3BIBAETCS AMAACOM, GOANMUPOSGHHBLM DACCAOCHUIO.

Jokaxkem, 4To orobpazkeHue 7 siBjseTcs riaaakum. Pacemorpum napy coorsercryomux Kapr (V) 1) ¢ koop-

1 2n 1 n — 1 —
muaaramu (y', ..., y°") va TM u (U, ¢) c koopaunaramu (z',...,z") Ha M, 10 ectb V =71~ (U) n ) = @ X 1y.
IIpu TAKOM OIpeIeJICHUH OTOOPAsKeHN 1) IepBbIe 1 IIePEMEHHEIX ¥, . .., y™ CyTh KOOPJAMHATHI TOUKH P B KapTe

) 9
(U, ¥), 10 ecTb
1 _ .1, n _ .n
yl=ab, ... y"=2".
Eciu MBI IepenuieM 5TH PaBeHCTBa B BU/IE
ol =y
" =y",

TO moJryuuM 3aanue orobpaxenus 7 B nape kapt (V, 1), (U, ). Do juneiinbie GyHKIMIT OTHOCUTEIBHO Hepe-
MenHBIX ¥, ..., y*" (MMeHHO 0 2n; 9TH TepeMeHHbIe MBI (DOPMATLHO MOYKEM BBECTH B (bOPMYIIBI C HYJIAMH), a
3HAYUT, OHU Tyiagakue. VITtak, oToOpaskeHne m ABJSIeTCS TJIAJIKIM OTOOPAXKEHHEM.

Hawm ocTasioch nmpoBepuTh CBOHICTBO JIOKAIbLHON TpuBHAJIbHOCTU. [lo/T02KMM
R -1, n
Xa—zdxr%.UaxR — V.

D10 orobpazkeHue Heper HADOP U3 TOYKH MHOroobpasust M U CHCTEMBI 7 BEIIECTBEHHBIX YHCEJ U CTABUT UM
B COOTBETCTBHUE APy U3 TOYKHU P U KACATEJILHOI'O BEKTOPA B TOYKE P C KOODJMHATAMHU B HATYpaJIbLHOM Oasuce
kapTel (U, ), paBHBIME JAHHBIM 9HCAaM. DTO 3JeMeHT u3 MHoxkecTBa Vo = m 1(Uy,). DT0 GueKknus, Tak Kak
TOKJIECTBEHHOE ITPeoOpa3oBaHne I OTOOPaKEHNe Ty, ABIAIOTCA Oneknmsamn. Kpome Toro, oTobparkenns id n vy,
— nuddeoMopduU3MBI, a 3HATNAT, UX TEKAPTOBO MIPOU3BEICHIE TaKkXKe aBigeTca auddeomoppuzmom. Hakomerr,
3aMeTHM, 9TO, (BUKCHPOBaB TOUKY p € Uy, MBI IOIyYINM OTOOpazKeHHE Xqop @ R™ — T,(M), xoTOpoe Gyner
COBIIAATH C OTOOpaYKeHHEM r(;j, TO ecTh OyJeT m30MOp(MU3MOM BEKTOPHBIX IIPOCTPAHCTB II0 JOKA3AHHOMY
BBIIIIE.

Wrak, Bce yciioBust onpe/iesieHnst BEKTOPHOTO PACCIOCHUS BBITIOJHEHBI, CJI€I0BATEILHO, KACATEIHHOE PACCIIO-
eHne SBJISeTCH BEKTOPHBIM paccioenneM. Ero ciiosiMu SBIISIOTCST KacaTeJbHbIe TPOCTPAHCTBA B TOYKAX MHOIO-

obpazust M. O
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IIpumep 1.26. PaccMoTpum KacaTesnbHoe paccioenue K okpysxkuoctu S'. Toramsroe mpocrpancrso T'St mud-
deomopdHO AByMepHOMY THINHAPY. MBI He OyleM MOKa3bIBATDL ITOT (DAKT CTPOTO, & OTPAHUYUUMCH TOJIBKO
HEKOTOPBIMHU O0pa3HbIMU cooOpaxkeHusiMu. Kacare/ibHbIE MTPOCTPAHCTBA K OKPY?KHOCTH MBI MOYKEM IIPEJICTa-
BUTH cebe B BUJE KACATEJIbHBIX K Hell, TO ecTh B BuJe NpsiMbIX. "lloBepHem"sTu mpsiMble Tak, 9TOOBI OHU ObLIN
[IEPIIEHINKY/ISIPHBI TIJIOCKOCTH OKPY2KHOCTH. B pe3ysbrare MOydnM ABYMEPHBIH KPyroBoit mumuaap. Ecan #Ha
OKpYy2KHOCTHU (bukcupoBaTh ariac Ay u3 npumepa 1.20, To KapTaMu aIalTHPOBAHHOIO aTJIACA [IMJINHIPA OYIyT
JiBa "JIUCTa OXBATHIBAIOINX UJIKH/P W COCTBIKYIONIXCS IO TPSIMOJIMHEHBIM 00Pa3yIOIIIM, TPOXOJISIIINM depe3
Touku N u S OKpY?KHOCTH.

§1.7. TI'magkue ceyeHMsi BEKTOPHBIX PACCJIOEHMIA.

Hycrs (&, 7, #) — BekTOpHOE paccioenue. [nagkoe oTobpazkenue
s B (1.16)

VIOBJETBOPSIONIEE COOTHOITEHUIO
mTos=1id

HA3BIBAETCS 24a0KUM ceueruem pacciaoenust (&, 1, B).

Sameuanne 1.11. Tuaakoe orobpazkenne (1.16) siBisiercst cedeHmeM TOTJa W TOJIBKO Torma, Koraa s(b) € F
It 1060l Touky b € B, TO eCTh KOTJa OHO BBIOMPAET B KAXKJIOM cjioe Fp, syement s(b).

IIpengyoxxenue 1.2 . Mnoocecmso 6cex eaadxux ceuenuli 6exmophozo paccaoenus (&, m, FB) obpasyem eewse-
CMBEHHOE BEKMOPHOE NPOCMPAHCINEO.

Loxazameavcmeo. OnpeesinM OMEpaIy CJAOXKEHUS CEYeHUN M yMHOXKEHUE CeUYeHUs] Ha BEIeCTBEHHOE YHCJIO
CJIEYFOTIM 00pPa30M:

(s1 4 s2)(b) = s1(b) + s2(b);  (As)(b) = As(b), be A,

rie s, S1,Se — raaykune cedenusi, A € R. OdeBujHO, 9TO OTOOparKeHUsT S1 + So U AS SIBJISIFOTCS IJIQJIKAMK KakK
CyMMa U IIPOU3BEICHHUE TAKOBLIX. JI0KazKeM, 4T0 OHU yJOBJIETBOPAIOT YCJIOBUAM T o (81 +82) = id u wo (As) = id,
TO €CTh ABJLAIOTCS TJIaJKUMU cedenusamu. [Iposepum BTopoe ycjioBue (IlepBoe npoBepseTcs elne mnpoine). Meem

7o (As)(b) = w(As(d)).

Corutacuo 3amevanuto 1.11 snement $(b) npuHAMIEKUT CII0K0 %, KOTOPBIA SABJISETCS BEKTOPHBIM IIPOCTPAH-
crBoM. Torga As(b) — aseMeHT TOro Ke BEKTOPHOTO IIPOCTPAHCTBA Fp,, TO €CTh cJiosl Ha  Toukoii b. ITo ompe-
JIEJICHUIO TTPOEKITUH T 00Pa30M ITOTO JIeMeHTa Oy/IeT TOUKA, HaJl KOTOPOH BHCHT 3TOT CJIOH, TO €CTh TOYKa b.
Urax, mo (As)(b) = b s moboit b € B, 10 ectb 7o (As) = id.

OrMeTrM, 9TO HYJIEBBIM CeUeHUEM ABJIsieTCs oTobpaxkenue 0 1 B — &, KoTopoe KaxK 0l Touke b € 9B cTaBuT
B COOTBETCTBUE HYJIEBOI 3JIEMEHT COOTBETCTBYIOIIErO CJI0sd ), (MBI IOMHUM, YTO B BEKTOPDHOM DACCJIOEHUH CJIOU
SIBJISIIOTCSL. BEKTOPHBIME IIPOCTPAHCTBAMH).

Jlasiee poBepsIIOTCS BCe 8 AKCHOM BEKTOPHOI'O IMPOCTPAHCTBA. 110 IpoOHbIE BBIKJIAIKN MbI OCTABJISEM UHTA~
TEJTIO. 0

3ameuanue 1.12. Ormerum, 94T0 B 00IIEM CJIydae BEKTOPHOE MIPOCTPAHCTBO CEYEeHUI BEKTOPHOTO PAaCC/IOEHUS
He dABJIAETCS KOHEYHOMEPHBIM.

s juoGoii rankoit dbyukiun f € C°°(%4) na muoroobpasuu % u J06Oro CeYeHus § OIPeNesuM 0Tobpa-
xxenne fs: B — & no dpopmye

(fs)(b) = f(b)s(b), be B

IIpoBepbTe CaAMOCTOSITENBHO, UTO OTOOpazkeHne fs Oyler IIaJKuM cedeHueM paccioenus (&, m, A). Bee 8 ak-
CHOM W3 OIpeJieieHnsI BEKTOPHOIO ITPOCTPAHCTBA, TJie BEIeCTBEHHBbIE UMC/Ia 3aMEHEHbI Ha, IJIaJiKue (pyHKIUN
MHOr000pasus B, BbIIOJHAITCs (exuauneit Oyjer dyHKnus, KoTopas Jo0oi Touke 9B CTaBUT B COOTBETCTBUE
qucso 1). Dro ozuavaer (IO ONPEIEJICHUIO), YTO MHOXKECTBO IVIAJIKUX CEUYEHUIl PACCIOCHUs! ABJISIETCS YHUMAP-
Hom C°(A)-modysem.

Iycrs (U, ) — oKaabHast KapTa Ha MHOTOOOpa3un %, KOTOPYIo 6e3 OrpaHryIeHnst OOIHOCTH MOYKHO CUATATh
TpUBHAIM3UPYIOMeil okpecTHOCTBIO. Torma MuoxkecTso 7~ LU muddeomopdno nekapToBy npousseaenmio U X
R", a 3HAYNT, ABAAETCS OTKPBITHIM MOJMHOTOOOpasweM B &. Herpymano Bumerh, uro Tpoitka (7~ U, 7|y, U)
OyJleT BEKTOPHBIM PACCIIOCHHEM, KOTOPOEe Mbl Oy/IeM Ha3bIBATh “aCMbI0 BEKTOPHOIO paccioenus (&, m, B).

st 1106010 IJIaIKOro cedeHus s : % — & olpelenuM OToDparkeHne

sy:U—=n'U
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o dopmyie sy (p) = s(p), p € U. Orobpakenne sy GyJer MIQIKUM II0 OIPEIEICHHIO TIaJIKOro OTOOpaskeHusl, a
3HAYUT, OHO ABJAETCS TIQJKUM cedenneM paccioerns (11U, |y, U). Bynem HazbiBaTh cedenue sy cyscenuem
cevyeHnst s Ha 00JACTDb JIOKATbHON KapThl U. B ormmame or C°°(%)-Moynsa rIaKnx CedeHWil BCETO BEKTOD-
Horo paccioeruss C'°° (U )-Moj1y b 4acTH BEKTOPHOIO PACCIOEHUs 00JIa1a€T KOHEIHBIM YUCJIOM 0OPa3yoIuX, a
UMEHHO, BepHa

Teopema 1.2. Ilycmy (771U, 7|y, U) — wacmo eexmopnozo paccroenus (&, 7, %) nad mpusuasuzupyoued
oxpecmmocmuvio U, 20e nod 7|y Mbl NOHUMAEM CYIHCEHUE NPOEKUUU T HA OMKEPbIMOoe nodmmnozoobpasue 7~ U .
Toz0a cywecmeyrom n cenenuli

S1y.+.458n

paccaoenua (7~ U, 7|y, U), marue wmo aoboe cenenue s paccaoenus (1~ U, |y, U) npedemasumo 6 eude

s=sls1 4+ ...+ s"sp,

n

ede n — pane paccaoenus (8,7, B), st,...,s" — enadkue Gynxuuu na mrozoobpasuu U.

Joxasamenvcmeo. Tlyets x : U x R™ — 771U — Tpusnamsanus (cM. ompeiesieHne BeKTOPHOTO PACCTOEHNs §
1.6.). ITosmoKuM 110 OIpeIeIeHUIO

si(b) = x(b,e;), belU,i=1,...,n, (1.17)

rie (€1,...,6n) — CTAaHIAPTHBIN Gasuc apudmerndeckoro BeKTopHoro npocrpancrsa R”. Tak kak x — auddeo-
mopdusm, orobpazkenus s; : U — U apngiores riaaaxumu. [lo omrpe/ie/leHnio BEKTOPHOTO PACC/IOeHHs UMeeM
x(b,e;) € F. Torna
|y o si(b) = w(x(b,&:)) =,

TO ecThb 7|y © 8; = id, a 3HAUNUT, 8; — TIaaKue cedenus (m LU, 7|y, U).

JokarkeM, 4T0 IIOCTPOEHHAsI CUCTEMa, CeYeHUil (S1,. . ., S, ) ABJIAETCS JMHEHHO He3aBUCUMOIll (13 9T0ro dak-
Ta JIErKO CJIEJyeT eJMHCTBEHHOCTh PA3JIOXKEHUs JII0Oro CevdeHnsl 110 JAHHON cucreme cedennii). PaccmMorpum
JIMHEHHYI0 KOMOUHAIIMIO JIaHHBIX cedeHuii ¢ Koadbdunuentamu s € C*(U):

st (b)s1(b) + ... + 5™ (b)sn(b) = 0.
D10 paBeHCTBO BepHO i Ji060it Touku b € U. OurcupyeM 3Ty TOYKY U Bocosib3yeMcs dopmystoit (1.17)
st (b)x(b,e1) + ...+ 8"(b)x(b,e,) = 0.

Tlpu dukcuposannoii Touke b mouayuum, 9ro s'(b) ABJIAIOTCH BEIIECTBEHHLIMU YHUCJIAMHU, & OTOOPAYKEHUsI
x(b,€;) — usoMopdu3MaMy BEKTOPHBIX IPOCTPAHCTB (IO OLPEIEJIEHUI0 BEKTOPHOIO paccioenus). Toraa

x(b, s (b)e;) = 0.

Tak Kak 0To6pazkeHne X ABIATCA H30MOPGhU3MOM BeKTOPHBIX TPOCTPaHCTB, TO s (b)e; = 0w (s1(b), s2(b), ..., s (b)) =
0. Otkyna nosygaenm, aro s'(h) =0, i = 1,...,n. ITo paBEeHCTBO BEpHO JJIs JI060# Toukn b. OTIyCTHM Terepn

9Ty TOUKY. Torma mosyduM, 9170 (PYHKIUNA S° TOXKIECTBEHHO PABHBI HY/II0. TaKuM 00pa3oM, CHCTEMa CEIeHM

(1, .., 8n) ABIETCH JINHEIHO HE3ABUCHMOIA.

PaccMoTpuM mponssosbHOe cedenue s : U — 77U, @ukcupyeM IIpousBoabHYI0 Touky b € U. Kak Mbr
BUJIEJIN BBIIIE U3 OIPeJIeJIeHNs] CEUeHUs! ClejlyeT, uTo 3HaueHue $(b) B TOUKe b NPUHAJJIEKUT CJIOK0 Fp,, BUCS-
meMy Haz sToif Toukoil. Cioit %, comep:xuTca B MHOroobpasuu 7 U, xKotopoe muddeoMopdHO IeKapTOBY
npomsBegernio U X R™. Tak kak muddeomopdusm Y, B 9aCTHOCTH, SABJIsIETCS OUEKITHEH, TO CYIIECTBYET dJie-
MmenT (q,z) € U x R™, rakoii uro s(b) = x(¢,x). Ho cornacHo omnpeeseHnio BEKTOPHOIO PACCIOCHUST IJIEMEHT
X (¢, T) JoJKeH IpUHAIEXKATD €010 %,. OTKyna HoslydaeM, 9To b = ¢ U, CJIeI0BATENILHO, CYIIECTBYET JIEMEHT
x(b) € R™, Takoii uro

s(b) = x(b, z(b)).
Pazstoxum x(b) no cranmaprHomy 6azucy npocrpanctsa R™: x(b) = s¢(b)e;. Tax Kax 10 OIpeJIe/IleHIIo BeKTOP-
HOT'O PACCJIOEHUsI TIPU (PUKCAIMN TOYKY b OTOOparkeHne Y CTAHOBUTCS M30MOP(U3MOM BEKTOPHBIX IPOCTPAHCTB,
nMeeM

s(b) = x(b,x(b)) = x(b, 5 (b)ei) = s'(b)x(b,&;) = 5" (D)si.
Ecim Mp1 otniyerum Touky b, To s¢(b) 6ynyT dbyuxkuusmu na U. Ham octanoch nokasaTh, 9To 3TH (DyHKIUH
rnagxue. Uveem (b, s(b)e;) = x ! o s(b). Torma
s'(b) = ' opro o x ' o s(b), (1.18)

rae pro : U x R™ — R™ — mpoeKIus Ha, BTOPOil COMHOXKATEND, ' — (DYHKINA, CTABAMAd HabOPy U3 1 THCEN ero
i-it asement. Bee dyukimu, durypupyionue B coorromenun (1.18), sapisiorcs riaaakumu GYHKIUAME, & 3HAYAT,
IJIa/IKON (PYHKIIMEN SBJISETCA U UX KOMIIO3unus. TeM caMbIM HaIlle yTBEPKI€HUE JTOKA3aHO ITOJIHOCTHIO. O
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§1.8. BekTOopHBIE NOJIg HA TJIAAKOM MHOTO0Opa3um.

Hycrs M — riagkoe MuOrootpasue pasmepuoctu n. Liagkue cedenus kacareabuoro paccioenust (T M, mw, M)
HA3BIBAIOTCS (2A00KUMU) 6EKMOPHBIMU NOAAMY Ha MHOTOOOpasun M. Kak mbl Bumesnn onu obpasyio C°(M)-
Moayib. O6o3uauum ero depes X(M). HamomuuMm, 94T0 BeKTOpHOE 110J1€ — 9TO IvIajiKoe orobpaxenue X : M —
T M, koropoe Kax10il Touke p € M craBur B coorBercrsre napy (p, &), rie £ — HeKOTOPBIIl KacaTesIbHbI BEKTOD
B 9T0i1 Touke. Byrnem 0603HaYaTh KacaTeJbHBIN BEKTODP, KOTOPBI CTABUT B COOTBETCTBHE TOYKE P BEKTOPHOE
none X, depes X,. SamumeM QyHKINHN, 33Jal0NHe TaKoe oTobpaxkeHne X B Iape COOTBETCTBYIONIUX KapT
(em. Teopemy 1.1) (U, ) ma M ¢ xoopmuratamu (z1,...,2") u (V,1) na TM c xoopaunatamu (y', ..., y?").
Hanomuum, uto nepsble n KoopauHaT 104k (p, £) € T'M — 310 KOOPAUHATHL TOUKH P, & OCTAJILHBIE 72 KOODIMHAT
— 9TO0 KOOpAMHATEI BeKTOpa & B HaTypasbHoM Gasuce kaprol (U, ¢). Tormga

yl=u
A =g

=t )

Iepeble n dbyHKIMI TIaIKH TPUBHAIBHBIM 00pasoM. agkocTs octaBmmxcs 1 GyHKINA 03HAYAET, 9TO KOOP-
JIIHATBI KACATEIEHOTO BEKTOPA SABJISIOTCS TVIAJKUMH (DYHKIUAME KOODUHAT TOUKH.
Bexkroproe noste X onpegeinser orobpaxenue X : C°(M) — C*°(M) (mbl 6ymem 0603HAYATH €I0 TOM XKe
6yKBoii) 1o dopmyste
_9f
oz’ |,

(X)) = Xp(f) ()", (1.19)

e (Xp)i ~ KOOpAWHATEI KacaTeJbHOTO BeKTopa X, B HATypaJabHOM Oaswuce.

BHUMATEIBHO MTOCMOTPUM HA TH JBa paBeHCTBa. [lepBoe M3 HUX MHBAPHAHTHO (He 3aBMCHMO OT BBIGODA
JIOKAJIbHOHM KapThl) 3aaeT QyHKIWMO X f, HO HE rapaHTUPYeT ee IVIaJKOCTh. BTOPOe PaBEHCTBO 3aBUCUT OT
BBIOOpA JIOKAJBHON KapThl, HO IMOKA3BIBAETCs IVIAJAKOCTh (hyHKImu X f Kak JUHEHHOU KOMOWHAIMK TJIAJIKUX
dyuknmit. [TosTomy m3 BTOporo paBeHCTBa MBI OepeM IJIAJKOCTh, & U3 [IEPBOIO HE3ABHCHMOCTH OT BBIOODA
JIOKAJILHON KapThl. TakuM 0O6pa3oM, MbI TIOJIyIaeM KOPPEKTHOE OIpeeseHne oTroopaxKennsa X .

IIpennoxxenne 1.3 . OmobGpasicenue X : C®(M) — C®(M) sasazsemca R-aunetnom u ydosaemsopaem
npaguny Jletibnuya, mo ecmo

1) X(af +Bg) = aX(f)+B8X(g9), a,BeR;f,geC®(M);
2) X(fg) = X(f)g+ fX(9), fig € C®(M).

Taxue omobpasicerus Ha3viBaOMesa uPPepenyuposanuamu aazedpol 2aadkur Gynxuud. pyeumu crosamu,
A1060€ BEKTOPHOE NOAE MOHCETM OBIMD PAcCMOmpPero Kax duddeperyuposanue arzedpvl esadkur GyHKUUT.

Zloxaszameavcmeo. Mbl mpoBepuM BTOpoe cBoiicTBO. IlepBoe mpoBepsiercs anasiorndno. Mimeem

X(fg)(p) = Xp(fg) = Xp(fg(p) + f(0)Xp(9) = (X f)(p)g(p) + f(0)(Xg)(p) = (X f)g + f(Xg))(p), VP € M.

3/ech MBI BOCIIOJIB30BAJIUCH TEM, UTO KACATEIbHBIN BEKTOP MOXKHO PACCMATPUBATH KAaK MHMOUHATASUMAJIBHOE
muddepenimpoBanne, a JJjis Hero IpasBuio Jleitbana mveer Mecro. O

Bameuanme 1.13. MoxHo Jokazarh, uro J0boe auddepenimposanue anredbpsl riaagkux byuxmuii C° (M)
MOXKHO OTOXKJIECTBUTH ¢ HEKOTOPBIM BEKTOPHBIM IT0JIEM Ha, MHOTOOOpasuu M.

Wrak, aHAJOrHYHO CJIydat0 KacaTeJbHBIX BEKTOPOB, MBI IIOJIYYUJIN, YTO BEKTOPHBIE II0JIsi HA MHOI000Opa3un
M, ¢ OmHOU CTOPOHBI, SIBJISFOTCS TJIAJKVUMHU CEYEHHUSIMH KacaTe/bHOIO PacC/IOeHUs, a, C JPyroil CTOPOHBI, —
b depeHITNPOBAHUSAMA AJIT€OPHI TUIATKUX (DYHKITHIA.

Paccmorpum sokanbuyio kapry (U, ¢) ma maoroobpasuu M, rue U sBisercs TPUBHAJIU3UPYIONIEH OKpecT-
mocthio. Torma ompeseseHo BeKTOPHOE 1mojie Xy, KOTOPOe HA3bIBAETCs CyzKeHmeM BekTopuoro mois X ma U.
10T PAKT HA3BIBAETCS NEPELIM NPUHUUNOM AoKaru3ayuy. C Apyroil cropoHbl, Ha MHOr0OOpa3uu U ecThb CBOi
C>(U)-momynb raagkux BeKTOpHBIX moseit X(U). TlepBolit MPUHIAI JIOKAJIU3AIMN TOBOPUT, UTO BCE CYKEHUs
BEKTOPHBIX ToJieli MHOrooGpasust M Ha obiacts Kaprel U npunasyexar moxyno X(U). O6parnoe, Boobiie
rOBOPsi, HE BEPHO, TO €CTh He Jiioboe BekTopHoe mosie u3 X(U) Mbl MOXKEM paccMaTpUBATL KaK CyKeHHe HEKO-
roporo Bekroproro novg u3 X(M). Ho aysa moboro Bekroproro nois X € X(U) cymecrByer BeKTOpHOE 1OJI€
Y € X(M) u cymecrByer oTKpbiTOe MHOXKecTBO V' C U, Takoe 4ro

Xy =Yy,
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JIDYTHMH CJIOBaMU, ecjin "yMeHbINATH " 00/1aCTh KApThl, TO Cy?KEHUsI BEKTOPHBIX MOJIEH HA 9TOM yMEHBIIEHHOM
MHOYKECTBE COBIJIYT. DTOT (DAKT HA3BIBAECTCS GMOPbIM NPUHUUNOM A0KAAU3GUUY. JTOKA3aTETHCTBO MOYKHO
nocmorpers B MoHorpaduu C. Xejracona "JluddepennuaibHas reoMerpus U CHMMETPUYECKUE I[IPOCTPAH-
crBa 1964 wn B daiire diffsl.ps.

Braaromapst obonm mpuHNDMIIAM JIOKAJU3AMAA MBI MOXKEM CBECTH H3yYeHHE BEKTOPHBIX IOJIEH, 3aJaHHBIX
HA BCEM MHOTr00Opaswnu, K M3yYEeHUIO WX CY:KeHUH, 3aJaHHBIX Ha OOJACTIX KapT, U BO3BPAIIATH PE3YIbTATHI
nccJieIoBanns 00paTHO Ha BCe MHOT00Opasme.

Kaxk Mbl Bujiesm B 0011eli Teopur BEKTOPHBIX paccioenuit, Moayb X(U) obiasaer KOHEUHBIM YUCIOM 00pa-

syromux (IIpoire ropopsi, 6a3ucom). BBIsSICHUM, YeM sIBJISIIOTCSI CEUeHUs S1, ..., Sy B JAHHOM CJIydae.
Hanomuunm, aro s;(p) = x(p,&;), i = 1,...,n. Tak Kak Jyisg KacaTeJbHOr0 paccjaoenus X = id X 7‘;1, TO
0

7 =id ot i) = Ir— .
si(p) =id x 1y (pei) = (P, 55 ,,)

Bynem ob603HaUaTH BEKTOPHBIE OJIS S; Y€pPe3 % Hrak, BeKTOpHBIE TT0JIs

0 0
(M’-.-’W) (1.20)

o6pasytor 6azuc momysst X(U). Ona HasbiBaeTcs namypaavkowm 6azucom X(U). D10 HazBaHME 0OBSCHIETCS TEM,
YTO BTOPOI 9JIEMEHT 3HAYEHUsI BEKTOPHOTO IT0JIst % B TOYKE P COBIAJAIOT C COOTBETCTBYIONIIM KACATEIbHBIM
BEKTOPOM HaTypasbHoro Gasuca. Harypaububiiit 6asuc (1.20) Ha3BIBAIOT TaKKe A0KAAGHbBIM 0A3UCOM MOILYJIA
X(M). ObbsicHUM Telepb 9TO HA3BAHUE.

IIycrs X € X(M) — upousBoJbHOE BEKTOPHOE II0JI€, PACCMATPUBAEMOE KAK CEYeHUE KACATEIHHOIO Pac-
cnoerus: (TM, 7, M). Hns uero onpeneneno cyxenue X |y, KOTOpoe B KaxKo#l GpukcnposaHuoit Touke p € U
[IPEJICTABUMO B BHJIE

] )= 000 | ) = X

Xlv(p) = (s Xp) = (p, (Xp)i

3aecy Mbl npocto nepeobosuadun (X,)" va X'(p). U To u apyroe cyTb KOOPAMHATBHI KACATEJHHOIO BEKTODA.
Ho ecimn B epBoM citydae Todka p y Hac (PUKCHPOBAHA, TO BO BTOPOM CJIydae MbI ee OTIIyCTWiIn. B pesysbrare
MbI MOKEM BEKTOpHOE 110Jie X |7 IPEJCTaBUTL B BUJIE

0
oxt’

Xy =X"

TO €CTh CY?KEHHEe BEKTOPHOTO 110JIst X MPEJCTAaBIMO B BUJIE JIMHEHHOH KOMOMHAIINY BEKTOPHBIX HOJIEH HATYPaIb-
Horo 6asuca. Yacro numtyT (1 Mbl 6yZeM TakKkKe [IHUCATH)

. 0
X=X"—,
ox'
O/Ipa3yMeBasi, ITO B JIEBOIl YaCTU STOrO PABEHCTBA CTOUT HE CAMO BEKTOPHOE 1oJIe X , & ero CyKEeHHe Ha 00JIaCTh
JIOKQJIbHOM KapThl.

B cuity obrieil Teopun BEKTOPHBIX PacC/IOeHMil, PacCMOTPEHHOM Bhime, pyHKIun X — 310 riajakue pyHK-
1y Ha MHOr0oOpazun U. OHU HA3LIBAIOTC A0KAADHLMYU KOOPOUHAMAMU 6EKMOPHO20 NoASA X 6 HAMYPasbHOM
basuce.

[Tycts Ha MHOrOO6pasuu M dbukcupoBanbl j1Be nepecekarornecst kKapTbl (U, ) ¢ koopaunatamu (!, ... 2™) u
(V, 1) ¢ xoopmumatamm (y', ..., y"). Homydanm hopMyIb CBA3BIBAIONTIE BEKTOPHbIE TI0JIf HATYPATHLHBIX 6a31HCOB
stux KapT. Pukcupyem pousBobHyIo Touky p € U N V. Bocnob3yemesa onpeieieHueM BEKTOPHOTO TI0JIsT Kak
riajKoro cevenust u dbopmyloii (1.11):

8()7 91\ _ oxl| 0 78:vj() o) o )i()
8yip7 p’@yip N p’@yip&rjp 78yip p’axjp 78yip8xjp

Wrak, mbr mosrygaeM popmysty JiJisi BEKTOPHBIX I0JIell HATYPAJIbHBIX 0Aa3UCOB

o 0al 0
oyt Oyt dxJ

(1.21)

Sameuannue 1.14. Wrak, Ml Bumesn, 910 A5t 11060r0 BeKTOpHOTO mosst X ero suadenue X (p) = X, B mroboit
Touke p € M ecTb KacaTeabHBI BEKTOP U3 KacareabHoro npocrpanctsa 1), (M ). OkaspiBaeTcst BEPHO CJIeIyIOIIEee
yTBEpPXKIeHUE:
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Teopema 1.3. ITycmo § € T,,(M) — npoussosvhoui xacamesvhudl sexmop. Toeda cywecmeyem 6exmoproe nose
X € X(M), maxoe wmo
&= X,.

Lpyzumu crosamu, Kaxncovll Kacameavhvill 6eKMmMOop AGAACMCA 3HAUEHUEM HEKOMOPO20 GEKMOPHO20 NOAA MHO-
2006pasus M 6 dannoti mouxe.

Joxazamesvcmeo. Purcupyem jokasbhyio kKapry (U, ¢), cogepxainyio Touky p. O603HAYMM KOOPAUHATHI Ka-
caTebHOTO BeKTopa £ B HATypaIbHOM 6asmce 3Toi KapThl gepes (£1,...,£Y). DTo BemecTBeHHbIE YUCIA, TO €CTH
IOCTOSTHHBIE (PYHKIMN Ha MHOrooopasuu U, ciieoBaTebHO Tuiafkue pyHKIUA. 1orma Mbl MOXKEM OCTPOUTH
IJIa/IKOe BEKTOpHOe mosie Xy = Si% € X(U). Ero 3navenue B Touke p Kak pa3 coBuajer ¢ Bekropom &. Ilo
BTOPOMY TPHHIWIY JIOKAIU3AIUN CYIIECTBYeT oKpecTHOCTh V. C U Touku p u Bekroproe nome X € X(M),
rakue uro X |y = (Xy)|y. B wacrnocrn, X (p) = Xy (p) = €. O

DTa TeopeMa MOHAJI0OUTCS HAM BO BTODOI TJIABE.

IIpumep 1.27. Paccmorpum riiajxoe Muoroobpasue R2. UTo6bl GLLIO Jlerde IpeicTaBIsTh ero cebe, IoCMOT-
pUM Ha HEro KakK HA OOBIYHYIO INIOCKOCTB 0, B KOTOPO# (DUKCHPOBaHA IPAMOYTOJIbHAs IEKapTOBA CHCTEMA
koopyuHar. Hanomuaum (cMm. npumep 1.14), 9ro 310 IBYMEpHOE IUIaKoe MHOrooOpasue, artiac KOTOPOro COCTO-
ur u3 exuncrsennoit kKapthl (R2,id). Koopmunarsr (z!,22) 3Toit KapThl cyTh KOOPAMHATHI TOYKH IJIOCKOCTH
B BBIODAHHOI JEKapTOBOI crcTeMe KoopamHaT. Tak Kak y Hac BCEro JBe KOODJIMHATHI, 0003HAYNM ux OoJiee
IPUBBIYHBIM 00pa3oM (,y).

DuKcHpyeM MPOU3BOIBHYIO TOUKY p = (9, yo) Ha R?. Kak mbi 3Haem (cm. emmy 1.1 n gasee), KacaTeabHoe
IIPOCTPAHCTBO TP(RQ) msomopdHO R?, a 3HAUUT, MOKET GBITH C HUM OTOXKJECTBJIEHO. B cBOIO ouepens R? Mbl
MOXKEM OTOXKJECTBUTH C JIBYMEPHBIM BEKTOPHBIM IIPOCTPAHCTBOM "OOBIYHBIX'"BEKTOPOB, HMApaIeIbHbBIX ILJIOC-
KOCTH O CJICAYIOMIM o0pa3oM: KaxKAoH Imape BelIeCTBeHHBIX Uhcea n3 R? IOCTABHM B COOTBETCTBHE BEKTOD C
TAKUMU K€ KOODJIMHATAMH OTHOCHUTEJIbHO 0a3MCa BBEIEHHON CHCTEMBI KOOpAMHAT. TakuM 0Opa3oM, Kacaresib-
HbI€ BEKTODBI B TOUKE (X0, Yo ) OTOKIECTBISIOTCH ¢ "0OBIYHBIME " BEKTOPAMU, apaJuIeJIbHBIME IJI0CKOCTH 0. [Ipu
3TOM KOODJIMHATHI KacaTeabHoro sekropa B kapre (R?,id) cyTh KoopmHATH "06BIMHOTO" BEKTOPA, ¢ KOTOPHIM
OTOXKJIECTBJISIETCSI KACATEJbHBI BEKTODP, OTHOCUTEJIHHO Oasnca (PUKCHUPOBAHHON IMPAMOYTOJIBHOM JI€KapTOBOM
cucreMbl KoopauHaT. Ecjiu xoTure, MOXKeTe IPEJCTaBIATh KacaTe/bHble BEKTOPDI B TOUKE (X, Yo) KAK HAIPAB-
JIeHHbIE OTPE3KH, OTJIOJKEHHBIE OT 3TOi TOUKW. B 9acTHOCTH, BeKTOpa HaTypasbHOro Gasmca (ef,e)) B Touke
(z0,y0) cyrb "obObrunble" BeKTOPA, UMeKOIHUe B Hasuce IPIMOYIOJIBHON IeKAPTOBON CUCTEMBI KOODAUHAT KOOD-
muaate (1,0) u (0,1) coorercrBento. CiieloBaTENBHO, 3TO BEKTOPA in ; Ouarp /s HAIVISTHOCTH MBI MOYKEM
OPEJICTABISATD UX OTJIOXKEHHBIMU OT TOYKH (g, Yo )-

PaccMoTpuM Tereph MOy b TIakux BekTopHbx moseit X(R?). Haunem ¢ marypasibaoro 6asuca. Tak kKax
KapTa y MHOTooOpasusa R? ojHa, To HaTypasbHbIH Gasuc ompesesen riaobanbio. B Kaxioit Touxe (1g,Yo) 3Ha-
9eHUsI BEKTOPHBIX IOJIEH (8%, 8%) — 9TO BEKTOPBI HATYPAJIBLHOTO Ha3mca KacaTebHOrO IIPOCTPAHCTBA, TO €CTh B

J1060#t TouKe (Xg,Yo) — ITO BEKTOPHLI 4 U j. VITak, BEKTOPHBIE [0JI HATYPAJIbHOIO Ha3uca — ITO BEKTOPLL i U j
GbUKCHPOBAHHON IPSIMOYTOJIBHOM JTIEKAPTOBOI CHCTEMBI KOOD/INHAT.

PaccMOTpUM BeKTOpHOe Tiosie (OUeBHIHO TIajKoe, Tak Kak Koopamnatel X!(z,y) = x n X2(x,y) = y —
riaKue OyHKIIN)

X = xi + y2
Ox
Vcnonb3yst BBeieHHBIE OTOXKIECTBJIEHNUsI, HAPUCYITE MMOJIyIeHHOE BEKTOPHOE IIOJIE.

ObpartuTre BHUMAHUE, 9TO B 3TOM IIPUMEPE MbI HMOJYIHJIA MOJTY/Ib TJIAJIKUX BEKTOPHBIX TOJIEH KOHETHOMED-
HBIM (2 TOYHEee ABYMEPHBIM ). st Hero 3ro 00bICHSIETCS TeM, 9TO MHOr00Opa3ue MOXKHO [IOKDPLITh €UHCTBEHHOM
kaproii. Kpome Toro, Mbl IoJIyYnJin, YTO KacaTe/IbHOE IIPOCTPAHCTBO B KAXK 10N TOYKE U30MOPMHO MOJLYJIIO TJIaI-
KIX BEKTOPHBIX MOJIeil (M cCaMOMy IVIaIKOMY MHOT006pasnio). DToT haKT HMeeT MecTo He TOJIbKO Jid R2, Ho u
JJIst JIFOOOTO TVIAJIKOTO MHOTO0OPAa3usl, SBJISIOINIErocsi KOHETHOMEPHBIM BEKTOPHBIM IpocTpaHcTBoM. [locTapaii-
TeCh JIOKA3aTh 9TO CAMOCTOATENbHO. []

IIpumep 1.28. Ilocmorpum Jpyroit mpuMep IVIQJIKOTO MHOI000pas3us, ¥ KOTOPOro €CTh IVIODAJIbHBIN 0asuc B
MO/JTyJIe TJIAJIKUX BEKTODPHBIX HOJIeHl, XOTsI OHO HE MOYKeT OBITh MOKDPBITO OJHON Kaproit. ObpaTuTe BHUMaHUE,
9TO CJIEJIYIONINE PACCYK/IEHUs He SIBJISIFOTCSI CTPOTUMU, & HOCST MHTYUTHUBHO— MJLIIOCTPATHBHBIN XapakTep.

PaccmoTpuM okpyzkHOCTE S'. B Kazk10il ee TOUKe KacaTeIbHOe IPOCTPAHCTBO MOMKET OBITH OTOMKIECTBJICHO C
R!, T0 ecTh MBI MOXKeM IPEICTABUTE cebe KacaTeIbHoe IPOCTPAHCTBO KaK MHOMKECTBO BCeX "' 0OLIMHEIX "BEKTOPOB,
apaJiIeJIbHBIX KACATEIHHOM K OKPYKHOCTH B 9TOH TOUKe. [1ajkoe BEKTOPHOE 10JIe HA OKPY2KHOCTU — 9TO MHO-
JKECTBO KacaTeJIbHbIX BEKTOPOB, "3aKpPyYeHHBIX B OHY CTOPOHY"Y KOTOPBIX JIJINHA SIBJISETCS TVIAIKOM hyHKIIE
TOYKHU OKpy2KHOCTU. Torja, B3sB BeKTOpHOE 1ojie X C €JIUHUYHON JJINHONW BEKTOPOB, MBI MOXKEM JIFO0OE JIpyroe
BEKTOpHOe 1oJjie Y Ha OKPYXKHOCTH MOJYyYnTh n3 X, ymMHOXkast X Ha WIaJAKyo GyHKmo guuHbl Y. Takum
00pa3oM, MbI ITOJIy9aeM IJI0DATbHBI Oa3UC MOMYJIS IVIAJKAX BEKTOPHBIX TOJIEH HAa OKPYKHOCTH.

V:ike Ha AByMepHOIi cdepe CUTyalust MEeHsIeTCs B KOpHe. [J100apH0ro 6a3uca TaM HeT. DTO CJIeyeT U3 TOro,
970 J1I000€e BEKTOPHOE ToJe Ha cdepe UMeeT TOUKY, B KOTOPOil OHO 0OpaIaeTcs B HYJIb.
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§1.9. KommyTaTop BEKTOPHBIX I10JI€IA.

Hycrs X, Y € X(M) — npousBo/ibHbIE BEKTOPHBIE TOJIsl HA TIaJAKOM MHOrooOpasuu M, paccMaTpuBaeMble Kak
muddepeHInpoBanns aaredpbl TIAIKUX GyHKINE. PaccMOTpuM KOMITO3UITIIO

XoY :C%M)— C™®(M).
Or1o R-jmHeiltHOE 0TOOpaXkenue, HO npaBuiio JleiibHuna He BbINOJHsIETCs. JleificTBUTENIBHO,

XoY(fg)=XY(fg9)=XY(flg+ fY(9)=XY(f)g+Y()X(g)+X(f)Y(9) + fX(Y(9) = (1.22)
(XoY(f))g+ f(XoY)(9)+Y()X(9) +X(f)Y(9), frg€ C=(M).

Bunno, uTo mepBble JBa caraeMbIX KaK pa3 HYyXKHOe HaM MpaBujo JIefibHuIa, HO €CTh elle JiBa CJAaraeMbIX,
KoTopble MemaroTcs. [lompobyeM UCIIpaBUTh CUTYAIIUIO, BHIYUCIIUB

YoX(fg) = (Y oX(f)g+ F((YoX)(g)+X(f)Y(9)+Y()X(g). (1.23)

Boranrag uz dopmysst (1.22) dopmyany (1.23), noxydanm
(XoY—-YoX)(fg)=(XoY—-YoX)(flg+ f(XoY —Y o X)(g).

910 ozHauaer, uro R-ymueitnoe orobpaxkenne X oY — Y o X ymosiserBopsier npasuity Jleitbauna, a 3HaqnT,
SIBJISIETCH BEKTOPHBIM HosieM (cM. 3amedanue 1.13). Ono obosnavaercs [X,Y] u HasbBaeTCA KOMMYMAMOPOM
8EKMOPHBLT noaet W ckobxoti Jlu.

Hrak, mo onmpenenenuio

[X,)Y]=XoY —-YoX.
Bapgaga 1.10. Tokaxkure, 910 151 100X BeKTOpHBIX nosieit X, Y, Z € X(M) uMeroT MecTo TOXKIecTBa

1) [X,Y] =-[Y, X] AHTUKOMMY TATUBHOCTD;
DX, Y], Z]+[[Y. 2], X]+ [[Z,X],Y] =0 roxznecrso fxobu.

VKazaHue: IpuMeHnuTe ompejesenne ckooku Jlu.

IIpumep 1.29. Jlokaxkewm erne jiBa cBoiicTBa ckoOKu JIu. Bo-meperix, ckobka JIu objiagaer cBOWCTBOM aJiiu-
TUBHOCTH 10 KaXKJIOMY apryMEHTY, TO €CTh

X+Y.Z=[X,Z|+[V.Z); [X,Y+Z]=|X,Y]+[X,Z].

Bo-Bropsix, ckobka JIu obiamaer csoiictBoM R-0MHOPOIHOCTH, TO €CTh BEIIECTBEHHBIE YHC/Ia MOXKHO BBIHOCUTH
3a 3HaK CKOOKM JIm,

AX,Y] = [X,\Y] = \X,Y], X,Y €X(M),\€eR,

HO He obuastaer coitcrBoM C° (M )-oaHOpogHOCTH. BMECTO 5TOTO CBOMCTBA MMEIOT MECTO PABEHCTBA
X Y] =X, Y]-Y(NX; [X,fY]=fIX,Y]+X(f)Y. (1.24)

JeficTBUTEIbHO, U1t TIPOM3BONIbHBIX MIaakux dbyHkuuii f,g € C°° (M) u npon3BOJBHBIX BEKTOPHBIX IMOJIEH
X, Y € X(M) numeem

[fX,Y](g) = (fX)oY(9) =Y o(fX)(g)=f(X(Y(9)—Y(fX(9)=f(X(Y(g9)—Y(f)X(9) — fY(X(9) =
= f[X,Y](9) =Y () X(9) = (f[X, Y] =Y (£)X)(9).

3/1ech MBI BOCHOJIB30BaIUCh paBmwioM Jleitbnuia. Tak Kak [MOJydeHHOEe PaBEHCTBO CIIPABEJINBO JIJIsl JIIOOOI
dyHKIMU g, TO MBI JI0Ka3aIM 1epBoe paseHCTBO U3 (1.24). BTopoe paBeHCTBO J0OKA3bIBAETCS AHAJIOTUIHO.

CaoiicTBa a/inTUBHOCTH 1 R-0IHOPOIHOCTH JIOKA3BIBAIOTCSI aHAJIOTUYIHBIM 00pa3oM. [IpoBenure paccyxie-
HUSI CAMOCTOSITEJIHHO.

IIpumep 1.30. Haiinem kacarensusiii Bektop [X,Y],, Koropslit BekTopHoe noste [X, Y] craBut B cooTBETCTBHE
IIPOU3BOJIBLHOM TOuKe p € M.

TTo onpeseenuo BEKTOPHOTO 10Jis Kak auddepenimposanus aaredpbl raaakux dyukmuit (em. (1.19) umeem
st 060l tagkoit dynkuuu f € C° (M)

(X, Y], (f) = (X YI()(p) = (XY () = Y(X(N))(p) = Xp(Y(f)) = Y(X(f)) = (Xp oY =¥, 0 X)(f).

Nraxk, MbI mosydaeM, 910

[X,Y],=X,0Y —Y,0X.

Ob6paruTe BHUMAaHHUE, 9TO 37€Ch BEKTOPHBIE TOJI PACCMATPUBAIOTCs KakK AU dEepeHIInpOBAHNS AJITreOPhI IIa/I-
KuX PYHKINN, & KacaTeJbHble BEKTOPHI — KaK NHOUHATA3UMAIbHDBIE TU(MOEPEHTTMPOBAHASA.
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[Tycts na MuHOrOOOpasun M dukcuposana jokaibias Kapta (U, ) ¢ koopmunatamu (z1,. .., z™). Haitzem
KOODJIMHATHI BEKTOpHOTO 110411 [ X, Y] B HATYpasbHOM Gasuce 5T0# KapThl. Vcnob3yst onpeenerne cKooku J1u,
(1.19) u upasuio JlefiGHuIA, TTOIYIUM

of . Of N\ O .. afavi_. 0*f .. of 0Xi.
XY :XY —YX :X ,YZ _Y ,XZ :fX]Y’L 7X‘7—7 Y — ,%Y]
X Y1) Y=Y (X)) (83@1 > (8331 ) Orixi 00t D Ozl Ozt Ozi
PaccMoTpuM ciaraemble a?ji - XIY't — 6221--3’: - X'YJ. Bo BTOpPOM cJTaraeMoM MHJIEKC CyMMUPOBAHHS i 0GO3HAYTIM

gepe3 j, a MHIAEKC CyMMUpOBaHms j — depe3d ¢. Tak kak QyHKius [ riagkas, B 9aCTHOCTH, HEIPEPBIBHAS,
TO MOPAJIOK B3dATHA IIPOU3BOJHON He BarKeH, a 3HAYUT, PACCMOTDEHHBIE cJjlaraeMble B3aMMHO YHUYTOXKAIOTCH.
OcraBImecs: JBa CJIaraeMbIX 3aldIleM B CJIEYIOIIEeM BHJIE

X, Y](f) = (?;X - ZfY) (1), vf e c=(m).

ox?
Wrak, MBI moaydaeM (opMyIly sl BHIYACJICHNs CKOOKM JIM BEKTOPHBLIX IOJIelt B JOKATLHON KapTe:

oYyt . 9xXi_\ 8
X, Y] (&fcj XY ) ori

IIpumep 1.31. Boraucium 1o popmyste (1.25) KOMMyTaTOp BEKTOPHBIX I0JI€fl U3 HATypaabHOro 6asuca. Nmeem

4 s
o 0 (0, o\ o,
Oxk’ ozt Axi k 9xit ) At
HMTaK, KOMMYyTaTOP BEKTOPHBIX II0JIeff HATYPAJILHOrO 6a3ica paBeH HYJIO. B YaCTHOCTH, BEKTODHbIE 110/ HATY-
PaJILHOTO 6a31ca KOMMYTHPYIOT, TO €CTh

(1.25)

7] 0 0 0

oz% ° 92t ~ 02t ° 0aF

DTO U He yAWBUTEIbHO, TAK KAK Mbl 3HAEM M3 MATEMaTUIECKOI'O AHAJU3a, UTO B3sITHE YACTHBIX [TPOU3BOIHBIX
HEIPEPBIBHOM, B 9aCTHOCTH, IVIAJIKON (DYHKIUU HE 3aBUCHT OT MOPSIKA, B KOTOPOM 3TU YACTHBIE IIPOU3BOIHBIE
6epyTcs.

§1.10. KokacareabHoe paccJsioenue. luddepennuanbubie 1-dopmbl.

Ilycte M — trajikoe mMHOroobGpasue paszmepHocTH n. JlJjisi HEro Mbl ykKe ONpENEe/IMIA KacaTebHble BEKTOPHI,
KOTOpBIE B KaXKJOH Touke MHOTOoOpasust M 00pa3yioT BEKTOPHBIE MPOCTPAHCTBA Pa3MEPHOCTH M, MOCTPOU-
Ju KacaresbHoe paccioenue (T'M, 7, M) u ero cedenusi Ha3BaJu BEKTOPHBIME IIOJISIMUA Ha MHOroobpasum M.
Jpyrumu ciioBamMu, BEKTOPHOE TIOJIE — 9TO COBOKYITHOCTH KACATEIbHBIX BEKTOPOB, KOOPJMHATHI KOTOPBIX B Ha-
TYpaJIbHOM 0a3nce KacaTesIbHBIX IPOCTPAHCTB IVIAQIKUM 00Pa30M MEHSIIOTCS IPH IIePeX0Jie OT TOYKU K TOUKE,
TO €CTh SIBJISTIOTCS TJIAQJKAMU (DYHKITUSIMH.

Kak MBI 3HAEM ©3 Kypca TEH30DHOU ajreOpbl, Jist JII0OOr0 BEKTOPHOIO MPOCTPAHCTBA, B YaCTHOCTH, JIJIsI
KacaTeJbHOro Ipocrpancrsa 1, (M) onpeeseHo IBOICTBEHHOE IPOCTPAHCTBA, COCTOsIIee U3 R-yIHHeiHBIX 0T00-
paxkenuit Buga u : T,(M) — R. Dru orobparkeHus HA3BIBAIOTCA KOBEKTOpaMu. MHOXKeCTBO BCEX KOBEKTODOB,
OIpEeIeHHBIX Ha BeKTOpHOM npocTpancTse Ty, (M) obanaer cTpyKTypoil n-MEPHOTO BEKTOPHOIO IIPOCTPAHCTBA
u obosnauaercs T, (M).

Mpr HadHeM H3yHUenne MPOCTPAHCTB KOBEKTOPOB ¢ MocTpoenns 6asuca mpoctpanctsa T, (M), aBoticTBeHHOTO
HaTypaJbHOMY 6asucy kacaresbHoro npocrpancrsa 1p,(M ). @ukcupyem ma M noxamsryio xkapry (U, ¢). Toroa
B Kazk1oit Touke p € U onpegensiercs: uzomopdusm (cm. § 1.5.)

ry : Tp(M) — R”,

CTaBANMI KaXKJIOMY KacaTeJbHOMY BEKTOPY ero Koopiuuarol B Kapre (U, ¢) win, 9T0 9KBUBAJIEHTHO, KOODIH-
HATLl B HATypaJbHOM Oasuce mpoctpanctsa 1), (M ). Pacemorpum orobparkemnust

zior, : T,(M) =R, i=1,...,n,

rae ' : R” — R — dyHnkuu, crapsmme B COOTBETCTBUAE HADOPY M3 71 duces ero i-e dncjio. OUeBUIHO, UTO

dysknun z° R-nmHeitHBI, KpoMe Toro, MBI JoKazann, uTo R-mumeino otobpaxkenme r,. Torma oTobpazkeHms

x* o 1, OymyT JIHHEHHNBI, TO eCTb OYyOyT KOBEKTOpAMH, OIPEIeJCHHBIME Ha BeKTOPHOM mpoctpamctse 1, (M).

Bynem obosnagars ux z* or, = (dz*),. Utak, mra xaxknoit Touku p € U u3 obsacTu JIOKAJIbHON KapThl MbI
2 P J

IIOCTPOMJIA COBOKYITHOCTH KOBEKTOPOB

(dz¥), : T,(M) =R, i=1,...,n.

24



OTH KOBEKTOPBI NPETEHIYIOT Ha 3BaHUE JIyaJbHOro Oa3nca, TO ecTh 6asnuca BEKTOPHOro npoctpancTsa 1) (M).

Hanomunm (cM. daiin tenz alg.pdf), uto cucrema xosekTopos (el,...,e") aBiserca MyaabHBIM Ga3HCOM JIst
6asuca (eq,...,€e,) BEKTOPHOIO IIPOCTPAHCTBA V TOrJ@A U TOJIBLKO TOI/A, KOIJa
i _si
€ (ej) - 5jv

re 5} — nenbra Kponekkepa. st Hatero cirygdast nvmeeM

(dx*)p | = =| — = §L. (1.26)
J J J
x|, Oz |,
Urak, MBI TIOKa3aJIH, 9T0 CHCTeMa KOBeKTOpoB ((dzl),,...,(dz™),) sBaserca JayaJbHBIM GasucoM JyIs HATY-

paJIbHOTO Da3mca KacaTeJIbHONO TPOCTPAHCTBA. ByIeM HA3BIBATH €r0 HAMYPaLbHbLM KOOA3UCOM.
Teneps y HaAC BCe TOTOBO, YTOOBI IIOCTPOUTH KOKACATEJIBHOE PACCIOCHHE [0 AHAJIOIMH C KACATeJIbHBIM Pac-
cioenuem. Obosnauum yepes T M MHOXKECTBO BceX KOBEKTOPOB M3 BCeX MPOCTpaHcTs Th; (M), p € M, To ectb

T"M = U (p,u).
peMueT; (M)

Pacemorpum tpoiiky (T* M, w, M), tie orobGparkeHne
w:T*"M — M

3ajtaercs hopMyIIoit
7((p, u)) = p.

OxasbiBaercst, uto Tpoiika (T*M, 7, M) siBisiercst BEKTOPHBIM pacciaoeHneM. OHO HA3BIBAETCS KOKACAMEADHbIM
paccaoenuem. CIOSMI STOTO PACCIIOCHHSI SIBJIAIOTCS KOKacaTebhble npocrpanctsa T (M).

Mbpr1 He GyzeM IPOBOAUTD OAPOGHOE JOKA3ATEILCTBO TOro, uro (T* M, 7, M) — BekTOopHOE paccioenue (OHO
AHAJIOTUYHO CJLy9al0 KACATEIbHOIO PACCIOCHNUS ), & JIUIIb CKAYKeM KaK CTPOATCH JIOKAJIbHBIE KADTHI Ha 271-MEPHOM
muoroobpasun T* M. Tak kak M siBiserca riagxuM MHOroobpasueM, Ha HeM ectb ariac A = {(Uy, @q . lomuble
npoobpassr V, = 7 1(U,) GymyT obmactamu xapt ma T*M. Kaprupyiomue orobpaskenus b, : Vo, — R*"
Oy/lyT CTABUTH B COOTBETCTBHE Kaxkjaoi Touke (p,u) € V, HaOOp m3 2n 4uces, B KOTOPOM IIEPBBIE N YHCEJ
CYThb KOODJMHATHI TOUKH P B JOKaIbHOH Kapre (Uy, Pq), & OCTAJIBHBIE 7 9UCE] — KOOPAUHATHI KOBEKTOPA U B
HATYPAJBLHOM KODA3UCEe ITON KapThI.

Pacemorpum raazikue cevenns w @ M — Ty (M) xokacarenproro paccioenns. Onn naspisaiorcs dugddiepen-
UUANOHBMY 1-PopMmamu WA TTPOCTO 1-hopmamu.

B nape coorserctiyiomux KapT (U, ¢q ) ¢ koopmuaaTtamu (xl, ... 2") u (V,, 1Y, ¢ koopmunatamu (y!,. .., y>")
rJIajIKoe CeUeHUe W 3aJIaeTCsl CISAYIONMME TVIaJKUMU (DYHKIIUSIMU:

y =z
n n

St yn-{—lx 1 n
Yy =y (2t 2™
y2n = un(xlw"?zn)'

3ameTnM, 4TO NEpBble N (PYHKIUN TJIaIKd TPUBHAILHBIM 00Pa3oM.

Muoxkecrso 1-bopm obpazyer C° (M )-momysb (310 ciiemyer u3 o6IIEH TEOPUH IVIQIKUX CEICHUH BEKTOD-
HBIX paccioenuii § 1.7.) u obosnauaercs X*(M). Bynem obo3nagaTh KOBEKTOD, KOTOPLI craBur 1-popma w B
COOTBETCTBUE TOUYKE P, YEPE3 Wp, TO ECTh

w(p) = (p,wp)-

Dukcupyem sokanabHyto kapry (U, @) va M. Torna C°(U)-momysns X*(U) uMeer KOHEUHOE YnCIO 06pas3yo-
X, TO eCTh 6a3nuc. AHAJIOIMYHO CJIyYal0 BEKTOPHBIX IOJIEHl JOKA3BIBAETCS, YTO COBOKYIIHOCTH 1-bopM

(dat, ... dz"), (1.27)
riie dz'(p) = (p, (dz?),) obpasyer 6azuc moxymns X*(U).
U3 (1.26) crenyer, uro 6asuc 1-bopwm (dal,. .. da") asaserca ayambabivM HaTypaabHomy 6asucy X(U). On

HA3BIBACTCS OYAALHOM HATMYPAALHBLM OA3UCOM.
Jisa m060ii bopmbr w € X* (M) uMeer MeCTO pas/IoKeHue

wly = widz’
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rie w|y — cyzxemnne GOpMBI w Ha 06IaCTh KapTHl, w;(p) — KOOPAUHATLI KOBEKTOPa Wy OHU ABJIAIOTCS IVIaIKAMI
dyarnusavu na U. Kak u B ciiydae BEKTOPHBIX IO/l IPUHSITO MUCATDH

w = w;dx’,

moJipadymMeBasi, 9TO B JIEBOI YaCTU ITOrO PABEHCTBa CTOUT He caMa 1-dopMma w, a ee CyKeHHe Ha KOO UHAT-
HyI0 OKpecTHOCTh. Basuc (1.27) HasbiBaeTcs sokasvhbim basucom modysa X* (M), a dynkin w;, i = 1,...,n
HA3BIBAIOTCS A0KAALHOLMU Koopunamamu 1-dopmbl w B 6asuce (1.27) wiu jokaasHoit kapre (U, ).

I[TycTs mambl e gokaababie KapThl (U, ) ¢ kKoopmamatamu (xt, ... x™) u (V1)) ¢ koopmaunaramu (yt, ..., y").

HaiieM cOOTHOIMEHNS, CBA3bIBAIONINE JTyaabHble 6asuch (drl,... dz") u (dy',...,dy") sTux Kapr.
HanomuuM, 94T0 B Kypce TeH30PHOM aredphbl Mbl IOKA3aJIH, YTO eci (€1, ..., e,) u (€1,...,&,) — ABa Gasuca
BeKTOpHOTO TIpocTpancta V, (el ... ") u (¢,... &) — cooTBeTCTBYyIONME UM JIyalbHble GAZUChI, TO

ei=Cley & =(CV)iel,

TO €CTh JyaJbHbIE OA3UCHI CBA3AHBI € MIOMOIILI0 OOPATHON MATPUILHL.

Ucnonpays sator dakt, paccmarpuBast 1-opMbl HATYPAIBHOTO 0a3nca Kak IVIAKOTO CEU€HUs, U UCIOJIb3Ys
(1.21) mosyunm

oy’ ; oy’

dal|, | = ==

dy'(p) = (p,dy’lp) = | P, 7 - (p)da’ :
y'(p) = (p,dy’lp) = | p, 5o | 'l 5,7 (P)42’ (p), Vp €U

k3 i
3/1eCh MBI BOCIIOJIB30BAJIACH TE€M, 9TO MATPUIlbl ZK0OH (%) u (%) SABJISIIOTCS B3aUMHO obparHbIMHU. VTax,

MBI TIoJIy4daeM (hOPMYJIy, CBA3BIBAIONIYIO JAyaJIbHbIE HATypaJbHble HA3UChI

_ W (1.28)

dy® =
Y oxd

[Tycrs w € X*(M) — upoussosibhas 1-dbopma. OHa oupezeiser orobpazkeHne
w:X(M)— C>®(M) (1.29)

1o opmyite
w(X)(p) = wp(Xp), X € X(M),pe M.

Jokaxkem, 9TO 9TO OIpejesieHne KOPPEKTHO, TO ecTh (MyHKIms w(X ) NeHCTBUTEIBHO ABJISIETCHA TIAJIKOIL.
Duxcupyem snokanbuyio kapty (U, ¢) Ha M u npoussosbHyio Touky p € U. Torma KoBeKTOp w)y, U KacaTebHBII
BEKTOP X, MBI MOXKEM Pa3JI0’KUTb 110 COOTBETCTBYIOMIUM HATYpPaJIbHBIM 0a3ucaM, CJIeI0BATEe/ILHO,

w(X)(p) = wp(Xp) = (wp)i(dzi)p (Xp)j % = (Wp)i(Xp)i (1.30)

3/1ech MBI BOCITOJTH30BAJIUCH JIMHEHHOCTHIO KOBEKTOPA U JIYAJBHOCTHIO HATYPAaIbHBIX 0a3ucoB. OTIoycKaeM TOUKY
p U noJygaeM, 4o cyxkenue dbyukimu w(X ) Ha 061aCTh IPOU3BOJILHOI KAPTHI ABJISIETCs JUHEHHON KoMOnHaImelt
TIaIKAX YHKIIIT

w(X) = w X',
To ecthb ryaKo. Torya cama dyHkIms w(X) rIajgKas mo OlpeeIeHuo.
Bagaua 1.11. Tokaxwure, aro orobpazkenue (1.29) ssisiercst C'° (M )-nmuHelHBIM.

Bameuanne 1.15. MoxHo sokasaTe u o6paTHoe. A nmenHo, uto mwoboe C° (M )-nuHeitHoe 0TOGPaXKeHNe
w:X(M)— C*(M) (1.31)

OIIPEJIeJIFET TIaJIKOe CEeUYeHMe KOKACATEJILHOIO paccjioeHus s, npudem orobpazxkenue (1.30), ompemessiemoe s,
COBITAJIAECT C OTOOPAYKEHTEM W.

Urak, muddbepennmanbubie 1-Gpopmbl, ¢ OHON CTOPOHBI, — TO IVIAJIKNAE CEIEHNsT KOKACATEIBHOTO PACCIIOe-
HUs, & ¢ Ipyroii cropousl, — C'*° (M )-nuneitabie orobparkenus Buga (1.31).
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§1.11. BekrtopHoe pacciioenue TeH30poB Tumna (r,s). TeH30pHBIE MMOJIT HA MHO-
roobpasmumn.

11.1. IIycts M — riagkoe MHOrooOpasue pa3sMepHOCTH N. s KasKa0il ero TOUKU p ONpPEIeIeHO KacaTeIbHOe
npocrpanctso T,(M) u xokacatembuoe npoctpanctsa 1y (M). OHE ABIAIOTCA N-MEPHBLIME BEKTOPHBIME TIPO-
CTPAHCTBAMH 1 OIIPEIEIISIIOT BeKTOpHOe mpocTpancTso Ty (T, (M)) renzopos tuma (1, s) (cu. daiir tenz alg.pdf).

IIpu dukcanun jokambHoit Kapthl (U, ) Ha M ¢ xoopumaTtamu (2!, ..., 2™) 1yid KayKJI0ro BEKTOPHOTO

npocrpaucrsa T (T,(M)) onpenensiercss KaHOHIIECKUii 6a3uc

. ) b
21 T
(dz")p @ ...® (dx )p®—alep®...®axjsp , (1.32)
TJE 41y -y bpy 1y, Js IPUHAMAIOT 3HaYEHUSA OT 1 JIO0 1, & (7621 !p ey Tin p) u ((dggl)p7 o, (dz™),) — nary-

pasbubie 6azucer npoctpancts Ty,(M) u T (M) cooreTcTBeHHO.
PaccmoTpum MHOXKECTBO
S
TM = U (p,t)
pEM teTs(T,(M))

n oupesieuM orobpaxkenue 7 : TS M — M dopmyiioit

m(p,t) = p.

Torna tpoiika (T2M, m, M) Gyjier BEKTOPHBIM PACCIIOCHUEM DaHIa n"t%. OHO HA3BIBAETCS PACCAOEHUEM MEH30-
pos muna (r,s). Hycrs A = {(Uy, @)} — amiac Ha MHOro0o6pasuu M. Torya B kKadecrse KapT Ha T5M BO3bMEM
mapsl (Va,Ya), e Vo, = 7 1(U,), To ecThb ToJHBI mpoobpas obaacTeit KapT u3 ariaca 2, a 0ToOpaskeHue 1,
KaK/10ii Touke (p,t) € V,, craBuUT B COOTBETCTBHE N + n' % Yuces: NepBble N YUCET — 3TO KOOPMHATHI TOYKHU P
B Kapre (Uy, ¢4 ), & OCTAIIBHbBIE YHCIA — 9TO KOOPJAUHATHI TeH30pa t B KaHoHH4YecKoM bazuce (1.32).

Tnankue cedenud t : M — T2M HasBIBAIOTCA MeH30pHbMU Nosamu muna (r, s) Ha M. 113 ofbmeit Teopun
[JIAJIKUX CeYeHUIT MBI II0JIyYaeM, YTO MHOXKECTBO TeH30PHBIX ToJiell tuna (7, s) obianaer crpykrypoit C°(M)-
MOJLYJIsi, KOTOPBI# MbI OysieM obosnadars T2 (M).

Horosopumcs 0603HaaTH TEH30P, KOTOPBI CTABUT B COOTBETCTBHUE TEH30PHOE IIOJIE ¢ TOUKe P, FIepe3 t,.

Ecmm dbukcnposath cootsercrrytonme KapThl (U, ) ¢ koopmunatavm (x!, ..., 2") u (V,4) ¢ koopauHaTamMu
(vt ..., y", y;izr), i1y-+-y0s5J1,---5Jr = 1,...,n HA MHOrOOOpa3uax M u T3M cOOTBETCTBEHHO, TO TEH30PHOE
moJte t 3a1a€TCsA CUCTEMOM PyHKITH

; { yz =
. 1...bs _ 401...0, 1 n
i =t et

3xecn t;'.ll‘.'.‘é-j(xl, ...,2™) — raankue PYHKIME, TO €CTh KOOPIHHATEL T€H30pa ¢, INIAJKUM 00pa30M 3aBUCAT OT
TOUKH.

Hns noxansuoit kaprol (U, @) oupenenen C°(U)-monyns T2(U) rensopubix mosteii tuna (r,s), KOTOPbLil
COJIEPKUT CYy?KEHHS t|y TEH30PHBIX TIOJI€Eil ¢, ONpPE/IEJEHHBIX Ha BCeM MHOrooOpasun M. AHAJIOTHYHO CJIydaro
1-opm J10Ka3BIBACTCSL, YTO JIHOGOE Cy’KEHUE t|y; TEH30PHOIO HOJIs ¢ IPEJCTABIMO B BUJIE

® ® 0
Oxir ~ T Qxis’

tly = tél{.iii‘idle ®...0dr" ®

rae dz)' @ ... ® doir ® a:?f?l R...Q® 8;% — Ten3opubie nosisg Ha U, onpesesnsieMbie hopMyIoit
A" ®..Qdr" ® —®...® o (p) = (p, (dz”), ® ... ® (da’") ®i. ®...® 9 ), p€U.
Ozt Oxts ’ P P 9xn v Oxis |77

OO0BIYHO 3HAK CyXKEeHHs Ha 00JIaCTb KapThl OILYyCKAIOT U ITHIIYT

0
Oxh ©..® Oxts’

_ gireis 74 Jr
t=t; rde' ®@...Qd’m ®

Tenszopubie o dzft @ ... Q@ dz/r @ &% ®...0 % HA3bIBAIOTCS A0KGALHYM ba3ucom modyan T5(M), a
riayue Ha U dynknum 7% Ha3BIBAIOTCA A0KAALHLMU KOOpIunamamu mensophoeo noas t B xapre (U, o).
Iycrs t — npousBosibHoe TenzopHoe noje tuna (r,s) na M. Torna ono onpeunensier C°° (M )-nuneitnoe 1o

KaXKJIOMy apryMeHTy OTOOpaskKeHne, KOTOpoe MbI OymaeM 0003HadaTh TOM Ke OyKBOif

t:X(M)x ... x X(M)x X" (M) x...x X*(M) — C>*(M)

rpa3 spa3
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o dopmyite
HX1, . X wh o w)(P) = (X 1) ps s (X )ps (W) oo, (WF),), (1.33)

e X1,..., X, € X(M), wl,...,w* € X*(M). JokazaTebcTBO KOPPEKTHOCTHU OIPe/Ie/IeHIsT aHAJIOTUIHO JI0KA-
3aTeNLCTBY Ist 1-dpopM, HO Gosee rpoMo3aKo. II03TOMY MBI €ro OITyCKaeM.

JI1s1 TeH30PHBIX TOJICHl MMeeT MeCTO 3aMedaHue, aHajJornguoe samedannio 1.15. ChopmynmupyiiTe ero camo-
CTOATEILHO.

ITpumep 1.32. U3 onpegenenus 1-dopmer kak C°° (M )-nuneiiHOro oro6pazkeHus! CJE/yeT, YTO OHA SIBJISIeTCs
TeH30pHBIM T10JeM Tuma (1,0).

IIpumep 1.33. Menee TpuBHAIBHBIM IPEMEPOM TEH30DHOIO IOJIsI ABJISETCA BEKTOPHOE mojie. JlokaxkeM, 9TO
BEKTOPHOE T10JIe MOYKHO PACCMATPHUBATh KaK TeH30pHoe moje tuma (0,1).
Pacemorpum MuO)KecTBO (X*)* (M) C°°(M)-nmuHeitHbIX oToGpakeHnit BUa

t:X*(M) = C(M).

CrauzapTHBIM CIIOCOGOM B 9TOM MHOXKECTBE MOXKHO BBecTH CTPYKTYpy C°(M)-momyns. OxkasbiBaercs, 9To
OH u30MOpP(QEH MOJIYIIO IIAJKUX BeKTOpHBIX moseit X(M) na muoroobpasuu M. Uszomopdusm 7 @ X(M) —
(X*)*(M) zamaercsa dopmysioit

T(X)(w) =w(X), XeX(M),weX*(M).

Herpyauo ybeaurbest, 4To, BO-IIEPBBIX, OIPEIeJIeHre T KOPPEKTHO, TO ecTh 7(X) ecThb jmHeiiHoe oTobpazke-
HIU€, BO-BTOPBIX, T SABJISETCs OMEKInell U, B-TPEThUX, COXPAHSIET OIEPAIINN CJIOXKEHUS U YMHOXKEHUS Ha TJIAIKYIO
dyHKIIHTO.

Baaromapst usomopdusmy 7 1060e BeKTOpHOE 11016 X MOXKeT GBITh OTOXKIECTBIIEHO co cBonM obpazom 7(X).
Torma neiicrBue BekTopHOTo 1moJst X Ha 1-dpopmy w MOXKeT OBITH 3aIIMCAHO B BHJIE

X(w)=w(X).O (1.34)
ITpumep 1.34. Ilycrs pano C°°(M)-nuneiinoe orobpazkenue
L:X(M) — X(M).

Ono HasbIBaercsd 9HIOMOPHUIMOM MOIYIst TiAAKuX BekTOpHbIX moJieii X(M). Jlo6oit sumomopdusm Moiyis
X(M) moxkeT GBITH OTOXKJIECTBIIEH C TEH30PHBIM mojieM Tuma (1,1).
HeitcTBuTenbHO, 1MycTh jmaH sHg0Mopdu3M L. Oupegennm orobpakeHne

T X(M) x X*(M) — C*(M)

o dpopmyite
T(X,w) =w(Ll(X)), X e X(M), w e X" (M). (1.35)

Jokaxxure, 94T0 3T0 0TOOpazKkeHue Gy/IeT JMHEHO 10 KaXKJI0My apryMeHTY, TO eCTh OyjieT Tersopom tuma (1,1).
O6parno, nycth gan tensop tuma (1,1) 7. @ukcupyeM NpOM3BOJBHOE BEKTOPHOE 1101 X U 3373 uM 0TOO-
paxenne L(X) : X*(M) — C°°(M) dbopmynoii

L(X)(w) = T(X,w), w € X*(M). (1.36)

1o orobpaxkenue Oyaer C° (M )-smHeHBIM, TAK KAK TAKOBBIM $BJISIETCS TEH30PHOE 110Jie T, cileloBaTeIbHO, B
cuiry npuMmepa 1.33 orobpazkerne L(X) MoxkeT GBITH OTOXKJIECTBIEHO ¢ HEKOTOPBIM BEKTOPHBIM mosieM. Torya
orobpaxkenne L : X(M) — X(M) moctpouM cireayomunM o0pa3oM: KasKJIOMy BEKTOPHOMY IO X TIOCTABUM B
cooTBeTcTBHE TocTpoenHoe BekTopHoe nojie L(X). Tak kak rerzopuoe nose T jneiino mo X, orobpaxenne L
OyIeT dHIOMOPMOUIMOM MOIYJIS IJIAIKAX BEKTOPHBIX IOJIEH.

Haxkomerr, HaM 0CTaIoCh JIOKA3aTh, 9TO MOCTPOEHHBIH SHAOMOPGMU3M L MOPOKIAET UCXOTHOE TEH30PHOE TIOJIe
T. O6o3Ha"MM Uepe3 ¢ TEH30PHOE TI0J1e, KOTOpoe TopoxkaaeT sugoMopdusm L mo dopmyse (1.35). Torma

#HX,w) = w(L(X)) = L(X)(w) = T(X,w).

3ech MbI BOCTIONIBb30BaIHCh (hopMystoi (1.36) u npumepowm 1.33. Uraxk, 3navenus orobpazkenuii ¢t u T cOBIaIAIOT
Ha JI000 TIape apryMeHTOB, a 3HAYWT, COBIIAIAIOT U CAMU OTOOpakeHus, TO ecTh t = T .

Urak, m1060it sH10MOPDU3M MOIYIIS IIAJAKUX BEKTOPHBIX IOJEH MOXKET OBITH OTOXK/IECTBJIEH C TEH30PHBIM
nosteM tuna (1,1). B ganbheiitiem Mbl He OymeM JejaTh pasauduii MexKI1y HUMU U OyJieM MOBOPUTH, YTO SHIO-
MOPMU3M MOJYIIsI TIAIKUX BEKTOPHBIX MOJIEH SBJSETCS TeH30pHBIM mosieM Tuma (1,1). O
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11.2. Ilycrs ma riagkoM n-meproM MHOroobpasuu M dukcuposana jokaabHas kapra (U, ). Pacemorpum
Ternsoproe nofte t € T (M). (Jlokarvnvmu) womnorenmamu terzoproro nond t B xKapre (U, ¢) Ha3BIBAIOTCS

riajikue pyHKIu t“ ’i Ha U, onpenessiemble hbopMyIaMu

tiats |U(8a,,. 0 ,dz™t .,dmis). (1.37)

rI1 a Jr

i1, .

Ecin dukcuposars Touky p € U, 1o 3navenne dyHkmum ¢)""* (p) B 9Ol TOUKE €CTH 3HAYEHUE TEH30DA Ty

Ha Hafope COOTBETCTBYIONIMX BEKTOPOB M KOBEKTOPOB HATYpaJbHBIX 6a3nucoB KapThl (U, ¢). DTO KOMIIOHEHTHI
TeH30pa t, B KAHOHUIECKOM basmce

. , 0 0
J1 Jr
(d2?)p ® ... ® (do’)p ® 5 p®...® o

BexTOopHOro npocrpamcrsa 5 (T, (M)). Kak uzsecTno n3 Kypca TeH30pHOM anrebphl KOMIOHEHTHI TEH30Da COB-
MAJIAI0T C €r0 KOOPJMHATAMA B KAHOHMYIECKOM Oasuce. ECIM MBI OTIyCTMM TOYKY P, TO MOJYyYNM KOODPIAHATHI
TE€H30PHOTO IOJIA B JIOKAJBHOM Oazuce. TakuMm 06pa3oM, KOMIOHEHTBI TEH30PHOIO II0JIS OTHOCHTEIHHO KAPTHI
(U, ¢) coBIamamT ¢ ero KOOpJAMHATAME OTHOCUTEIHHO JIOKAJIBLHOTO 6asuca.

Hpe;[.noxeﬂne 1.4 . JlokaivHvle KOMNOHEHMIDL meH30pHo20 NoNA 00HO3HAWHO onpeae/mmm €20 3Hnaverue.

Aokazamenvcmeo. Ilycts nano TenzopHoe mose t Tuma (r, s) u bukcuposaHa JokaabHas Kapra (U, ) Ha MHOrO-
obpasun M. Torma mist t onpeener Habop riagakux Ha U dyHKImin {t] Le-d S} onpeiesieHHbIX Gopmysoit (1.37).
Paccemorpum tiponsBosibHBIN HAOOp BEKTOPHBIX mojeit Xi,..., X, € .’f( ) ¥ npousBOJIbHBINA Habop 1-dbopm
wh .. w® € X*(M). PasnoskuM UX 110 HaTypadbHBIM GasucaM JoKabHoit KapThl (U, ¢):

Xy =(X)" 5% 0 Xe = (X)) 55
wlh = (wh) dadr; ... W= (w*);. da’s.

Torza ncnosb3ysi CBONCTBO HOJIMINHERHOCTH TEH30PHOIO IOJIS, [OJLYIAM

HXy, X wh L wt) = (X)) 50 (X)) 5%, (wh)j da? L (w);, dads) =

3.’61T )

= (X" (X)W e (@)t (355, g2, dadt, L dade ) = ]l (X ) (Xr)ir(wl)jl...(ws)jﬁ.

Urak, 3Ha4eHre TEH30PHOrO [0Js (& TOYHEEe, ero CyzKeHue Ha O0JIaCTb JIOKAJIBHON KapThl) ONPEIEJISeTcs 10

dopwmyite

HXq, o Xy wh W) = t“ 3 Ie (X)) 0. ¢ L (%5 PRNS (W50 P

a 3HAYNT, ONPEeIeJICHO OTHO3HAYHO KOMIOHEHTAMHI TEH30PHOTO IOJIS B 3TOH KapTe. O
[Iycth jmanbl JBe JIOKaIbHbIe KapThl Ha MHOroobpasun M: (U, p) ¢ koopaunatamu (zl,... 2") u (V,9) ¢
koopamHaTamu (yl, ..., y"), Takme 9TO Iepecedenue nx obaacTeit e mycro. PaccMOTpuM TeH30pHOe ToJie ¢ THIIA

(7, 8). OB6ozHAMIM KOMIIOHEHTDI TEH30PHOTO T0/Ts ¢ OTHOCHTE/TBHO NIePBOft KapThl depes {t7 "% }, a OTHOCHTETHHO

BTOpOIl KapThl — uepes {t;! ;" }. Bee unjexcer npoberator suavenus ot 1 j10 n. BocrosbsyeMces onpeiesiennem
by
KOMIIOHEHT TeH30pHOro moust, ero C'°(U)-nuneitnocrsio u dopmysamu (1.21) u (1.28).

jay...as __ 9 a a _ 971§ ozl b oy® 11 _
foa--a- t(aybl,...,—aybr,dy L dy ) _t(aybl 50, G g Wi, Syt ) =
Ozl ozIr Oyl dy*s lé] 1 ) _ Ozit ozIr 8yu1 Oy®s 4i1...is
Oy " OyPT DT " Baie (—Mjl yees xh Jdxt . dat ) = Gy By oaTt c 9wt L g

Wrak, npu mepexo/ie OT OHOrO HATYPAJIBLHOrO 6a3uca K APYTroMy KOMIIOHEHTHI TEH30PHOTO MOJIs IPeo0pa3yoTCst
110 3aKOHY

ozt Jxir Oy Oy fir s (1.38)
Byt Dybe B T D i '

DTOT 3aKOH npeo6pa3013aHH5{ KOMIIOHEHT TE€H3O0PHOT'O IIOJIA HAa3bIBACTCA MEH3OPHBIM 3AKOHOM.

fay...as __
tbl..b -

3ameuanue 1.16. Ilycrs B kax10it kapre MHOroobpasus M 3amgana cucreMa TyIagKuX QyHKIIIT {tgllfr }. Kax
U B Kypce TE€H30PHOI ajredpbl JIOKA3bIBAETCsl, 9TO ITHU CHCTEMBI INIAJIKUX (PYHKIWMA 3307 T€H30PHOE I0JIe
Tuna (r,$), & CAMU SABJISAIOTC €r0 KOMIIOHEHTAMHI OTHOCHTEIBHO HATYPAJBHOIO 6a3uca, TOTA U TOJBKO TOTJA,
KOTJa TP TIepexojie OT KapThl K KapTe OHU Mpeo0pa3yrTcs M0 TeH30PHOMY 3aKOHY.
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§1.12. Omepaluu ¢ TEH30PHBIMU TIOJISMM.

Kak MbI y2Ke 3HaeM, MHOXKECTBO TEH30PHBIX 1oJjieil Tuna (1, ) obuagaer crpykrypoit C°° (M )-momyiis, a 3HaduT,
B 9TOM MHOXKECTBE BBEJIEHBI OIEPAINY CJIOXKEHUsI TEH30PHBIX MOJIEHl U YMHOXKEHUE TEH30PHOTO IOJIS HA TJIAJI-
KyI0 QYHKIUIO. DTU OLepaIu yJA0BIeTBOPAIOT OOBIYHBIM CBOMCTBAM BEKTOPHOI'O IPOCTPAHCTBA (TOJIBKO B HUX
YMHOYKEHUE Ha BEIECTBEHHOE YHCJIO 3aMEHEHO YMHOXKEHHEM Ha IVIAJIKYI0 (DYHKIHIO). 3aMEeTHM, YTO OLepaIin
CJIOZKEHUSI U YMHOXKEHUsI TEH30PHOIO TI0JIsT Ha TJIAJIKY0 (DYHKIIUIO Mbl BBOJIUJIN, PACCMATPUBAsi TEH30PHOE I10J1€
KaK IJIaJIKOe CeUeHHe BEKTOPHOIO PACC/IOCHUsI TeH30POB Tula (T, S).

3/1eCch MbI BBEJIEM OLIEPAIMU ¢ TEH30PHBIMHU IIOJISIMU, paccMaTpuBas ux Kak C'°° (M )-nunelinble 0ToOOpazKeHus.
Herpynro mokazarh, 9T0 9TH ONpPeIEIeHNs] SKBUBAJICHTHBL.

Haunewm ¢ onepanuu cjoxeHus: TeH30pHbIX 1oJieil. [IycTsb JaHbl [Ba TeH30pHBIX 10Jis t1,ty € T2(M). Onpe-
JIeJIUM OTODparKeHue

i+t X(M) X ... x XEM)x X" (M) x...x X" (M) - C®(M)

rpa3 spa3

o dpopmyJie
(tl +t2)(X1,...,XT,w1,...,ws) :tl(Xl,...,Xr,wl,...,wS) +t2(X1,...,Xr,wl,...,ws).

OueBuHO, 9TO 006pa3oM OTOOparKeHusi t1 + to sABJsIeTCH TUIajKasl (DYHKIMsI, KAK CyMMa TaKOBbIX. HeTpyiHo
nokazarb C°° (M )-smHeHHOCTD 0TOOparkeHust t1 + to 110 KaxKJJ0My apryMeHTy. [IpoBeuTe 10Ka3aTeIBCTBO JIJIst
KaKOro-HUOY/ b apryMEeHTa CaMOCTOATe/IbHO. UTak, oTobpazkenue t1 +to sABIAETCS TEH30PHBIM HOJIeM Tuna, (7, 8).
OHO Ha3BIBAETCS CYMMOU TEH30PHBIX TMOJIel ¢ u to.

Beemem omeparumio yMHOXKEHUsSI TEH30PHOTO IIOJIsI HA BeIeCTBeHHOe 4ucjo. llycrts mamo TeHsopHoOe mose
t € T(M) n rnagkas dbyaxnug f € C°(M). Torga onpenesum orobparkenue

ft:X(M)x ... xXM)xX" (M) x...x X" (M) —= C>®(M)

rpa3 spa3

o dopmyite
(FO(X1, .. X wh o w®) = fH(X, . X wh o wf).

OusTh Hy?KHO JIOKa3aTh, YTO BBejeHHOEe oTobpazkenue C'™° (M )-juHelHO 110 KaxKJIOMy apryMeHtTy (IpoBejauTe
PaCCy2KJIEHHs CAMOCTOATEIBHO JIJIsl KAKOTO-HUOY b OJIHOrO apryMenTa). Torga Mbl OJIYYHM, 9TO 0TOOparKeHe
ft siBIAsIETCST TEH30PHBIM TIOJIeM THUTIA (T, §). DTO TEH30PHOE TI0JIE HA3BIBAETCSI NPou3sederuem 24a0%K00 GyrKuuy
f ma mensoproe nose t.

Bresiennbie onepanuu yaoBJIeTBOPSIOT BOCBMU aKCHOMaM BEKTOPHOIO MpOCTpaHcTBa. JIjisi TpPEeHUupOBKU J10-
KayKuTe JIOObIE JIBE M3 ITUX AKCHUOM. 3JI€Ch YK€ MBI OTMETHUM TOJBLKO, YTO HEHTPAILHBIM IO CJIOXKEHUIO OyJeT
renzopuoe 1osie 0 € T5(M), KoTopoe KaxKkI0My HabOpY apryMeHTOB CTABUT B COOTBETCTBHE HYJIEBYIO (DYHKIIHIO,
TO eCTh (PYHKIMIO, KOTOPasi KaXKJI0# TOYKe MHOTOOODA3UsI CTABUT B COOTBETCTBUE HYJIb.

BgejieM ertie o/iHy oneparyio ¢ TeH30PHBIME IOJISIME, KOTOPast HA3bIBAETCS MEH30PHLLM NPOU3EEIEHUEM TEH-
sopubix mnogseit. [lycrs ¢ € (M), T € TI(M) — mpousBOILHBIE TEH3OPHBIE MOJISA, PACCMATPUBACMbIE KaK
C°(M)-nuneitable 110 KaxKJIOMY apryMEHTy OTOOpaXKeHUsl. DTO OIPeeIeHIe Mbl BBEIEM [0 AHAJOIUHU C Olpe-
JIeJICHUEM TEH30PHOTO Mpou3BejieHnst TeH30poB. OmpeiesnM oTobparkeHme

tRT : X(M) x ... x X(M)xX*(M) x...xX*(M) = C>®(M)

r+ppa3 s+qPpa3

o dopmyite
tRT)( X1y ey Xpapywhy oo, 0T =Xy, X w0 )T (X g1y ooy X, ST w19,

e X1,..., Xppp € X(M), w!, ..., w4 € X*(M). HenocpescTBeHHO MPOBEPSAETCs, ITO ONPE/IEICHIe KOPPEKT-
HO, TO ecThb orobpazkenue ¢ ® T C'°° (M )-MHEHHO N0 KaXKJIOMY apryMeHTY.

3ameuanue 1.17. Ecau Mbl Oyaem paccMaTpuBaTh TEH30PHbBIE MO/ KAK [VIQIKAE CEIEHUS BEKTOPHOTO PACCIIO-
€HUsI TeH30POB Tl (T, §), TO OlepAaIysl TEH30PHOIO YMHOYKEHUsI OYeT ONPEe/IsIThCs CJIeLyIONIM 00Pa30M:

(tl & t2)<p) = (p, (tl)p ® (t2>p)v

rae (t1)p, (t2)p — Tensopsl Tuna (7, s), IJIT KOTOPLIX OLEPAaIys TEH30PHOTO YMHOMKEHUs y’Ke BBeleHa B Kypce
Tenzopnast amredpa.
O6a omnpejiesieHnst 9KBUBAJIEHTHBI. DTO HETPY/HO [IPOBEPUTH, UCIIOJbL3Yysd dopmyiy (1.33).

Ormepariust TEH30PHOIO YMHOXKEHUsT 00JIAQIAeT CJIEIyIOIUMU CBONCTBAMMT:
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19, (ty +t2) @ ts =t @ty + by @ tg;
200t @ (ty+t3) =t1 Rty + 1 R t3;
30 1 @ (L ®@t3) = (L1 @t2) D t3;

0 (MRT =t (fT)=f(txT),

rue t1,to, ts,t, T — Ten3opHble 1o noaxoadanmx Tunos, f € C°°(M). DTu cBOCTBA MOXKHO HEIOCPEICTBEHHO
IIPOBEPUTD, UCIIOJIb3Ys ONPEIENICHUs CyMMBl TEH30PHDIX IIOJIeH, IPOM3BeJIeHNs TEH30PHOIO MO Ha TIIALKYIO
GYHKIMIO U OIpeIeIeHre TeH30PHOTO TPOU3BEIEHNs TeH30PHBIX OJIeH.

3amevanue 1.18. Ecium TeH30pHBIE MO/ paCCMATPUBAIOTCI KaK TVIAJIKHE CEYeHUs] BEKTOPHOTO PAaCCIOCHUS
TEH30POB, TO ¢ yueToM dbopmyds (1.33) HETPYHO BUJETh, UTO BBEJEHHOE BBIIIE OIIPEIeIEHNE TEH30PHOTO YMHO-
2KEHUs S9KBUBAJIEHTHO CJIEYIONIEMY OIIPEJIEJIEHUIO

(t1 @t2)(p) = (P, (t1)p @ (t2)p)-

Paccmorpum erie osiHy omneparuio ¢ TeH30pHbIME ToJIsiMu. OHa HA3BIBAETCSA C8EPMKOT TEH30PHOTO TOJIS t 110
a-My BepxHeMy U b-my HuzkHeMy uHjekcaM. [lycrs ¢ € T8 (M) — upousBosibHOE TeH30pHOE 1oJIe. Tora cBepTKoit

a .o
TEH30PHOIO I0JIs ¢ HA3BIBAETCS TEH30PHOE II0JIE C((b))t tama (r — 1,5 — 1), 3a7aBaemoe GopmMyIoit

Cilt(p) = (p, Cty),

TO €CTh B KazKJOH TOUKe MHOroobpasus M 3HaYeHHE TEH30PHOIO IOJIs C((g))t €CTb COOTBETCTBYIOIIAs CBEPTKA
TeH30pa tp. PaccMarpuBas cykeHne oToOparKeHUs C'((g))t Ha 00J1aCTh IPOU3BOJILHON JIOKAIHHON KapThl MHOTO-
obpaszust M Jjierko yoeanThest, 9T0 0OTOOparKeHue C((Z))t ABJISIETCS TJIAJKAM CEYEHUEM PACCIOCHUsT TEH30POB THIIa
(r,8), TO €CTh TEH30PHBIM IIOJIEM.

3anmadva 1.12. IIpoemure mogpobHBIE PACCYKIEHUST CAMOCTOSITETBHO.

MBI MO2KEM BBECTH OIIpejie/IeHre CBEPTKU TEH30PHOTO OIS U HAIPSIMYI0. A UMEHHO, c8epmKotll TEH30PHOIO
nosd ¢ Tuna (r, §) mo a-My BepxXHeMy U b-My HUXKHEMY MHIIEKCAM HA3bIBACTCS OTOOparKeHue

Clt: X(M) x ... x X(M) X*(M) x .. x X*(M) = C*(M),

r—1pas s—1pa3

3aJlaBaeMoe B KaXKJOW JIOKAJIBHOU Kapre (hopMyJIoit
(a) 1 s 9 1 a—1 k  a s—1
(C(b)t)(Xl,...,Xr,l,w yeeoyw?) =8(Xq, .0, X, W,Xb,...,Xr,l,w yee Wt de W W),
(1.39)

B,Her B HpaBOfI JaCTU paBEHCTBa CTOAT CYy2K€HUsI COOTBETCTBYIOIUX O6’beKTOB Ha O6.HaCTb JIOKAJIbHOM KapThI.
IIpu TakoMm ompene/ieHUN CBEPTKUA HYXKHO JOKA3aTh, BO-IIEPBBIX, 9TO OHA HE 3ABUCHUT OT BBHIOOpA JIOKAJBHOM
KapThl M, BO-BTOPBIX, YTO I OIPEIEJICHHBIX HA JIOKAJbHBIX KapTaX OTOOPAXKEHUI, CTOSAINX B IPABON Ua-
CTU PaBEHCTBa (1.39)7 CYIIECTBYeT €INHOe TJIODAIHHO OIpeeIeHHOe OTOOpaKeHne C((Z))t. Biarogapst ycioBusam
XaycIopdOBOCTA U CIETHOCTH 0a3bl, KOTOPBIE Mbl HAJIOXKUJIU IIPYU OIPEIEIEHUA MHOTOOOPA3Hs, 9TO MOYXKHO [10-
Ka3aTh. CaMO JA0Ka3aTeJIbCTBO MbI OITyCKaeM H3-3a I'POMO3JIKOCTH.

I{aKOHGIL7 OTMEeTUuM, 9ITO oba olpeae/ieHnd CBEPTKHU IKBUBAJIEHTHDI.

Bagaua 1.13. Banumure oneparnyy CJIOXKEHUST TEH30PHBIX MOJIeH, YMHOKEHUsI TEH30PHOTO T0Jisi Ha (DYHKITHIO,
TEH30PHOI'0 YMHOKEHUS U CBEPTKM B KOMIIOHEHTaX.

3ameuanue 1.19. HenocpeacTBeHHBIME BBIYUCICHUSMHI C HUCIOJIH30BAHUEM OIIPEIEJIEHUsT OIEPAIUN CBEPTKH,
CJIOZKEHUSI TEH30PHBIX IT0JIefl 1 YMHOXKEHUs TEH30PHOTO II0JI8 Ha IVIAJKYI0 (DYHKITUIO IOKA3bIBAETCS, YTO OTOO-
paKeHue CBepPTKU

Cy = THM) = T (M)
sByisierct C°° (M )- nmuHeHBIM 0TOOparXKeHHeM, TO €CTh
C(({f)) (ft1 + gt2) = fC(({f)) (t1) + QC((;,I))(M),
rae fug € COO(M)7 ti,t2 € ‘If"(M)

PaccmoTrpum psii 3a1ad9 /115t TEH30PHBIX OIEPAIUil ¢ TEH30PHBIMY [TOJISIMH.
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Bamaua 1.14. JTokaxkure, 4To Jjisd TeH30pHOro 1o t Tuna (1, 0) u Tenzopuoro noig T tuna (0, s) umeer MecTo
paBernctBo t ® T' =T ® t.

Vkazaumue. [lozeiictsyiite obenvu qacTsMu paseHcTsa Ha Habop X1, ..., X, € X(M), w, ... w* € X*(M).
O

IIpumep 1.35. Ilycts n — npoussosbHas 1-opma, & — nmpousposbHOe BekTOpHOE Tose u3 X(M). Torma nx
TEH30PHOE IPOU3BEJIEHNE 1) ® & sIBJISIeTCs] TeH30pHBIM nosieM Tuna (1,1). BerauciuM 3HadYeHne 5Toro TeH30pHOro
nosst ma nape X € X(M), w € X*(M):

(n ® &)X, w) = n(X)E(w) = n(X)w(§) = w(n(X)E).

MBI BOCIIOIB30BAJINCH OIIPe/IeJIeHIeM TeH30pHOro npousseienns u npumepoM 1.33. Cornacto (1.36) seBast 9acThb
5T0ro Bhipakenusi pasaa w((n ® £)(X)). Toraa nomyanm

w((n ® §)(X)) = w(n(X)§). (1.40)

B cuy (1.34) 9T0 paBeHCTBO MOXKHO 3aIIMCATH B BUJIE

((n @) (X)(w) = (n(X)&)(w)-

Tak Kak MMOIy9IeHHOEe PABEHCTBO BEPHO s JTI000i (POPMBI W, UMEeM

(n ©€))(X) = n(X)¢

ITpumep 1.36. Iycrs L — renzopuoe nose tuna (1,1). Pacemorpum HarypasibHbiit 6a3uc (%, ceey %) BX(U)u
nyanbubiit 6azuc (dzt, ..., dz™). Torga ceepTKa TEH30PHOTO MOJis L 1O TIepBOMY HEKHEMY U TIePBOMY BEepXHEMY

uHzeKcaM (CM. OlipeJieJIeHUue CBEPTKU )

9 k

Wy _ g, 0 _
eV =1 5)) = L

kEy _ gk
(1) (5% dz") = dz"(L(
Oyzaer riaakoit dyukimeil Ha U. Dra dyHKIUsS HA3BIBAETCS cAedom men3oprozo noas L u obosuavdaercs tr L. [J

IIpumep 1.37. "Vupoctum"TeH30pHBIE BBIPAYKEHUST: a) C((ll)) (n®¢&); 6) C((f)) (L ® X); B) C((ll))(L ® X), e
£, X € X(M), ne X*(M), L — rensopuoe nose tuna (1,1).

a) Do renzoproe nose Tuma (0,0), To ecth ruagkas GyHKiws. Tak Kak TeH30pHOE moJe 1) @ & ABIAETCs
TeH30pHbIM T1osieM Tuta (1,1), To ero cBepTKa ecTh Cjie] 3TOro TeH30pHoro moss (cm. npumep 1.36). Torma

M) = (18 &), da¥) = (o )eldr*) = n( o)) = (ucda®) (&) = n(E).

6) PaccMoTpuM TeH30pHOE IOJIe C'((f)) (L ® X). D10 renszopnoe nosie tuna (0,1), To ecTh BEKTOPHOE TIOJIE.

HaiizieM KOODAMHATHI 9TOr0 BEKTOPHOIO 110J1s (BOCIIOJIb3yeMCs pe3yJibraTaMu 3aja4du 1.13):

(CHI®X) =(LeX)]=Lix = (L (Xjaij)y = (L(X))".

Homyunm, aro dyHKIINT (C((f)) (L ® X))? cyTb KoopauHaThl BeKTOpHOTO 101t L(X), TO ecTn

CH(L® X) = L(X).

B) Paccmorpum Tenzophoe mosie C((ll)) (L ® X). 9ro renzopuoe nose tuna (0,1), To ecTh BEKTOPHOE IOJIE.

Haiinem ero koopauHaTHI (BOCHOJIbSyeMCH pe3yabTaTaMu 331291 1.13):
(CH(Le X)) =(Le X)) =LX = (r )X
3/1ecb MBI BOCIIOJIb30BAJIMCH PE3yJIbTaTOM IpuMepa 1.36. AHAJOrUYHO IIyHKTY 6) JIeJIaeM BBIBOJI, 9YTO
CH(L® X) = (tr L)X.O

Bagaga 1.15. Ilycrs L — renszopuoe mose tuna (1,1), To ectsb supgomopdusm, X € X(M), n € X*(M). "Yupo-
crure" TeH30pHbIE BHIPAXKEHUS: a) C((ll))(%) mMe®L®X),0) C((;))((f)) M LeX).
Otser: a) n(L(X)); 6) (tr L)n(X).
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ITpumep 1.38. Paccmorpum gsa sugomopdusma I u J monyns Bekropubix moseit X(M). OdeBumno, 4T0 KOM-
nosunus I o J 31rux 9H10MOPMOU3MOB TaKXKe ABJILETCs SHIOMOPGMU3MOM, TO €CTh TEH30PHBIM moJeM tuna (1,1).
BripazuMm ero ¢ moMoIrpo TeH30pHLIX oneparuit Yepe3 sugoMopdusmel I u J.

Paccmorpum npoussosbHoe BekTopHoe noste X € X(M). Torma (I o J)(X) — Bekroproe nmose. Boipasum ero
KOOD/IMHATHI:

i i i j i 7J ij 2 i 2 i

(Lo ) (X)) = (I(J(X)))' = LJ(X)) = LAXY = (ITe N)iX" = (CF (T2 )X = (CHI e N)(X)).

(1.41)

Tak Kax KOOpIUHATHI BEKTOPHBIX IMOJIEHl B KpaifHe MpaBoil M KpaiiHe JeBOH JacTsIX IEMOYKN PABEHCTB PABHBI,
TO PaBHBI U CaMHM BEKTOPHBIE 1I0JIf, TO €CTh

(IoJ)(X) = (CHI & J))(X)

DT0 BEpHO Jijist JIFOOOr0 BEKTOPHOIO 1MOJist X , 8 3HAYWT, PABHBI U CAaMU OTOODarKeHUsI, TO €CTh

IoJ=CH(I®J)

B wactHOCTH, M3 TIENOYKN PABEHCTB ( 1.41) elre OJIHY TIOJIE3HYIO (DOPMYILY
(IoJ)s=1J;. (1.42)

Bagaua 1.16. Ilycre L — sumomopdusm, € X*(M). Beipasure depes TeH30pHBIE OLEpAIMU KOMIIO3UIAIO
1 o L u onpejiesinTe BUJI [TOJIy9€HHOTO TEH30PHOIO I0JisI. BhIpasure KOMIIOHEHTHI TEH30PHOIO 110Jist 1) © L 1epe3
KOMIIOHEHTHI T€H30PHBIX mojieit L u 7).

OtBer: no L = C((ll)) (n® L); (no L); = ;L.

I'naBa 2. JInHeliHadaA CBA3HOCTDH TJIaJKOTI'0o MHOFOO6paBI/I$[.
§2.1. OmnepaTop KoBapuaHTHOTO JiuddepeHInPOBAHUS.

Onpenenenune 2.1. Ilycrs M — ruagkoe n-mepuoe MHOroobpasue. Jlunelnol ceaznocmyvio (uau addurnot
CBAZHOCTIBIO) WA ONEPATMOPOM KOBapuarmuozo duddepenyuposarus na Maoroobpasun M nasbiBaeTcs 0T06-
pakeHme

V: X(M) x X(M) — X(M),

COTIOCTABJISIONIEEe KaxK 10l 1pe BekTopHBIH noselt X, Y € X (M) Bekroproe nose VxY € X(M) u obianaroriee
CcBOMCTBaMU

(1) Vix,4+9x,Y = fVx,Y +¢gVx,Y (JHMHEHAHOCTD IO IEPBOMY apryMeHTY );
(2) Vx(Y1 +Ys) = VxY] + VxYs (aIuTHBHOCTD IO BTOPOMY apTyMEHTY );
(3) Vx(fY)=X(f)Y + fVxY (upasuio Jleiibunua),

e X,Y, X1, X0, Y1,Y2 € X(M), f,g € C°(M).

Bekropuoe moste V x Y HasbIBaeTcs k08apuarmmot npoudeodtot BEKTOPHOTO 1ToJist Y B HAIIPABJICHUHA BEKTOP-
noro noJyist X. Muoroobpasue, Ha KoTopoM dbukcupoBana adduaHas CBI3HOCTD, HA3BLIBACTCS NPOCMPLHCMEOM
aPpPurroti ceA3HOCU.

ITycts ma muoroobpasun M dukcnposana okambaas Kapta (U, @) ¢ koopaunatamu (xl, ... 2™). Haiigem
JIOKAJIbHBIE KOOD/IUHATEI BEKTOPHOTO MOJIsI VxY B sroit kapre. Kak 06braa0, 0603Ha9MM [epe3 {%} HATY-
paJsibHbIi 6a3uc kaprol, a yepe3 {dx'} — myasbublil 6asuc. Torma BekTOpHBIE 1O (a TOYHEE MX CyyKEHHs Ha
06J1aCTh KAPTHI) MIPEJICTABUMBI B BUJIE
Yy =Y7i 2.

i) Ox

X=X

a .
ox?

[MopcraBum T pasioxkenus B VxY u Bocmosb3yemcs cBoiicrBamu orobpazkenns V (cm. onpenesenue 2.1):

9 | ) (YN 0 . 0
= . J_—_ = ? c J_—_ = g R —— J _—
Val = V2, (Y a;w) XV, (Y a:m) X ((axi) e TV a:w‘)

PaccmoTrpum BekTOpHBIE O V = % 7 PA3JIOKUM WX 10 HaTypasjabHomy 6aszucy. KosddurmenTts: pasio-

JKeHns 0003HAYNM depes Ffj. D70 riankue GyHKIMU Ha obsractu KapThl U.

0 . 0

Vo 21k 2
2wt OxJ Y ok
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Torma mosrydnm

ozt OzI U ok oxk

B nepBom ciraraemom B CKOOKax MbI IIOMEHSIJIN WHIEKC CyMMUPOBAHUSA ) HA MHJEKC CYMMHUPOBAaHUS K, IJIs TOTO

9TOOBI BBIHECTH BEKTOPHOE TI0JIE -9 3a ckoOku. MTak, Mbl MOy IUJIA (POPMYJTY JI/Isl BBITUCIEHUST KOBAPUAHTHO
ox ’

HpOI/I3BO,ZLHOIU/I BEKTOPHOI'O IIOJIA YsB HallpaBJIECHUN BEKTOPHOI'O IIOJIA X:

J ) ) k . )
ViV = <3Y 9 L yipr 9 >XZ— <aa¥+wr§j) xi-%
x'L

oYk - .0
_ ik 7
VxY = (8;& +Y I‘ij> X 9k (2.1)
k .
Qynkuuu I, oupeneseHnsle B obJtacTn KaxkKJI0# KapThl MHOTO0OOpasust M, Ha3bIBAIOTCA 0600WEHHDLMU KO-

appuyuernmamu Kpucmoggenrs casizaoctu V.

Bagaga 2.1. Ilycrs na MHOroobpasuu M mana eme oama Kapra (V1)) ¢ koopmuaatamu (y!,...,y") u mycTs
{Ff’j} — 0600menHbIe KOabdurmentsl Kpucrodders cesasnoctu V oTHOCHTEIBLHO 3T0i KapThl. JlokaxkuTe, 9T0

.y 0%z 9yt 0x 9x° Ayt _,

?

pio— gr 9y or or
IR Gyidyk dxze T dyi Oyk Dz ¢

(2.2)

VYkazanue: ucnosn3yiite onpesenenue 06obmenubx kodddunmentos Kpucrobdens n dopmymnsr (1.21),
(1.28).

CpasuuBas (2.2) u TensopHbiii 3akon (1.38), Mbl Bugum, 910 0606ImenHble KO3bdunuentsr Kpucroddesns,
BOODIIIE NOBODSI, HE OIIPEJIEJIAIOT TeH30pHoe HoJte Tulia (2,1) Ha MHOrooOpa3uu u3-3a IPUCY TCTBUSI IIEPBOIT ITPYIIIIbL
wjieHOB. TeM He MeHee, B 1 depeHInabHON FeOMEeTPUY IPUHSATO TOBOPUTH, YTO 9Ta COBOKYIIHOCTH OIIPEJIEIsieT
Ha MHOroobpasuu M 1o/ieBoil OOBEKT HE TEH30PHOIO XapaKTepa.

Bepuemcs k pacemorpenuto dhopmysinl (2.1). VI3 aroit hopmyiisl ciaeayer, 9ro BekTopHOe moJie V x Y B Kaxk10ii
Touke p € M 3aBUCHT JIUIIb OT 3HAYEHUs 1OJisi X B 9TONW TOYKE, HO HE 3ABUCUT OT 3HAYEHHUS ITOTO IIOJISI
B OKpecTHOCTH TOUYKH p. st BekTOpHOTO mosist Y 310 He Tak. CHe 00CTOSTENHCTBO MO3BOJISET OMPEIE/IUTh
Jyuist J106oro KacareabHoro sekropa & € T,(M) noHATHe KOBADHAHTHOI IIPOU3BOAHON BEKTOPHOrO mojid Y B
HalpaBjleHuH BeKTopa &. A MMeHHO, B cuily TeopeMbl 1.3 cymecrByer BekTopHOe nosie X € X(M), takoe uTo
X, = £. Torna mooKnM 1O OTIpe/IeJIeHIIO

(Vﬁy)p = (VXY)p~

Tak Kak BEKTOPHOE IT0JIe 3aBUCHUT TOJILKO OT 3HadYeHUs X B TOUYKE P U HE 3aBUCHUT OT €r0 3HAYEHHI B OKPECTHOCTH
9TOM TOYKM, HAIIIE OIIPE/IEIEHIe KOPPEKTHO B CMBICJIE HE3aBUCHMOCTH OT BBIOOpa BekTopHOTO mojist X . Kacaresan-
uelit BekTop (VeY), € T,(M) HaseBaeTcs k08apuarmmol npoussodnol 6ekmopHo2o noia Y 6 HanpasieHul
sexmopa .

IIycTp mana riankas kpusad 7y : I — M. B kaxx/10ii cBOeil ToOuKe OHa 33/1aeT KacaTeJIbHBII BEKTOP KaK KJIacc
colpukacaionuxcs ¢ Heit myreit. Ecim dukcuposars kapry (U, ¢) ¢ koopaunatamu (z1,...,2™"), To Kpusas v
OyJeT 33J1aBaThCs ¢ MOMOIIBIO lIapaMeTpUYecKux ypasuenuii (em. § 1.5.)

31ech MbI IIOMEHsIM 0D0O3HAYEHKE [IapaMeTpa, Tak Kak OyKBa ¢t HaM IOHa00UTCs [Jist Apyroro. Ml yxKe ymeeM
BBIDAXKATh KACATEJLHBIN BEKTOP B TOYKE, COOTBETCTBYIOIIEH 3HaUYeHNIO TapaMerpa T = () Yepe3 mapameTpude-
ckue ypasHenus. Byjgem oboznadars 31oT BekTOp depes §(0). Torma

d 0
: _ 7
YO =) 2'(7) 55
Tlr=o Ty (0
Paccemorpum Temeps TOUKY €O 3HaUYeHHMEM TapameTpa 7T = t, rjie t — HEKOTOpoe (DUKCUPOBAHHOE UUCJIO, TAKOE

qro Touka 7 (t) C U. Torga KacareJbHBI BEKTOP B TOH TOUYKE Oy/IeT UMETh BH

d ) 0
)= —| (1) 53 (2.3)
dr Ox +()

Wrax, ecam Mbl BO3bMEM IIPOU3BOJIBHOE BeKTOPHOE 1ojie Y € X(M), To B Kax10i Touke p € I'm y Kpusoii y
onpesiesTen KacaTebHbiit BekTop (Vi)Y ),

Ecim B Kaxk10ii TouKe p KpHUBOi 7y KacaresbHbli BeKTop (V4 Y), = 0, To BekTOpHOE 1OJIE Y HA3BIBACTCH
NAPAANEALHBM 800N KPUBOT 7.
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Teopema 2.1. Bexmopnoe nose Y € X(M) napasseavho 6doav kpueotl v mozda u moavko moeda, kozda 6
KaotcA0T NOKANBHOT KAPME BEPHBL MOHCIECTNEA

ay’* g dxt

hadali & v _

7 + 175 th =0,k=1,...,n. (2.4)

Joxazamenavcmeo. Tycrs (U, @) — nokanbras kapra va M. Pacemorpum kpusyio v : I — M. He orpanudausas
obmaocT 1peanosokuM, yro Im~y € U. U3 dopmynst (2.3) caemyer, uro misg Kaxgoro t € I KacarebHbIN
BekTOD ¥(t) umeer B HaTypasbHOM Oasuce kaprol (U, ¢) KoOpauHATHL

dz* dz™

)
[ycrs Y € X(M) mapamrensuo Baoms kpusoit 7. Tak kax mo ompenenenuio (Vi)Y ) q) = (VxY) ), Tae
Xty = (), To u3 bopmyssr (2.1) mosyumm

oYk ki) dzt 0
"Y' _— =
(&Ei +T5Y ) dt Oxk 0

Wcnonwayst npasuio auddepeHInpoBaHus CI0KHON DYHKITUN, TTOIYTIM

Ayt o dri\
— .. ‘77 —
( dt Y dt ) oxk 0

B cuny numeitHOI HE3aBUCUMOCTH BEKTOPHBIX ITOJIEH % HATypaJbHOro Gasuc, mosydnm (2.4). 0

Sameuanmue 2.1. 13 dbopmyinl (2.4) ciaeyer, 9T0 B KpUTEPUN NAPAJIIEIBHOCTH 110 CYIIECTBY YYACTBYIOT TOJIBKO
KacaTeJIbHbIE BEKTOPBI CyXKEHUs TOJId Y Ha KPUBYIO 7Y, TOITOMY MOXKHO IIPOCTO TOBOPUTH O MAPAJIIETLHOCTH
cemeiicta {Y (t)} KacaTeJbHBIX BEKTOPOB BJOJIb KPUBOH 7.

ITycrs v : I — M — nekoropas Kpusas, «, [ € I — HeKOTOpBIE BelllecTBeHHbIe Yncia, {Y (t)} — napasuienbHoe
ceMeficTBO BEKTOPOB BJIOJIb KPUBOi ¥, p = Y(a), ¢ = y(B). Torna Bekrop Y, = Y (/) Ha3BIBAETCA NOAYUEHHDIM
us eexmopa Y, = Y (@) 6 peayavmame napasiesvnozo nepenoca 600ab kpueot y u 0603HavaeTcst Y, = T,qY4.
Nuaue rosopst, BEKTOp Y, MOJIy<IaeTCsl B pe3y/IbTaTe NapaslIe/IbHOrO IEPEHOCA U3 BEKTOPA Yy, €CIIN 9TH BEKTOPHL
MOYKHO BKJIIOUHATH B CEMEHCTBO BEKTOPOB, MApaJIIeJbHbIX BIOJb 7.

Bersicnum, Beera jin 3TO MOXKHO CIEIATh U CKOJIbKUMHE criocobamu. Paccmorpum cucremy muddepeHiimaib-
HBIX ypaBHeHuil (2.4). D10 cucrema JIMHEHHBIX OJHOPOAHBIX Aud DepeHINaIbHBIX YPABHEHHI IIEPBOTO OPSIIKA.
Uz kypca quddepeHnuanbHbIX ypaBHeHUII H3BECTHO, UTO 3Ta CHCTEMa UMeeT eIMHCTBeHHOe pellleHne MpH JIIo-
ObIX HAYAJBHBIX YCJIOBHAX, TO €CTh CHCTEMa

dy* k de'vg
{ ar i grY? =0 (2.5)
YH(0) =Yg
rie (Yol, ..., Y]') — npou3BoJIbHBI HAOOP BEIECTBEHHBIX YHCEJI, HMeeT eJUHCTBeHHOe perrenne. Ha reomerpu-

YECKOM sI3bIKE 9TO O3HAYAET, UTO JII00OH BEKTOP B JIOOOH TOUKE KPUBOIA Y MOXKET OBITH HAPAJLICILHO IIEPEHECEH
W IIPE TOM TOJIBKO €JMHCTBEHHBIM CIIOCO0OM B JIIOOYIO IPYTYIO TOUKY 9TOH KpHBOiil. Bosee Toro, u3 muaeitHOCTH
cucreMbl (2.5) ciezyer, 4ro oneparop

Tpq : Tp(M) — Ty(M)

NapaJuIeIbHOTO IIEPEHOCa BIOJIb KPUBOH 7 sIBJISETCs JTUHEHHBIM onepaTopoM. Kpome TOro, 04eBHJIHO, 4TO Cy-
IIECTBYET OOPaTHBINA OIIepaTOp
-1 _
(Toa) ™™ = Tap-

TeM cambIM JIOKa3aHa

Teopema 2.2. Onepamop Tpq : Tp(M) — Ty(M) napanieavrozo neperoca 80046 y ABAAEMCA USOMOPPHUIMOM
KACAMEABHHLT NPOCMPAHCME 8 COOMBEMCMBYIOUUT Mmoukax. [

Sameqanue 2.2. BameruM, 410 Tpp : 1(M) — T,(M) ne sBisteTcst ToXKecTBEHHBIM H30Mopdu3MoM. CoBo-
KYIHOCTb TAKIX U30MOP(MU3MOB KACaTeILHOIO IPOCTPAHCTBA /I BCEBO3MOXKHBIX KPUBBIX 06pasyeT HOArpyIILy
IPYIIEL BeeX n30Mopdu3MoB npocrpancTsa 1), (M). DTa DoArpyIna Ha3LIBAETC ePYNNoti 20A0HOMUY IIPOCTPAH-
crBa ad(PUHHON CBA3HOCTH B 9TOM TOUKE.
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§2.2. T'eope3umveckme JUHUN.

Hycrs (M, V) — upocrpancrso addunnoit ceaznoctu, v : I — M — HekoTOpas IiajKas Kpusas. Biosb nee
€CTEeCTBEHHO OIIPE/IEJIEHO CEMENHCTBO BEKTOPOB, & MMEHHO, KACATEIbHBIX BEKTOPOB K 3TO# KpuBoit. Obo3HATNM
ero Kak u sbiie (t).

Kpusast v HasbiBaercst 2eodesuneckoti, ecam ceMencTBo ¥(t) mapasieslbHO BIOJb 7.

U3 dopmya (2.4) Mbl cpady moaydaem

Teopema 2.3. Kpusas v : 1 — M sasasemca 2eodesuveckotl, ecau 8 Kancdol A0KaAbHOT Kapme ona 3a0aemcs
NAPAMEMPUECKUMY YPaBHEHUAMY T' = x*(t), marxumu wmo

d?zk LTk dz® dz’
dt? Yodt dt
Otu quddepeHnuanbable yPAaBHEHUS HA3BIBAIOTCS YPABHEHUAMU 2€00€3UNECKOU.
VpaBHeHusi reoIe3UYECKO MPEICTABISIOT COO0 HOPMAJIBHYIO cHUCTeMY InuddepeHInalbHbIX YPaBHEHUI

BTOPOIr'o nopgdiakKa, JIJIsd KOTOpOI‘/’I7 KaK HU3BECTHO, BCAKad 3aJgavda Ko siokanbHO nMeer €IMHCTBEHHOE Dpelle-
HHUEe, TO eCTb CUCTeMa

=0.0

d>z* 4Tk da’ da’ =0

dt? ij dt dt
1 — ¥
x (O) =}
dz" -1
=
dt |,_g 0>
rjie (a:(l), R ,xg), (a'c(l), ey x{}) — BEIleCTBEHHBIC YHUCJIa, 3a0al01e HadaJIbHbIe JJaHHbIE JIJISI TOYKY U KacaTeJbHOT'O

BEKTOpa, UMeeT €INHCTBEHHOE PEeIIeHue.

C reoMeTpwYecKoit TOUYKHM 3PEHUsl 9TO O3HAYAET, UTO JJIs J00oi Todku p € M m a10060ro KacaTeIbHOTO
BekTOpa § € T,(M) cymmecTByeT e IMHCTBEHHASI TeOe3MIeCKasi B HEKOTOPOI OKPECTHOCTH TOUKH P, IPOXOSIIIAs
qepe3 p U UMEIOIas B 9TOH TOUKE KaCATEJbHBIN BEKTOD, COBIIAIAIONINI C BEKTOPOM &.

3anmaya 2.2. PaccMorpum n-MepHOe €BKIMIOBO IPOCTPAHCTBO E™ 1 33/1aIuM CBA3HOCTD CJIELYIONIIM 00Pa30M:
{I‘fj = 0}. JokaxkuTe, 9TO reofie3NIeCKIMHI B 9TOM CJIy9ae SBJSIOTCS MPSIMbIE U TOJBKO OHH.

3ameuanmue 2.3. [Ipu nepenapamerpusanuu reoIe3MIeCKOil MOy InM, BOOOIIE TOBOPs, He reofe3ndeckyio. Oka-
3BIBAETCS, 9TO TMOHSITHE Te0IE3UIeCKOl JIMHUU CYIECTBEHHO 3aBUCUT OT BLIOOpA €€ TapaMeTPU3AINN, 8 HUMEHHO,
[IpU [epexojie K HOBOMY IapaMeTpy MBI BOODIIE TOBOPs yiKe He MOJIydIaeM IeoIe3nIecKyo.

Teopema 2.4. [eodezuueckas AUHUA JONYCKAEM AUWD AUHETHYIO NEPENAPAMEMPUSAUUI.

Loxazameavcmeo. Ilycts v : I — M — reomesumveckas JuHHUS Ha MHOTOOOpazuu M, KOTopasi B HEKOTOPOit

nokambHoit Kapre (U, ) ¢ koopmunatamu (z1,. .., 2™) 3amaeTcs napaMeTpudecKuMy ypasHenuavm ' = x'(t),
i=1,...,n. Torna mo Teopeme 2.3 31u OYHKIMH TOJ2KHBI OBITH PENIEHUEM yPaBHEHUI
d?x* dx® da?
— + I ————=0. (2.6)
dt dt dt

Crenaem 3ameny napamerpa t = t(s) kpusoii v, rjue t(s) — riajgkasi GyHKIMsI, [JIsl KOTOPOii CyIecTByer 06-
parnas riajKas bynkims s = s(t). Torga noyy<aum HOBYIO KpuBYIO (IPaB/Ia ¢ TeM e 06pa3oM B MHOT00Opasum
M) 4 : I — M, xoropas 3a/1aeTcsi yPABHEHUIMUI

JomycrrM, 9TO KpuBast 4 TaKKe sABJISIETCS Te0Je3ndecKoii. Torma
d?z*k LT dz* da?
ds? Y ds ds

IIo Teopeme o muddepeHUpPOBAHNE CIOXKHON (DYHKITMN UMEEM

= 0. (2.7)

da® _ da® dt

ds — dt ds
dz' _ d (deldt) _ d (do')dt y do’d _ d (da’ (ﬂ)2 4 del d’t _ g (ﬂ)2+ dz’ d*t
ds?2 ~ ds dt ds ) — ds dt ds dt ds? ~ dt dt ds dt ds?2 —  dt? \ds dt ds?

IMosxcraBum 9TU coOTHOIIEHUS B (2.7):
dal | odaddet (di\T datdt
a2 I dt dt ) \ds dt ds®

Pt _
dt ds?

C yuerom (2.6) mosyanm
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Tak kak KpuBas OTJIMYHA OT TOYKH, %1 # 0, a 3HAYUT, Z—zg = 0. Narerpupys sro muddepennnaibnoe ypasHe-
HEE, TIOJYIUM, 9TO t = ¢S + €1, TJIe ¢, ¢] — IPOU3BOJIbHbIE KOHCTAHTHI. VITaK, MBI TTOMyImnian, 9To t(s) = ¢s + ¢1
— JuHelHasT (DYHKIWS.

O6parnoe oueBniHO. HyKHO paccMoTpeTh JIMHEHHYIO MepernapaMeTpu3aiio U yOeIUThCs, ITO TapaMeTpu-
YeCKHe yPaBHEHUs KPUBOH 7 YIOBJIETBOPSIOT ypaBHeHUusM (2.7) IpH yCJIOBUH, YTO IIADAMETPUIECKUE YDABHEHU
v yaosiersopsiior ypaBaenusiM (2.6). IIpoenure moapobHbie paccyKIeHus CAMOCTOSITEIbHO. O

§2.3. T'eomerpuyeckmuii cMbICJI KOBapUaHTHOrO And depeHImpoBaHmsi.

Iycrs (M, V) — npocrpanctso addunnoit cessnocru. Kpusyto ¢ : I — M HazoBeM unmezpaavrol kpueot
sexmopHozo noas X € %(M ), €CJIM KacaTeJbHBIII BEKTOP B KaXK/J0 TOYKE 3TOU KPUBOIl COBIIQJIAET C BEKTOPOM
BEKTOPHOTO TI0J1sT X B 9TOi TOYKe, TO eCTh B KaK/10it JokambHoit Kapre (U, ) ¢ koopmunatamu (zb, ..., 2"), B
KOTOPOIit KpHUBas ¢ 3ajlaHa MapaMeTPUuecKUMI ypaBHeHusME ' = z¢(t) nmeem

4
dr

0

#(7) Ox?

T=t

= Xo(t)-

B(t)

Teopema 2.5. ITyemv p € M — npoussoavras durcuposannas mowka, X,Y € X(M) — npoussoavrvie exmop-
noe noas, maxue wmo X, # 0. O6osnavwum wepes ¢(t) unmezpasvryio Kpusylo eexmoprozo noas X, npudem
#(0) = p. Oboshavum uepes T; onepamop Napariesvrozo neperoca uz mowku p = ¢(0) 6 moury ¢(t) 6doaw
xpusoti ¢. Toezda
N S

(VxY), = tlg]% n (7 Yo — Yp) - (2.8)
Hoxasameavcmeo. Ilycrs ¢ : I — M, $(0) = p. Guxcupyem t € I u paccmoTpum BeKTOp Yy = Yy (4). C momomipio
IApAJIIEILHONO TIEPEHOCA T, | TIIePeHeceM STOT BEKTOP B TOUKY P I 0003HAYNM ero Zj, TO eCThb

Zo =17 Y;.

B mporecce napaJsuieIbHOrO II€peHOCA y HAC IOABHJIOCH II0JI€ IIApPAJUIEIbHBIX BEKTODPOB BIOJbL KpHUBOH ().
0603Ha91M 3TO TIOJIE Uepe3 Ly = Ty Zy. Tak KaK MapaJuieIbHOMY IIEPEHOCY HOABEPraJiCsl BEKTOP Yz, TO OUEBHJIHO,
9TO

Zy =Y.

®ukcupyem jokabHyio KapTy (U, ¢) ¢ kKoopauraTamu (21, ..., 2™) B okpecTHOCTH ToUKH p. OBOZHAYIM KakK

OOBITHO Yepes {%} HaTypaJbHbIH 6asuc Moy X(U). Torma mosydeHHOe TOJIe BEKTOPOB Z W UCXOIHOE MOJIe
BEKTOPOB Y MOXKHO Pa3JIOXKUTh 110 9TOMY 0a3UCy B KaXKJION TOYKE KPUBOI (:

Y, =Y(s)' 2 Zo=Z(s)' 2

) ozt

npudem Y (t)! = Z(t)', i = 1,...,n, tak xax Y; = Z;. Tak Kak 1oje Z, napajiesbHo BIOIL KpUBOi ¢(t), TO
OHO YOBJIETBOPSET yPABHEHUSM

A ; dx?

— =T, 72—, i=1,...,n.

ds wZ7(5) ds

Pacemorpum dyukmuio Z*(s), k = 1,...,n. Ilo Teopeme Jlarpamka o KOHEYHBIX TIPHPAIICHAAX CYIIECTBYET
t* € (0,t), rakoe uTO
B dz*

Zk(t) — Z%(0) = t.

t*

ds
C yderoM nosydeHHbIX (POPMYJI U BBEJIEHHBIX 0003HadeHuil mpeobpasyeM k-10 KOOpAMHATY BEKTOPA, CTOSIIErO
B 1paBoit yactu hopmysibl (2.8)

k k
P = (0 o) = (20 - - o) =5 (- % RanaUie rio))
* z ,
] o) =the) ] 20 to- o).

Wrak, mb1 momygaem

& | =

(Y~ Yg) = T )
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Iepexonst k npeney upu t — 0 (a 3mauur, u t* — 0), noaydum
da? - dy'* oY’k N\ da?
X y _ ( + FijJ) ax”

bl J o
ds |,_q (p)+ dt

R
lim — (r, 'Y} = V) =T} (p)

50t oz’

(VxY)k k=1,...,n

ozt dt

t=0 t=0

Tax KaK y BEKTOPOB COBII3JAIOT BCE COOTBETCTBYIONIE KOOPAUHATLI, TO OHU COBIIIAIOT CAMHU M MbI HOJIydaeM
dbopmymy (2.8). O

§2.4. IlapansenbHBII TEPEHOC ITPOU3BOJILHBIX TEH30POB BA0JIb KpuBoii. KoBa-
puaHTHOe JuddepeHInpoBaHNe TEH30PHBIX MOJIeil TJIaJKOro MHOrooopa3usi.

Iycrs (M,V) — npocrpancrso abdunHnoii cessnocru, v : I — M — xpusasi, ¥(0) = p € M. Ilycrs u €
Ty (M) — HeKOTODDIH KOBEKTOP B TOYKE p. IlycTh ¢ — MpOM3BOJIbHAS TOYKA HA KPUBOIi . PaccMorpum omeparop
[IapaJuIeIbHOTO TIEPEHOCA

Tpq + Tp(M) = Ty(M)
BEKTOPOB BIOJIb KpuBoii . Onpenesum orobpazxkenne 4 : Ty (M) — R o dopmyme
~ =1
a(§) = u(quf) = U(qu )s
rie € T,(M) — nIpou3BOIBHBIN KacaTeIbHBIN BEKTOP.
3anaya 2.3. [okaxkure, uTo orobpaxkenune 4 Oyaer R-muneiiHbIM.
Takum 00pa3oM, MBI OTIPENEIMIA OTOOPAYKEHIE
Tpq - T;(M) — T;(M),

COIIOCTABJISIONIEe KaXKIOMy KOBEKTODPY U KaCaTeJbHOro mpocTpancrsa 1p,(M) KoBeKTOp i, OLpeeseHHbIH Ha
KacaTeabHOM mpocrpancTBe Ty (M). D10 oTOOparkeHne HASBIBACTCS ONEPAMOPOM NAPAMNENLHO20 NEPEROCA KO-
6€KMOP0O6 U3 TOUKN P B TOUKY ¢ BJIOJIb KpuBoii . MbI OysieM 0003Ha4aTh €ro TaKXKe 9epes Ty, .

Samaua 2.4. Jlokaxxure, 4TO MapaJlIebHbIH EPEHOC KOBEKTOPOB SIBJISETCH JIMHEHHBIM 0TOOpaXKEHHEM, a 3Ha-
* *
9UT M30MOPBUIMOM BeKTOpHBIX npoctpamcts Ty (M) u T, (M).

ITycrs reneps t — npou3BOJbHBIA TeH3op tuna (r,s) B Touke p € M, 1o ectb R-smneiiHoe 10 Kaxkiomy
apryMeHTy oTOOparkeHue

t:T(M) x ... x T,(M)xTy(M) x...x Ty (M) —R.

rpas3 spa3
Ompenesium orobpazkenne

E:Ty(M) x ... x Ty(M) X Ty (M) x ... x Ty (M) - R

rpa3 spas

o dpopmyiie
7 1 s\ __ 1 s
(&1, &ru, o ut) = 6 (Tgp€as o Taplrs Tapl s - -+« Tgptt®),
1 s *
rie &1, .., 6 € Ty(M), ut, ... u® € Tj(M).
AHaAJIOTHYIHO CIydaro KOBEKTOPOB JIOKAa3bIBAETCsI, YTO OoToOpazkenune t R-JIHHEHHO IO KaXKIOMy apryMeHTY,
TO €CTh sBJAETCH TEH30poM Tuia (7, §) Ha BekTOpHOM Ipocrpancrse Ty (M ). Msr Gynem 0603HaUATH €ro Uepes
Tpqt ¥ Ha3BIBATD PE3YALMAMOM NAPAAACALHO20 NEPEHOCE MEH30PA t U3 TOUYKHU P B TOUKY ¢. TeM caMbIM IOCTPOEH

orepaTop
Tpg + T (Tp(M)) = LTy (M)).

OH HA3BIBAETCS OMEPAMOPOM NAPAAAENLHOZ20 MEPEHOCH TMEHZOPOE M3 TOUKU P B TOUKY ¢ BIIOTH KPUBOM 7.
U3 ompenesnenuit oneparuii ¢ TEH30paMU U OIPEeIeJIEHNsI OIEPATOPA T,q HEIOCPEICTBEHHO ClleLyeT (IpoBe-
JIUTE PACCYKJEHUST CAMOCTOSATEIIBHO)

. S S
Teopema 2.6. Onepamop Tpq : Ti(Tp(M)) = T2(T4(M)) naparresvroeo nepenoct ABAAEMCA US0OMOPPHUIMOM
MEHZOPHBT an2elp MmH02000pasus M 6 coomeememeyowus mowkar, nepecmano8ovHbM CO CEEPIMKAMU, MO
eCb UMEIOTM, MECTRO CE0TCMEa

1. qu(tl + tg) = qutl -+ qutg;
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2. Tpg(At) = ATpet, A € R;
3. qu(tl Rta) = Tpgt1 @ Tpqtas
4. Tpq © C(l C(j) 0 Tpg- O

DTa TeopeMa MO3BOJISIET BBECTHU MOHSITHE KOBAPUAHTHON ITPOU3BOHOIN JIJTsT TPOU3BOJIBLHOTO TEH30PHOTO TOJIS.
ITycrs T — TensopHoe mojie tuna (7, $) Ha IJIAJIKOM n-MepHOM MHoroobpasun M, X € X(M) — BekTopHOE
nose 6e3 ocobeHHoCTed, TO ecTh X, 7# 0 g1 mr060it Toukn p € M. Oupenenum oneparop

Vx : THM) — TH(M),

IIOJIOZKUB

(VxT)p = lim (7" Ty = Ty)

rue ¢(t) — uarerpaibias Kpusas Bekropuoro nosst X, ¢(0) = p, p € M — npoussosibhas Touka M, 7, — napaJ-
JIEJIBHBIN [IEPEHOC U3 TOUKH P B TOUKY ¢(t) BIoab KpuBoi ¢(t). Takum 06pa3oM, MBI OJYIUM TEH30PHOE ITI0JIe
tuna (r,$) Ha MHOroOGpasuu M, KOTOpOe HA3bIBAETCS KO8APUAGHMHOT Npouseodnot menaoprozo noss T 6 na-
npasaeruy sexmoprozo noas X. Oneparop Vx Ha3bIBAETCI ONEPAMOPOM KOBAPUAHMHO20 JuPPePenuuposanus,
men3opHoti anzebpov, MHOTOOOpasus M.

Teopema 2.7. Onepamop xosapuanmmozo duddepernuyuposanus mern3ophoti aszebpol 2A60K020 MH02000pa3UA
obaadaem caedyrouumy ce0tcmeamu:

1. Vx(T1+T2):VxT1+VxT2,‘
2. Vx(AT) =\VxT, A e R;
3. Vx(M1@Ty) = (VxTh) @Ty +T1 @ (VxTz) — npasuso Jetibruua;

(@)
4 CjoVx =Vxo C(])

Hrave 2060ps, onepamop ko8apuanmmoz0 JuPHeperyuposarus A6AAEMCS ONePamopom JuddeperuuposaHus
aA2€6PYL, NEPECTNAHOBOUHBIM CO CEEPMKAMU.

Zoxazameavcmeo. CsoiictBa 1,2,4 j10Ka3bIBAIOTCA aHAJOIMYHBIM 00pasom. Jlokazkem, Hampumep, cBOMCTBO 1.
ITo ompesesteruto oneparopa Vx nmeem

Vx(Ty +Ta)p = limy 0 5 (1, (T1 4+ T2) gy — (Th + Ta)p) = limeso 1 (7 (T gy + 70 (T2) oy — (Th)p — (T2)p) =

= lim;_,g % (Tt_l(T1)¢>(t) — (Tl)p) + hmt_>0 i (Tt (T2)¢(t) — (Tg) ) = (VXTl)p + (Vng)p.

Tak Kak 3T0 BEpHO s 000 Touku p € M, TO MbI JOKa3aJH [IEPBOE PABEHCTBO.
Hokaxxem cpoiictBo 3. meem

(Vx(T1 ® To))p = limy_yo (1, (T ® To)py — (T ® Ty),) =limyo 1 (77 H(T1) gy ® T (1)) — (Th)p @ (To)pk
1 (1) gy @ (To)p) = limyso ¢ (77 (Th)gry ® (0 (T2)gi) — (T2)p)) +limesso ¢ (77 (Th) gy — (T1)p) @ (T2)p) =
= (T)y (VXTz) + (VxTi)p @ (T2)p-

Tak Kak 3T0 BepHO myist JI000H ToUKM p € M, TO MBI JOKA3aU TPEThE PABEHCTBO. 0

3ameuanue 2.4. Jlomoanum cBoiicTBa omeparopa V x €Ie OJHIM, KOTOPOe OIPeaeuT KOBApUAHTHBIN mudde-
penrman dyuknun. [lomoxuMm 1o onpeiesreHno

Vxf=X(f), f€C*(M).
Teneps ucnosb3ys Teopemy 2.7, MbI MOKEM BBIYUCIUTH KOBAPUAHTHYIO IIPOU3BO/IHYIO JTI0O0T0 TEH30PHOT'O HOJIS.

IIpumep 2.1. Paccmorpum 1-dbopmy w. Torma ee koBapuaHTHasi mpomsBogHast Vx(w) TakxKe siBjsieTcst 1-
dopmoit (o onpezesnennto oneparopa Vx ). omyuanm dbopmysy juist Beraucsienust suadenns 1-opmer Vx (w)
HA [IPOM3BOJILHOM BeKTOpHOM nojie Y € X(M) B unBapuanToii ¢hopme (6e3bIHIAEKCHOI) 1 B UHIEKCHOH dhopme
(B JIOKAJIBHOM KapTe).

Cuauvasia nostyuum Bbipazkenue dbyHkimy w(Y') ¢ moMorpio TeH30pHbIX oneparumit (cMm. § 1.12.). Paznoxum
BEKTOPHOE 110JI€ Y 10 JIOKAJIbHOMY 6a3ucy {%} U BOCIIOJIb3YEMCsl OIIPEJIEIEHNEeM KOMIIOHEHT TEH30PHOIO TIOJIS:

0 ;0

w(Y) = w(Y?! 8;1:1') = Ylw(axi

)=Yw = (weY) = C((ll))(w@)Y).
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Nraxk,
w(Y)=ClHwaY) (2.9)

IIpumenum omepaTop Vx K 0b6enM HIacTIM paBEHCTBA (2.9) u yureM TeopeMy 2.7 (IlepecTaHOBOYHOCTH Vx €O
CBEPTKOH U IIPaBUJIO ﬂeﬁ6HI/ILLa):

Vx(@(Y)) = Cf) (Vx(@) @Y +w @ VxY) = Vx (@)Y +w(VxY)

Baecy uepes Vi (w)Y obosnaueno neiicrsue 1-dopmbr Vx(w) Ha BekropHOM moje Y. Hakower, ucnosb3ys
sameuanue 2.4, B GE3BIHIEKCHOM (MHBADUAHTHOM) BHJIE MBI MOy IaeM CIEAYIONLYI0 (hOPMYITy

Vx(w)Y = X(w(Y)) — w(VyY)

®ukcupyem Tereph Jokaabayio kapty (U, ) ¢ koopaunatamu (z1, ..., 2™) u Bocnossayemcst opmytamu (2.1),
(1.19):
Vx(@)Y = X(Y) —w (5 +THYT) X152 ) = §4X9Y* 4w, 35 X7 — g%’;i +THY) Xy =
— Qo xiyi —TEyiXiw,

i . k .

Ciraraemble w; gyj X7 — OY X, B3AMMHO yHIYTOKIINCH. UTOOB YBHIETH 9TO, 3aMEHHTE HHIEKCH CyMMUPO-
T Ox? ’

BaHUsl B IIEPBOM cjiaraeMoM: ¢ — k, j — 4. Utak, dopmyuna ms Beraucsenns V x (w)Y B JIOKaJIbHOI KapTe nMeer

BU,

Ow; "
Vx (W)Y = (axg = rfjwk) X'y,

Bamaua 2.5. Iycrs J — rensopuoe nose tuna (1,1) Ha rragkom muoroobpasuu M, TO ecTh HIOMOPMOUIM
MOLyJIs TIaKuX BeKTOpHbIX noseil X(M). dokaxure, 910

Vx(J)Y = Vx(JY) = J(VxY), X,Y € X(M).

Ionyuure dopmyny jyis Boraucienus Vx (J)Y B sokanbHOl Kapre.

Otser: Vx(J)Y = (gi’; +Ff’2Jf _Ffj‘]f) XlYJ%'

IIpumep 2.2. Ilycrs ma npocrpancrse adbdunnoit cs3uoctu M 3aman sumomopdusM J, yIOBIETBOPSIONAI
YCJIOBHIO

JoJ=—id. (2.10)

OH HA3BIBAETCS NOYMU KOMNAEKCHOU cmpykmypot Ha MHOroo6paszun M . U3BecTHO, 9TO HEOOXOAUMBIM YCIIOBHEM
CyIEeCTBOBAHMSA MOYTH KOMILIEKCHOH CTPYKTYPhI HA MHOTOOOPA3NH SIBJISIETCA €r0 I€THOMEPHOCTD M OPHEHTHUPY-
eMocTh. IToaToOMy MBI 0003HAYNM pa3MepPHOCTH MHOTOOOpasus M wepes 2n.
Samumiem pasernctso (2.10) B Buge Jo J(Y) = —Y u npumenum x Hemy oneparop V x: [Ipumenum oneparop
V x K paBeHCTBY :
Vx(JOJ(Y)) = -VxY. (2.11)

Kak 06b1uno, Boipaszum komnosuimio J o J(Y) uepes TeH3opHbie onepalyu:

k

JoJ(Y)=J(J(Y'2) =Y (I ) =Y b2 = (Je oY) 2 = (c((;))gf;(m J® Y)) o2 =
3

= TeIaY)

HT&K, MBI IIOJTY YUJIN

JoJ(Y)=ChPTeJaY)

Beruucianm KkoBApHAHTHYIO TPOU3BOIHYIO STOTO BBIPAXKEHUS:

Vx(JoJ(Y)) =Vx(Chl(TeTaY)) =l (Vx()eTay)+CHH (e V() oY)+

+HOG(I ®J @ VXY) =Vx(J)o J(Y)+JoVx(J)(Y)+Jo J(VxY) =
=Vx(J)oJ(Y)+JoVx(J)(Y)—-VxY

IoncraBasst mosyvyeHnsiit pesyabrar B (2.11), nmeem

Vx () (JY)+ JVx(J)Y =0
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§2.5. KoBapuantssbiit nuddepeHiimagl TEH30PHBIX MOJIE.

Hycrs (M, V) — npocrpancrso addunnoii cesasnoctu. Oupeennm oTobparkeHue
VM) = T (M)

o opmyite
(V) (X1, .., Xpywhs oo w0, X) = (VxT)(Xq, .., Xy why o wf), (2.12)

e Xi,..., X, X € X(M), w,...,w* € X*(M). B cuny cpoitcrea C° (M )-numeitrocTn onepatopa Vx 10
X, BBeJIeHHOE OIIpeJieieHre KOPPEeKTHO, TO ecTh VT siBasiercss C'°° (M )-simHeRHBIM 0TOGpazkeHneM MO KarK0-
My apryMeHTY, TO eCThb siBJiseTCsi TeH30pHbIM mosieM Ha M. Tenzoproe mosie VT Ha3bIBaeTCS KOSAPUAHMHBIM
dugppepenyuanom TeH30pHOTO OJIs 1.

B xommnonenrax dopmyia (2.12) upumer Buj

0 0 . , 0 0 0 . .
T =——, ..., ——,da?, ... da’s, XF— ) = T —,...,——.dz%, ... da
(v ) (3:17’17 7893'1’“7 T, , AT, 8:5’“) (VX ) (81'217 3 (91’“"’ T, , AT )
T, WCTIOJIB3Ys OTpeIeIeHne KOMIIOHEHT
(VT)Idn XP = (VX (2.13)

OOBITHO KOMITOHEHTHI KOBAPUAHTHOTO Juddepen maia 0003HA9aI0T CAeAYIONUM 00pa3oM:

(VT),gl-“js — Tj1~-~js

1edpk T Td1.dp,k

BansToil (1 KaKuM-m60 JPYTrUIM 3HAKOM ) OT/EJISIFOT WHJIEKC, OTBEUAIONTHH 38 BEKTOPHOE 1osie X 13 oleparopa
Vx. C yuerom 3roit orooperHoctu coorHomenue (2.13) npumer Bu

T XE = (VXTI (2.14)
IIpumep 2.3. PaccMoTpum TOXKIECTBO, MOJIYUIEHHOE B MpuMepe 2.2:
Vx(J)(JY)+JVx(J)Y =0

7 3aIHUIIeM ero B KOMIIOHEHTaX. B JIeBoit 4acTu paccMaTpuBaeMOro TOXKIECTBA 3allNCAHO BeKTOpHOE moje. OHo
OyZeT HyJIeBBIM TOTJ[a U TOJIHKO TOTJA, KOIa BCE €ro KOODAWHATHI HyjeBble (DYHKINN, TO €CTh

(Vx(N)(IY)) + (JVx(J)Y) = 0.

Kak MBI 3HaeM, ecum Ha BEKTOpHOEe nojie X TojeicTBoBa sHI0MopdusM L, TO KOOPJAMHATHI TIOJTY THBIIETOCST
BEKTOPHOTO 1OJIst Bhrauczaiores o dopmyne (L(X))* = L X7, tae L} — marpuna supomopdusma L uim, 910
9KBUBAJIEHTHO, KOMIIOHEHTHI 3HIOMOpdU3Ma L, paccMaTpuBaeMoro Kak Tensopaoe mose tumna (1,1). TIpumenum
3Ty (bOPMyIly B HAIIEM CJIydae:

(Vx(N))5(IY) + T(Vx(J)Y)) =0

" eme pa3 npumenumM Ty xKe HOPMYIIY:
(Vx (D) RY* + TV x ()LY* = 0.
Tenepnb Bocnosib3yemcs dhopmyiioii (2.14):
Ty XERYR 4 T XY =0

Tak Kak 1oJrydeHHast GbopMysia BepHA Jis JIFOObIX BeKTOpHBIX nosielt X, Y € X (M), To oHa BepHA, B YaCTHOCTH,
JIJIsi BEKTOPHBIX I10JIeil HaTypaJibHOro Hasmca

o ON SN L s (9N o
34 (a) Ji (axm> I3 (ax) (m) =0

Tak KaK BCe KOMIIOHEHTBI Mbl CYMTAEM OTHOCHTEJIBHO HATYpPaJbHOrO Gasuca (Ipyroro y Hac IIOKa €Iie U HeT),

k
( o ) = 6% . Torma okonuaTe nHO MOTyIHIM

¢
[IOJIy9aeM, 9To ( 82?) = o

P’

T+ I35, , = 0. (2.15)

Jp-m

B manbreiiiem Mbl He Oy1eM TPOM3BOIUTS MOACTAHOBKY BEKTOPHBIX IOJIEH HATYPAJIBHOrO ba3uca, a cpaly Oyaem
nucarh pesyabrar. OH MoJIy9IaeTcs, eciau yopaTh KOOPAUHATHI ITPOU3BOJIBHBIX BEKTOPHBIX moJieit. [
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Bamaua 2.6. Ilycrs na npocrpancrse M addunnoii cBs3HOCTH 3aaHbl TPU TeH30pHLIX H0jsd (P, 7, €), rne & —
sugomopdusm mouayisa X(M), £ — Bekropuoe 1noJe, 1 — 1-popma, yIoBIETBOPSIONIAE COOTHONIEHUAM

1)@ =—id+n®& 2)n(¢) =1
3) (&) =0; 4)nod =0.

Takasi TpoiiKa TEH30PHBIX I0JIEH HABBIBACTCA NOYMU KOHMaKMHol cmpykmypol Ha muoroobpasuu M. Ilpu-
MeHuTe oneparop Vyx K KaXKIOMY U3 YCJOBHUi, OIPEIeSAIONINX MOYTH KOHTAKTHYIO CTPYKTYPY U 3allUIIATe
Pe3yJIbTAT B MHBADUAHTHOM BHJIE U B KOMIIOHEHTAX, UCIOJIb3Ysl KOMIIOHEHTHI KOBAPUAHTHBIX A depeHnaios
(To ectb moyunTe bopmysbl aHasoruuHble (2.15)).

Orser:
x(D)(DY) + V()Y = (Vx(Y)E+n(Y)VxE ®F &) + &5d) = Eme e + Eme;
(M€ +n(Vx§) =0; i€ +m& = 0;
x(®)§+ 2(VxE) = 0; P} &0+ @38, =0
x(M)(@Y) +n(Vx (2)Y) = 0; 0i,; Py, + 0P} ; = 0.

Bagaua 2.7. 3anuinure HHBAPUAHTHBIE COOTHOIIEHUS U3 38124 2.6 B MHIEKCHO (popMe, UCTIOIh3yst 0600IIeH-
nbie Koaddurumentor Kpucrodders.
Orser:

(et ) wg o (35 + vy et = (3 - Th)er 0, (35 + 1)
2) am é-z 4 ;95 89;] =0
o¢d
) (axi + Ffﬂ)? &+ kg =0

4) 223 ®J + ety ot — kL5, ®F =0

§2.6. Tenz0pbl Kpy4YeHUsi 1 KPUBU3HBI CBSI3HOCTMU.

ITycrs (M, V) — npocrpancrso abduuHOR cBs3HOCTH. ONEpamopom Kpyenus CBI3HOCTH V HA3bIBACTCs 0TO0-
paxenne S : X(M) x X(M) — X(M), onpeaenernoe dhopmyoit

S(X,Y)=VxY —VyX — [X,Y]. (2.16)

Onepamopom kpueushv, cea3HocTn V HaspiBaercst orobpaxkenne R : X (M) x X(M) x X(M) — X(M), oupene-
JileHHOe POPMYIIOit
R(X,Y)ZZVXVyZ—VyVXZ—V[X’y]Z, (2.17)

XY, Z € X(M).
Teopema 2.8. Onepamopv. S u R C°°(M)-aunedino, no xascdomy apeymenmy.

okasamesvemeo. JTokazkeM JMHEHHOCTD ollepaTopa KPyUIeHHs 110 IEPBOMY apryMeHTy (OCTaabHOE JOKa3bIBa-
€TCsl AHAJIOTUYHO), TO €CTh

SaX'+BX")Y)=aSX",)Y)+BS(X",Y), X', X" )Y € X(M), a, 3 € C*(M).
Cuauasa 3amernm, uto Jyist ao6oit dysxmun f € C° (M) nmeem
(X, Y](f) = aX(Y(f)) = Y (aX)(f)) = aX (Y (f)) = Y () X(f) = aV(X(f)) = a[X, Y] = V() X(f).

3HaguT,

[@X,Y] = a[X,Y] - V()X (2.18)
C yderoM 310i1 HOPMYIIBI U ONPEJIEIEHNUs] OTIEPATOPA KOBAPUAHTHOTO MM DEPEHIIMPOBAHUS TTOJTY IaEM

S((XX/ + B8X", Y) = Vaxr4xrY — VY(OéX/ + ﬂX”) — [OzX/ + BX”,Y] =aVx'Y +8VxrnY — Y(Oz)X/ —aVyX'—
“Y(B)X" = pVy X" —alX" Y]+ V()X = BIX", Y]+ Y (B) X" = aS(X",Y) + BS(X",Y).

O

CuaencrBue 2.1. OuepaTopbl Kpy4YeHUsl U KPUBU3HbLI CBA3HOCTU V OLPEIEJISIOT TEH30PHBIE 110Jist TUIOB (2,1)
u (3,1) coorsercrBenHo. OHU HA3BIBAIOTCS MEH30PAMU KPYHEHUA U KPUSUSHDL CEAZHOCTIU.
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DTHu TeH30pbl 0003HAYAIOTCSI TEMU YKe OyKBAMU, 9TO ¥ COOTBETCTBYIOIIME OMEPATOPhl. A UMEHHO, OTIEpATOD

S X(M) x X(M) — X(M) nopoxznaer orobpaxenne S : X(M) x X(M) x X*(M) — C*°(M) o dopmyie
S(X,Y,w) = w(S(X,Y)), X,Y € X(M), w € X*(M).

OueBnHO, YTO OIIpe/IeJeHHOe 0TOOpazkeHne S JIMHENRHO [0 KayKIOMY apIyMEHTY, TO €CThb sIBJISIETCsI TEH30PHBIM
nosteM Trna (2,1).

Awnanornuno, oneparop kpususHbl R : X(M) x X(M) x X(M) — X(M) nopoxpaer orobpaxenue R :
X(M) x X(M) x X(M) x X*(M) — C*°(M) no dbopmyie

R(Z,X,Y,w) =w(R(X,Y)Z), X,Y,Z € X(M), w € X*(M). (2.19)

Ou4eBUIHO, YTO OIpejieJIeHHOE 0TOOParKEeHUE JIMHETHO 10 KayKIOMY apI'yMeHTY, TO €CTb sIBJISIeTCsl TEH30POM THUIIa
(3,1). Obparure BHUMAHUE, YTO MNOPAJOK BEKTOPHBIX IIOJICH — APTyMEHTOB T€H30pa KPUBU3HBI — U3MEHEH.

3ameuanmue 2.5. Jlerko BujieTh, YTO 3a[aHUE OII€PATOPA KPUBU3HBI 9KBUBAJIEHTHO 38/ [aHUIO TEH30PA KPUBU3HBI.
[TosToMy B simTeparype MexK 1y HUMHU OOBIYTHO He JIeJIAI0T PA3JINIHs U HA3bIBAIOT OLEPATOP KPUBU3HBI TEH30POM
KPUBHU3HBL. AHAJIOTHYHOE 3aMeYaHNe OTHOCUTCS M K T€H30py KPYUeHUs .

§2.7. KoopauHnaTHoe 3ajJaHNE TEH30POB KPYYeHUS M KPUBU3HBI CBI3HOCTH.

7.1. Ilycrs (M, V) — upocrpancrso addunnoii cesasunocru, (U, ) — jgokanbaas kapra Ha M ¢ KoOpauHATAME
(x',...,2"). Kak MBI 3HAEM, CBA3HOCTD V B 9TOM KapTe ONpe/Ie/ifeTca 3a1anneM o000meHHbX KoahhUuImenTon

Kpucropdens {Ffj }, roe

v 0 ri 0
o T~ = LT .
827 Ok ik o
i i
Cueosarenbio, Komnonentsl {S;;} u {R};;} Tensopos kpyuenns S u Kpupusubl R casHoctn V JIOJIKHBI

B HATYPAJbHOM Oa3mce TaKXKe OIPEesiThcad 0000meHHbMu Ko durmentamu Kpucroddens {Ffj} Harma
3a/1a4a — HANUTH 9Ty 3aBUCAMOCTD B sIBHOM BHJIE.

Hanomunm (em. (1.25 § 1.9.), uro Hamu 6bLi1a nosrydena hopMysia Jjisi BBIYUCIEHHs] KOMMYTaTOPa BEKTOPHBIX
roJieit B HaTypaJabHOM Oasuce.

oy’ . 90X j> 9 (2.20)

X, Y] (&W Oz ozt
Takke Oblra moaydena (cM. (2.1) § 2.1.) dopmyna Jyist BEIYMCIEHNsS KOBADHAHTHON IIPOM3BOJHON BEKTOPHOIO
IOJIg B HATYpaJIbHOM Oa3uce
VxY = ot +YIrk ) X1 0 (2.21)
X\ oai i Ok '

Teopema 2.9. B namypansvrom b6asuce 0if KOMNOHEHM {S;-k} men3opa xKpywenua S ceasnocmu V umeem

Sii = T = Ty

Jlokasameavemeo. B onpenenennn (2.16) Tensopa KpydeHns S 3aMEHNM KarKJI0e CJIAraeMOe COOTBETCTBY IOIIUM
BBIparKeHNeM B KOOopauHaTax u3 ¢dbopmya (2.20) u (2.21).

0 oxk
ok or'

k
S(X,Y) = (%Y, + YjF§j> X
xL

: .0 9yt .9 09Xt .0
XTE ) Yi— — — X =+ Y =
K > dxk  Oxi” Ozt  Oxi Ot

B npapoit yacTu 3TOr0 paBeHCTBa €CTh JiBe IMapbl B3aUMHO YHHYTOXKAIOINXCA claraeMbix. Haiinure ux n mpo-
BeJINTE 3aMEHy WHJIEKCOB CYMMUPOBAHUS JIJIsI TOrO, YTOOLI YBUJIETH 9TO. B pe3y/brare HOIydInM
_(Tk _ Tk ivg O
S(X,Y) = (Fij Fji)X Y Erh
Jljist TOro 4TOOBI BHIHECTH 32 CKOOKY X ‘Y7, BO BTOPOM cilaraeMoM GBLIN Tepeobo3HaueHbI MHIEKChI CyMMHIPO-
BaHUdA ¢ 1 J.
B wactrocTH, mia X =

Y = -2 nomyunm

_90_
oxP)  Oz™

k
0 0 0 0 0 0
Sknar =S5 502)) 5 =05 -T5) 006, =Tk, =Tk ).
Oxk Oxp’ ™ Ok ‘I JEIPTI gk pmo T mpl fxk
Ecin paBHBI 1Ba BEKTOPHBIX IOJIsI, TO PABHBLI U UX KOOPUHATHI B HATYPAJIHLHOM Gasuce
k k k
Sy =15 =17
3/ech Mbl TIepeobo3HAYMIIN CBOOOIHBIE WHIIEKCHI P — &, M — j. O
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Teopema 2.10. B namypasvrom b6a3uce 0rs KOMMOHEHT, {R;ke} men3opa Kpususns, R umeem

o _ Olg, OTg
bed = " fge Oxd

+ e, —Inre., (2.22)

Zoxaszamesvcmeo. TIpuHIMN BEIMACTIEHUS KOMIIOHEHT TEH30pa KPUBU3HBI R Takoil ke Kak Jijis TeH30pa Kpyde-
HUs S, HO pacdeTsl OyLyT 60jIee FPOMO3IKUME M3-38 HAJIUIUS JIBOWHOTO KOBAPUAHTHOTO Ju(dOEPEHIIMPOBAHES.
Mer1 6yzieM ucrosib3oarh Te ke dbopmyisl (2.20) u (2.21), a noacraBisTh OyeM UX B ONpEJEJIeHe TEeH30Da
KpuBHU3HbI (2.17). BBIUUCINM OTIEIBHO KazKI0e ClaraeMoe:

VxVyZ =Vx (% + 2T Yigh ) = X (%7 + 2T5Y") o2 + (Vi + 205 ) Yy o o =

ox™
_(.0%°Z" vvivp L 9Z% 0Y vp | 8Z% ypTk v i T% vpyv i ik Y vp) 0 a7k ik iympp 9
- (Bxiazpy XP 4 ozt OxP XP 4 OxP X FZJY +Z 6:6’)] XPY' + Z Fij dxP X Oxk + ox? +Z Fij yrx ka OxP

31ech MbI BOCIIOJIB30BaJINCh CBOMCTBAMY M3 OIIPE/IeJIEHUs] KOBAPUAHTHON IIPOU3BOIHON BEKTOPHOIO IT0JISI U OIIPe-
JesieaneM 0600menubx Koaddunuentos Kpucrobdens (cm. § 2.1.). Craraemoe Vy VxZ nonydaercsa us cia-
raemoro VxVy Z, eciin moMeHsaTb mectamMu X u Y':

o : i j . I . . i
VY7 = (XY G Ry ST X 4 2 S T REY) s

ij OxP
+ (SZ(C + ZJFZ> XiympP 0

ox? mk Oz

Haxomen, serancinm Vx yZ:

VixiZ = V (ar: o 7= (55X~ B5VI) Voo (2455) =
dxJ ox? T

AY' yvj _ 8Xiyj)\ 8z% 9 Y xrj _ 0X'Nj\ kTP O
<8xj X Oxd Y ) ozt Oxk + Oz X OxJ Y7z Fik OxP

i_ 90Xty
X3 ox Y])

Hawm ocranock nojicTaBuTh Bce BLIYHCJIEHHBIE CJIaraeMble B OIPEJIeJIEHIe TE€H30pa KPUBU3HLI U MPUBECTU IIO-
nobubre. MBI BBINIAIIIEM OKOHYATEJbHBIA PE3yJIbTAT W PEKOMEHIYEM YUTATEI0 CAMOCTOSITEHHO HANTH AP
B3aUMHO YHUYTOXKAIOIIUXCS CJIAraeMbIX, 3aMeHss HY2KHBIM 00Pa30M MHJIEKCHI CyMMUDPOBAHMUS.

R(X,Y)Z = S XPYizi e 4 TETD  xmyizi 0 Suxiyrzi 0 _TETP Xiymzi 0 —
BF:‘?' al"f). mik m 1k ir7j_0
(Bmlf B Bx"’] + Fij Fpm o ijrim> Xry Z]W
Nrak,
orr.  ork. R
—_ vj pJ mrk k
R(X,Y)Z = I + 0T, — Tl XPYZZJW

Ham ocTasioch BBIMUCINTH KOMIOHEHTHI TeH30pa KpuBusHbL. [1o dopmyse (2.19) momyaum

bea = B (527: e 5am» d2%) = du (R (55 557 57) =
J

0, 0,
= (55 - o v rrt, - Tk, ) ()7 ()’ () ()

OxP ozt i) pm ozc

OKOHYATEIBHO 0Ty IaeM
a a]‘—‘gb o argb
bed ™ gre Qad
OrMeruM, 9TO 37€Ch BCE UHIEKCHI @, b, ¢, d, . .. IpoberaroT Tak»Ke 3HAYeHUs OT 1 10 N — Pa3MepHOCTH MHOT000-
pasus M. O

ma mya
+ dermn - Fcb dm

7.2. Ilocmorpum HEKOTOPBIE CBOWCTBA TEH30POB KPYUEHUs U KPUBU3HBL. [lepBoe CBOMCTBO T€H30pa KPUBU3HBI
JIOCTATOYHO 09eBUIHO. Ero JIerkKo MoJyuuTh Kak U3 OlpejiesieHns TeH30pa KPUBU3HbIL, Tak U u3 dhopmyisl (2.22).
Mpsr1 3anuiiiem ero B Tpex BUIAX:
— . _ ) E o _ k
R(X7Y)Z__R(KX)Za R(ZvX7KW)__R(Z7Y7X7W)7 Rijﬁ__RiZj'
DTO CBOMCTBO HA3BIBAECTCS KOCOCUMMEMPULHOCTIHIO MEHIOPA KPUBUIHDL NO NOCACORUM 08YM BEKMOPHLIM apey-
MEHMAM.
Emte omHO cBOiCTBO TEH30pa KPUBU3HBI BEPHO HE JJIsS JIIOOOW CBSI3HOCTH, a JJI TAK HA3BIBAEMOU C8A3MHO-
cmu 6e3 kpywenus. CBasnoctb V. Ha MHOrooOpasum M HA3bIBAETCS C8A3HOCMBIO O€3 KPYueHus, eCId TEeH30D

i i T
KPYYeHHUsI CBA3HOCTH V TOXKJIECTBEHHO PABEH HYJIO, TO €CTb S ik =0, mo ecrb I'y = T, ;. Takum obpaszom, Mbl
[IOJIy YaeM
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Teopema 2.11. Csaznocmv V asasemes ceaznocmvio 6e3 kpyywenus moada u moavko mozda, xoz2da ee 0606-
werHbvle Koadpuyuenmo, Kpucmoddeas cummempuunv, no wustcneld nape undekxcos. [

Teopema 2.12. Jlaa ceasnocmu 6e3 kpyuwenus V umeem mecmo moosicdecmeo Puvvu, mo ecmo
Rieq + Rigy + Rye = 05 R(X,Y)Z + R(Y, Z)X + R(Z, X)Y = 0.

Joxazameavcmeo. lokarkeM KOOpIAMHATHYIO (POpMyJs ToXkIAecTBa Puuuun. st 3T0T0 B JIEBYIO0 YacTh TOXK/IE-
crBa Puaun nogcrasum dopmyiy (2.22) u BOCHOJL3YEMCsl CUMMETPUIHOCTBHIO 0000MIEHHBIX KOI(DMOUIMEHTOB
Kpucrobdens. Nmeem
a a
a al—‘db _ al—‘cb +Fmra —T'™mre
bed dxc amd db* ecm cb dm
a a
a aFbc _ ardc L rmre  _pmpe
cdb 6xd axb be™ dm dc™ bm
a a
- 8ch o arbd
dbe ™ gb Ozx¢
CrutaipiBast 9T TOXKJIECTBA, MBI IIOJLYIUM HYJIb.
[Tepeitmem Temeps OT KOOpAMHATHON (GOPMBI TOXKIAecTBAa Puaun K muBapuanTHoit. [lycts X = X¢ a?c“ Y =

mia ma
+ rcd bm dercm

Yd%7 Z =17 b%. Bocmionb3yemcest ornpeesieHneM KOMIOHEHT T€H30pa KPUBU3HBI.
R (a‘zb o aiddx) TR (ai o ;’xbdx) +R (;d o aidx) ~0
YuuozkuM obe gactu Toxkaecrsa Ha X, Y4, ZP u npocyMMmpyeM 110 STUM HHIEKCAM:
R(Z,X,Y,dz*)+ R(X,Y, Z,dz*) + R(Y, Z, X, dz*) = 0.
Bocmonb3yeMcsi BBIpazkKeHHeM TeH30pa KPUBU3HBI Yepe3 oreparop Kpususabl (2.19):
(RX,Y)2)*+ (R(Y,Z2)X)*+ (R(Z,X)Y)*=0,a=1,...,n.

B s1eBoit wacTu 3TOro paBeHCTBa CTOST KOOP/JMHATHI HEKOTOPOI'O BEKTOPHOIO II0JIsI B HaTypaJibHOM basnce. Tak
KaK BCe OHU PaBHBI HYJIIO, TO U CaMO BEKTOPHOE II0JIe HyJIeBOe, TO €CTh

R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0.
Wrak, MBI HOaydmiin TOXK1ecTBO Puddnm B mHBapwaHTHON dopme. DTOT MpueM Iepexoja OT KOOPMHATHON
3aIUCH K MHBAPHUAHTHON MBI Oy/I€M HCIIOJIb30BATH U JIaJee. O

§2.8. Tenzop acdpdunnoii necpopmarnum.

Iycrs (M, V) — npocrpancrso addunnoii ceasunocru. Ilycrs va M 3amana emie oasa ca3Hoctsb V. Pacemorpum
oTobpazkeHme

T :X(M) x X(M) — X(M),

3ajiaHHOe (HOPMYJION 3
T(X, Y) =VxY -VxY, XY € %(M)

Teopema 2.13. Omobpasicenue T C (M )-aunetito no kastcdomy apeymenmy, a 3HAHUM, MOAHCEM ObiMb 0MOIC-
decmeaeno ¢ menaopmvim nosem muna (2,1).

Loxazameavcmeo. JlokarkeM JUHEHHOCTH IO BTOPOMY apryMeHTy. JIMHeTHOCTh 10 MepBOMY apryMeHTy JIOKa-
3bIBaeTCs Ipoire. ViMeeM 10 oIpe/iesieHuIo oriepaTopa KoBapuanTHoro nuddepenimposanus (cm. § 2.1.)

T(X,fY' +gY") = Vx(FY' +gY") = Vx(fY' +gY") = X()Y' + fVxY' + X(9)Y" + gVxV" = X(f)Y'~
—IVxY' = X(9)Y" = gVxY" = [T(X,Y") + gT(X,Y"),

e f,g € C°(M), X, YY" € X(M). TenzopHoe nosie Mbl GyjieM 0603Ha4aTh TOI 2Ke OykBoi T 1, OYEBHJHO,
OHO OyJIeT onpeesisiThes o GopMyJie

T(X,Y,w) =w(T(X,Y)), X,Y € X(M), w € X*(M).
O

Tenzoproe moste T Ha3bIBaeTCH Men3opom apdurroti depopmayuu ot cBsasuoctu V K cBaznoctu V. Bepro
u obpaTHOoe.
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Teopema 2.14. Ilycmo na enadkom mmozoobpasuu M danvi cessnocmv V u npoussovhioe mensophoe nose T
muna (2,1). Toeda omobpasicenue V : X(M) x (M) — X(M), onpedeaernoe gopmyrot

VxY =VxY +T(X,Y),
bydem onepamopom Ko8apuaHmH020 Juddeperyuposarus na mHozo06pasuu M, mo ecmbv ceasHOCMbIO.

Joxazameavcmeo. HaMm Hy>KHO MPOBEPUTDH BBITTOJTHEHNE TPEX yCJIOBUN U3 ornpeenenust 2.1 adpduHHON CBI3HO-
cru. [IpoBepum Tperne yciaoBue. IlepBhie 1Ba MPOBEPSIOTCS AHAJIOTUIHO.
Hawm ny:xHO M0Ka3aTh, 9TO

Vx(fY)=X(f)Y + fVxY.

Nmeem
Vx(fY) = Vx(fY)+T(X, fY) = X())Y +fVxY +T(X,Y) = X (/)Y + fVxY, X,Y € X(M), f € C(M).
3/1ecb MBI BOCIIOJIb30BAJINCH CBOMCTBOM (3) muist ceasnoct V u C°° (M)-nuneliHOCTBIO TeH3opHOro mois 1. [

3ameuanue 2.6. Hamomuum, 9TO HEyCTOE MHOXKECTBO &/ MPOU3BOJIBHON MPUPOIBLI HAZBIBACTCH aPPUHMHbLM
NPOCMPAHCME0M HAJL BEKTOPHBIM ITPOCTPAHCTBOM V', €CJIH OIIPeesIeHO OTOOpaKeHne

+:d XV = o,

YJIOBJIETBOPSIIOIIEE JIBYM YCJIOBHUSIM:
1) mas so6bIx A, B € &/ cymecTByeT eJIMHCTBEHHBIN BeKTOp * € V, Takoit uro B = A + ;
2) st m0beix A € o, x,y € V umeem (A+x) +y=A+ (z +y).

DyeMeHTHI adHUHHOTO MPOCTPAHCTBA HA3BIBAIOTCS moukamu. Oneparus + HA3BIBAETCS 0Nepayuets caoice-
HUA movex u exmopos. Ouiepanyu, KOTOPBIM YJIOBJIETBOPSIET OIEepaIus + HA3BIBAIOTCA AKCUOMAMU afiuniozo
nPOCMPaAHCmMaa.

O603HaYNM MHOXKECTBO BeeX adp(PUHHBIX CBA3HOCTEH IJIa Koro Muoroobpasust M depes .of . Mbl Buien, 910
MHOXKECTBO TEH30PHBIX T10Jiedt Tuma (1, §), B yacTHOoCTH, TUla (2,1), 06pasyer (6eCKOHEUHOMEDPHOE) BEIIECTBEHHOE
BeKTOpHOE mpocrpancTBo. O6oznadnM ero depes V. Torma dopmyna V = V + T 3a18eT ONEPALIIO CJIOKEHILSI
CBSI3HOCTU ¥ TEH30DHOIO 1oJs Tuna (2,1), TeM caMbIM mpeBpalias MHOXKeCTBO 2/ B (GeckoHedHOMepHOE) ad-
dunnoe mpocTpancTBo. BeimosHenune akcnom ad@UHHOrNO MPOCTPAHCTBA TPOBEPHTE CAMOCTOATETHHO.

3amada 2.8. JlokaxkuTe, 9TO €CJIU CBA3HOCTA V U V SBJISIOTCH CBA3HOCTAMU 0€3 KPYUeHHs, TO UX TEH30D
addunnol nedopmanuu cummerpuuen, o ects 1T(X,Y) =T (Y, X).

§2.9. IlceBmo-pmMaHOBBI 1 PUMAHOBBI MHOTOOOpa3u4.

9.1.

Omnpenenenune 2.2. Iiagkoe muorooGpaszme M Ha3bIBAECTCA NCE600-PUMAHOGHLM, €CIA Ha HeM (PUKCHUPOBAHO
Ter3opHoe noJjie g tuna (2,0), obiajaroiiee CJIeayOMUMI CBOHCTBAME:

1) cummerpuunocrs: g(X,Y) = g(Y, X), X, Y € X(M);

2) mesbipoxkaennocts: g(X,Y) =0VY € X(M) = X = 0.

Eciu yciaoBre HEBBIPOXKICHHOCTH 3aMEHUTH 00JI€e CUIBHBIM YCAOGUEM NOAOHCUMENbHOT 0NpedeserHtocmu;
g(X,X) > 0VX € X(M), upuuem ¢g(X,X) = 0 & X = 0, To MHOroOGpa3ne Ha3bIBAETCS PUMAHOBIM. TeH-
30PHOE TI0JIe § HA3BIBAETCH MEMPUUECKUM MEHZOPOM WA (Nce600)-pumanosoli cmpykmypoti Uil CKAAADPHbIM
npouasederuem Ha MHOroobpasum M.

3anmaya 2.9. [lokaxkure, 9T0 110006 PUMAHOBO MHOIO00pa3ne SBJISETCS MCEBI0-PUMAHOBBIM.
Hapsany ¢ o6o3HadeHneM g Jijis METPUYECKOIO TEH30Pa, Mbl 4aCTO OYJEM HMCIOJIb30BATh 0003HAUEHHE (-, -).

Teopema 2.15. (ocnoenas meopema pumano6oti zeomempuu,)

ITycmoy (M, g = (-,+)) — ncesdo-pumanoso mmnozoobpasue. Toeda na nem sHympernum o6pazom onpedesera
apurnasn ceaznocmsv V, 00HOZHANHO TAPAKMEPUSYIOULGACA CEOTCTNEAMU:
1) V — ceasnocmov 6es kpyuenus, mo ecmo S(X,Y)=VxY —VyX — [X,Y] =0, VXY € X(M);
2)Vx(g9) =0,VX € X(M), mo ecmb mempuueckutds men3op KoSaPUAHMHO NOCMosner (Ui, OpyY2umu cA08aMU,
napasneser) 8 amoti C6A3HOCMU.

Joxasameavemeo. Hadnem 1oKka3aTeibCTBO € €JIMHCTBEHHOCTH, TO €CTh BBISICHUM KaK JIOJI?KHA, BBILJISJIETh CBSA3-
HOCTH V, YJIOBJIETBOPSIONIAs CBOUCTBAM, YKA3aHHBIM B TE€OPEME, €CJIU OHA CyIIEeCTBYET.
CoryracHO TIEPBOMY yCJIOBHIO

VxY =VyX +[X,Y] (2.23)
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Paccemorpum Bropoe yeimosue. Ham myzkmo 6yaer npumeHdaTs oneparop Vxy K T€H30pHOMY oo ¢. s sroro
BBIPA3UM 3HaYEHNE § Ha Nape MPOU3BOJBbHBIX BEKTOPHBIX noseli Y, Z € X (M) uepes Tensopubie oneparmu. Kak
BCerja MbI CJEJIaeM 3TO, [IEPEXO0/Isi K KOMIIOHEHTAM:

0 .0

i irzj 1
Q(YaZ)—9<Yami,ZJ8xj)—ginZJ—(g®Y®Z) =g g@Y @ Z)

I/ITaK, MBI IIOJIYy 9UJIN

9V, 2) = C{ig (g @Y @ Z)

IIpuMmeHNM K 3TOMY TOXKIECTBY omeparop Vx, yarem, uro Ha dyskimusx Vxf = X(f) u Bocnosbsyemcs
npasmioM Jleibuuna:

X(9(Y,2)) = CH3) (Vx(9) @Y @ Z) + C{)ig) (9 @ VxY @ Z) + C{1)5) (9 @Y @ Vx Z) = Vx (9)(Y, Z)+
+9(VxY,Z) +g(Y,VxZ)

Corutacuo BropoMmy ycsioBuio u3 reopeMbl Vx (g) = 0, o ectb Vx (g)(Y, Z) = 0. Torga u3 nocjieHero paBencrsa
HOJTY IUM

XY, 2)) =9(VxY,Z)+g(Y,VxZ)

B sroMm cooTHOmennn gBa pasa cienaeM IMKINYECKYIO IIEPECTaHOBKY apryMeHToB X — Y — Z — X

X9(Y,2))=9(VxY,Z)+g(Y,VxZ)
Y(9(Z, X)) = Q(VYZ,X) +9(Z,Vy X)

CuroKuM IIepBbIE JiBa U3 II0JIyY€HHBIX COOTHOIIEHU, & TpeThe BblureM u3 HuX. Torma ¢ yderom (2.23) mosydnm

X(g(Y,2))+Y(9(2,X)) - Z(9(X.)Y)) =9(VxY, Z) + g(Y,Vx Z) + g(Vy Z,X) + g(Z,VxY — [X,Y])—
_g(VXZ - [X7 Z]’Y) - Q(X, VyZ — D/a Z])

Torna
29(VxY,2) = X(g(Y,Z)) + Y (9(Z, X)) — Z(9(X.Y)) + 9([X, Y], Z) — g([X, Z].Y) — g([Y, Z], X) ~ (2.24)

B cuity HEBBIPOXK IEHHOCTH METPUYECKOTO TEH30pa Ta (DOPMYJIa OJHOZHATHO OIpe/IesisgeT BeKTopHoe moje VxY .
Urak, ecim TpebyeMasi CBA3HOCTb CYNIECTBYET, TO OHA JOJIZKHA 33JaBaTbcs hopMysioii (2.24).

Hokazxkem cymecrsoBanne. Oupegenmm orobpazkenue V : X(M) x X(M) — X(M), comocTaBus Kaxx0ii mape
BekTOpHBIX Toselt X, Y € X(M) BektopHoe nosne VxY, samannoe coorHomenuneMm (2.24). ITpsimast mpoBepka
[TOKA3bIBAET, BO-IIEPBBIX, YTO OTOOparkeHHe V 3a/JaHO KOPPEKTHO, TO ecTh VY JeHCTBUTEIBHO BEKTOPHOE
10JIe, BO-BTODBIX, 9TO V sBjsteTcs ah@UHHON CBSI3HOCTHIO U, B-TPETHUX, UTO ITA CBA3HOCTH YIOBJIETBODSIET
YCJIOBUSIM TEOPEMBI. O

3amaya 2.10. IIpoeemure j10Ka3aTENBCTBO CYIIECTBOBAHMS CBA3HOCTH V U3 TeopeMbl 2.15.

Cas3a0CcTh V Ha TICEBIO-PUMAHOBOM MHOTOOODA3NH, MOCTPOEHHAS BBIIIE, HA3BIBACTCI PUMAHOB0T CEA3HO-
cmwio uin ceasnocmoio Jlesu- Yusuma.
Berumncsmm o6o6mennble kKosddunuentsr Kpucrobddens qus cesasnocru Jlepu-Uusura. ycrs (U, ) — J0-

KasbHas KapTa Ha M c xkoopguaaTamu (zl,. .., 2"). Ilycrs X,Y,Z € X(M) — npousBobHbIE BEKTOPHBIE TOJIA.
Torna
i . —_vyi_o_. — 7k_0
X = Xaz“ Y =YY% Z=2"5%.

HamomuanMm HeoOxoguMbie HAM (DOPMYJIBL:

UxY = (%5 +YITE) X%y g(V,2) = g3 [X,Y] = §5X7 - 9y,

Bamumem kaxgoe caaraemoe hopmMyiibl (2.24) B KOOpAUHATAX:

1) QQ(VXY Z) = 29k3 (VXY)kZJ = 2gk3 (aml le-\k ) XiZj;

2) X(9(Y,2)) = 552 (9(Y, 2) X" = i (ng’“ZJ)X’ = Wy kZiX 4 gy D 29X + gy YE L X
3) Y(9(Z,X)) =9 ZFXIY + g4;2 0 : “XIY 4 g, Zk%);j i

4) Z(Q(X7Y)): %X’“YJZH-QJ S Y'JZZ +gijk%§; Zz

5) 9([X.Y].2) = g, [X. Y2 = g, (Bixk oxy+) 7,

6) g([Xv Z],Y) 9ij aszkYJ 79” 52k ZkYJ

7 g([Y,Z),X) = g;; 25 YEXT — g, 95 74 X,
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Hozacrasum 31u coorHommenus B (2.24), 3aMeHsis HHIEKCHl CyMMUPOBAHUS, IPUBEIEM MOI00HbIE:

99ji <rixrr i O9ir
o XYz 50

Tak Kak 3T0 cooTHOIIeHue BepHo Jyist Jiobbix X, Y, Z € X(M), To nomydum

291, Tk XY 77 = %XWTZJ' Yir yiyr zi
X

9gr;  gii O
293, T8 = =22 2L AT
Gk oxt = Oz Oxd

(2.25)

Taxk KakK MEeTPUYECKHIl TeH30p He BBIPOXK/EHHBIH, TO JyUls MaTpuisl (g;;) cymecrtsyer obparnast Marpuna (g7),
TO €CTb Takas MaTpuna, 9ro g g;, = 05. Torma ymuoxum obe dacT paBeHCTB (2.25) Ha ¢’ 1 mpocyMMHUpyeM
o j:

ozt ox™  0xJ

j ar‘ 0 K air
29™ g Uiy = ( S )

Tak kax g™ gi; = 67, moTyuM

)

ozt oxr  OxJ

Ha6op dbysakuuit {I'" } nassiBaercs cumsosamu Kpucmodgern smopozo poda nim cumsosramu Kpucmogdgens
PUMAHOB0T, CEAZHOCTNAU.

rm ]-gmj <8grj 9gji 3gir)

Bapgaua 2.11. /Jokaxkure, 9TO JjIsi PUMAHOBOI CBSI3HOCTH V METPUKHU ¢ UMEIOT MECTO TOXKJIeCTBA

39jk
oxt

— gl — 9500, = 0. (2.26)
Pewenue. Tak Kak st puMaHOBOi cBsi3HOCTH MeTpuku g umeeM V x (¢)(Y, Z) = 0, nmosyaum
X(9(Y,2)) —9(VxY,Z) — g(Y,VxZ) = 0.

HO,H,pO6HI;Ie BbIIUCJICHUA aHAJIOTUIHO IIPUMEPY 2.1 npoBeIUTe CaMOCTOATEIbHO.
3anumeM 3To PaBE€HCTBO B KOOPDJAWHATHOM BH]JIE.

o 0 B B B
X(gi;Y Zj)g<vX (YJM),Zka k) < O z’vX <Zka k>) =0

Bocnosnb3yemcs coiictBamu KoBapuanTHOro auddepennupoanus (cMm. § 2.1.) u oupejeieHueM BEKTOPHOIO
nostst Kak quddepernuposanust anare6psr riagkux Gyskmmit (em. (1.19)).

0Gij < hixrirri e .. 0727 0 0 g O
Xy zl ii— X" 77 Y - XF g [ X(Y))— 4+Y'V,, A
dat 953 i X2+ g Y g X =g (X g5 + Y Vi 250507
.0 0 0
—g|Yi—,X(ZF A C =0
g( o ) gm + XV 2 axk)

iizs

i Y VA Y A , .
gg,gkazu ”g—xkzu ”Wg X" g]kg—Xka YIZFX gt YZWXPgik—YleXJgiprgk =0
IIpuBosst o00HBIE U cHUMAsE apryMeHTHl X, Y, 7, nojiyduM Tpedyemoe TOXKIeCTBO. O

Sameuvanue 2.7. Bple Mbl TOJIYYHIIN JUIS PUMAHOBON CBSI3HOCTH METPUKH ¢ CJIEIYIONIEe TOXKIECTBO (CM.

(2.25))
1 (9gr;  0gji  Ogir
koL j i
gL = 2 <8wi * oxm  Oxd

IIponuddepentupyem ero omneparopom

7oz -
9Gkj 1k ork. P grj gij 0 gir

" _ _ _ 0 2.2
oz ir T 9kj Ox¢ Ox'0x¢  Ox"0x¢  OxI0xc (227

IIpumep 2.4. PaccmorpuMm Tak Ha3bIBaeMBbIN kosapuarmmbili menaop Pumana-Kpucmoggpenrs. B kommonenTax
OH OITPEJIeJISIETCS CJIEYTONUM 0OPAa30M:

a
Ribcd = giaRbcd .

B unBapunanTHOM BHIE OH OyIeT 3aaBATHCST (POPMYIIOH

RW,Z,X,Y) = g(W,R(X,Y)Z).
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Kosapuantusrit renzop Pumana-Kpucroddemns obiamaer psijioM omoHATENIbHBIN ¢BoicTB cuMmMerpun. Cdop-
MyJIIDYEM 3TH CBOHCTBA B KOMIIOHEHTaX (B MHBAPUAHTHBIN BUJL IIEPEIUIIIATE UX CAMOCTOSITENBHO).

1) Rivea = —Rivde;  2) Ribed = —Ryica;  3) Ribea = Rediv-
s nokazaTe/beTBa 9TUX CBOCTB npeobpasyeM dbopmyity (2.22), ucnoabsys dopmyiy (2.27).

a 8Fa aF(CI m a mi7a
Rivcd = GiaRpeq = Gia ( axdcb - axdb +Taplem —Tep dm) =

L Pgi | Pgai Pga Pgu 9e Pger \ Giara | 9ia
i - . . o : o a a i mre  _pmre )
2 (8xd8xc t 90 0wior  drcoxd | 0sv0xt | 0xiowd ) Dae T Pgd 1Y (LT — TebLdrn)

B mepBoii ckobke qBa ClAraeMbIX B3aUMHO YHIITOMKAIOTCS, & BMECTO IEPBBIX TACTHBIX IPOM3BOAHBIX §;; IIOI-
CTaBUM KX BbIpakeHus 1o ¢opmyle (2.26).

R — 1 ( & gai gap D gei *gen
ibcd —

3\ hawe ~ Bwidne ~ vt T 8xi€)xd> — (9talt; + 910 ea) Tty + (91aT s + 96T 50) T+

m a mima
=+ gia(dech —teb dm)'
Takum 06pa3oM, OKOHYATEIBHO TIOJIydaeM i TeH3opa Pumana-Kpucroddemns

L Pgai Pgw  Pga | P
Riped = = i Cgd O e Je %% — g, T%T%
ibed = <6wbaxc 0zi0z°  9rtoxd | dpigpd ) T Italdil e Gtalcilap

Ecnu B 31011 bopmysie caiesaTh 3aMeHy UHIEKCOB ¢ < ¢ U b < d, TO mpaBas 9acTh 9TO# (POPMyJIbl He M3MEHUTCS,
a 3HAYUT, BBIIIOJHEHO CBOiicTBO 3). Bropoe cBOWCTBO JIErKO Clle/lyeT U3 IEePBOrO U TPETHETO.

§2.10. KoundopmHble mpeobpa3zoBaHUsi PUMAHOBBIX MHOTI000Opa3uii.

10.1. Paccmorpum pumanoBo muorootpasue (M, g). Kak Mbl Bujen Ha HEM OJHO3HAYHO OUPEIEIAETCS CBsI3-
HOCTH V, B KOTOPOI METPUYIECKUN TEH30D g KOBAPUAHTHO MOCTOsiHEH. KoBapuaHTHAsT TPOU3BO/IHAST BEKTOPHOTO
HOJIsI B 9TOH CBA3HOCTH BhIUUCIsAETCs 110 (hopmyite (2.24).

Paccmorpum TerzopHOe 11071€

g=¢e*g, feCc>M). (2.28)
3anmaya 2.12. Jlokaxkute, 9TO TEH30PHOE IOJIE€ § sIBJISETCsI PUMAHOBOM CTPYKTYpOil Ha MHOrooOpasuu M.

Pumanosa cTpyKkTypa § ONDEJENSeT CBOI0 PUMAHOBY CBA3HOCThH, KOTOPYIO Mbl 00O3HauuM vepes V. BbI-
qucauM TeH3op addunHOl nedopManuun OT pUMaHOBON CBsI3HOCTH V K pUMaHOBO# cBszuoctu V. CoriacHo
dbopmyne (2.24) nveem

S,ILG‘CB MBI BOCIIOJIb30BAJIUCH TE€M, 9TO

X(e2f) — i

pe (ezf) Xt = 62-f28—f,Xi =22 X(f).
x

ox'
Borurem reneps u3 dbopmyiibl (2.29) dbopmyity (2.24):
9(VxY =VxY,2) = X(f)g(Y, 2) + Y (f)9(2, X) — Z(f)g(X,Y)

Tak Kak MeTpuKa ¢ HEBBIPOXK/IEHA, TO 3Ta (POPMYJIa OIHO3HAYHO OlpelesseT paduoctsb VxY — VxY, 1o ectb
Terzop 1 adbdunHOM MedopManu OT PUMAHOBON CBSI3HOCTH METPUKHU ¢ K PUMAHOBON CBI3HOCTH METPUKH (,
TO €CTh OH OJHO3HAYHO OIPEIEJIsieTcs: (DOPMYJIOi

9(T(X,Y), 2) = X()g(Y, 2) + Y (f)g(Z, X) = Z2(f)g(X,Y). (2.30)
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Borunciinm komronenTsl Tenszopa addunnoit gedopmanuu T B jokasbuoi kKapre (U, ). Ucnonssysa dbop-
Mmysty (2.30), mosyaum

p(0 9N ON_or 9 o of (0 o\ o (9 o
g 0z 0z ) 0xk ) 9270\ 0ad 92k 0277\ 0k 0289\ 927 9z

Wik, UCHOJb3yd OIIpeJIeIeHNEe KOMIIOHEHT TEH30Pa

of of of
Bl + B Ik~ Pk i

¢
grely; =

YuuozkuM 06e gacTu paseHcTB Ha ¢™F u mpocyMMupyewm 1o k:

Of sm . Of sm _ OF  mk
oxt o + oxI 0 ok J39

m o __
" =

§2.11. PwumanoBbI MHOrooOpa3us, HaJeJeHHbIE JIONOJHUTEJIbHBIMI CTPYKTYypa-
MH.

11.1. Ilycre M — rnaakoe muoroobpasue pasmepHocru 2n > 2. Pacemorpum va M uapy (g = (-, +),J), rue g
— puMaHOBa CTPYKTypa Ha M, a J — Mo4YTH KOMIUIEKCHas CTPYKTypa Ha M, corjlacoBaHHas C ¢, TO €CTh

JoJ=—id;, (JX,JY)=(X,Y), X,Y € X(M),
HA3BIBAETCS NOUMU IPMUMOB0T cmpykmypot Ha MHOroobpasun M.

Bamaya 2.13. JlokaxkwuTre, 9T0 JJjIs TOYTH SPMUTOBOI CTPYKTYPBI HIMEET MECTO TOXK IECTBO
(JX, )+ (X,JY)=0, X,Y € X(M). (2.31)

Bamaua 2.14. Jlokaxkure, 910 eciu V — PUMAHOBA, CBA3HOCTD, TO JIJIs II0YTU SPMUTOBOH cTpyKTYphI (g = (-, ), J)
HOJTY IUM

(Vx ()Y, Z) + (Y, Vx(J)Z) = 0.
VYkazanue: nozeiicrsyiite oneparopom Vx Ha ToxKzIecTBO (2.31).
Bagaga 2.15. Ilocrpoum orobpazkenne N : X(M) x X(M) — X(M) no dbopmyue

JW@&U:%—Mﬂhﬁﬂﬂﬂ—JBJﬂ—JM&ﬂ%KYeﬂM)

Beipasure N;(X,Y) uepes koBapuanTHbiil guddepeHnuan crpyKTypHOro sHaoMopdusma J B pUMaHOBOI CBsI3-
HOCTH U, UCHOJIb3Ysl 9TOT PE3YJIbTAT, HOKAKUTE, 9TO 0ToOpaxKenue N sIBJISIeTCS TEH30PHBIM 11ojieM Tura (2,1).
DTO TEH30PHOE TI0JIe HA3bIBAETCs men3opom Hetenzetica.

OTser: NJ(X, Y) = % (ij(J)Y — VJY(J)X + Vx(J)(JY) — Vy(J)(JX))

VKazaHus: BOCIIOIL3YITECh TEM, YTO TEH30D KPYUEHUS PHUMAHOBOI CBS3HOCTU PABEH HYJIIO U PE3YJILTATOM
pumMepa 2.2.

ITycrs Ha movTn spMuTOBOM MHOroO6pasuu (M, J, g) 3amano TeHsopHoe mode tuna (2,1) mo dbopmyie
TX,Y)=v(X)Y +¢v()X —o(JX)JY —¢(JY)JX,
rme Y — Hekoropas 1-dopma ma M.
3amaya 2.16. lokaxwure, 9T0
T(JX,Y)=J(X,JY)=JT(X,Y), X,Y € X(M).
Iycrs V — pUMAHOBA CBSI3HOCTL METPUKH ¢. PacemorpuM cpsiznocts V, 3amanmyio dopmyioii V =V + T

3amadva 2.17. okaxwure, aro V — CBA3HOCTb 06€3 KPydeHUs U, 9TO

Vx(J)Y =V ())Y,

JTst JFOOBIX BeKTOpHBIX Todteit X, Y € X(M).
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11.2. Ilycrs ma muoroobpasuu M 3aman Habop Tenzopubix nojei (P,€,17,g), rae ¢ — TeHzopHoe moJe TUia
(1,1), & — BekTOpHOE MOJIE, N} — 1-bopMa, g — pUMAHOBA METPUKA (9T TEH30PHbIE 1I0JIs HA3BIBAIOTCS CIMPYKMYD-
HOLMU TMEHIOPHBLMU NOAAMU). [IPH 9TOM BBINOJIHSIOTCH COOTHOIICHUSI

D@2 =—id+n®& 2)nE) =1;
3)2(8) =05 4)no®=0;

5)9(®Y,®2) = g(Y, Z) = n(Y)n(Z).

Taxkoit HabOP TEH30PHBIX IMOJIEH HABBIBACTCH NOYMU KOHMAKMHOU MEMPUIECKOT cMPYyKmMypot Ha MHOTO00pa3nn

M.

3amaya 2.18. loxkaxxute, 9TO I IOYTA KOHTAKTHOW METPUYECKON CTPYKTYPBI
n(X) =g(X,§), X € X(M).

B uacrrocrn, orcona cienyer, 4ro ¢(&,€) = 1, To ecTh B KaxK0ii ToUKe MHOroo6pasus M BeKTOD &, sBIAETCH
€JIMHIIHBIM OTHOCUTEJILHO METPHUKH (.
VYkazanue: BOCIOJIL3YHTECH YyCIOBHEM ).

Banmaya 2.19. Jloxkaxkwute, 9TO JJjisd MOYTA KOHTAKTHOW METPUIECKON CTPYKTYPBhI BEPHO TOXKIECTBO
g(PX,Y) 4+ ¢(X,2Y) =0, X,Y € X(M).

Hanomuum, 4To ¢ Tpoiikoit Tenszopubix mosieii (P, €, 1) Mbl yke BeTpedasnuch B upumepe 2.6. Ha mnepsble
JeThIpe YCJIOBUSI MBI y2Ke JefiCTBOBAJIM OIlepaTopoM V x .

Bagaga 2.20. TogeiicTyiiTe oneparopom Vx Ha IATOE yCJIOBHE: a) ecau V — MPOU3BOJBHAsI CBSI3HOCTD; 6)
ecan V — prMaHOBa CBSI3HOCTb METPUKH (.

3amaya 2.21. Jlokaxkure, 9TO JJIsi MOYTH KOHTAKTHON METPUYECKON CTPYKTYPHI (<I>7 &, g) Ha MHOI00Opa3uu
M wmmeeT MeCTO paBEeHCTBO

g(vXé-v E) = 07
rje V — puMaHOBa CBI3HOCTH METPHUKH ¢. BbIBeJUTE U3 9TOr0, 9TO
Vx(m)§=0

JJIsE JTIOOO0# TTOUTH KOHTAKTHON METPUYECKON CTPYKTYPHI.
715t oYUTH KOHTAKTHOI'O METPHIECKOI'0 MHOT00Opa3ns, TaK yKe KaK U JIs HOYTH SPMUTOBA MHOT000Da3Hs,
onpegensercs reasop Hedienxeiica N : X(M) x X(M) — X(M) no dbopmyiie

Ng(X,Y) = = (®*[X,Y] + [0X, Y] — B[X,DY] — B[OX,Y]).

1
4
Bagada 2.22. Beipasure Ng(X,Y) yepes koBapuanTHbIH Juddepernuan crpykTypHoro sujgomMopdusma ¢ B

PUMaHOBO! CBSI3HOCTH METPUKH ¢ U, UCIOJIB3Ysl 9TOT PE3yJbTaT, JIOKAXKuUTe, 9ro orobpaykenne N sBisercs
TEH30pPHBIM IToJIeM Tuma (2,1).
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